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Iterated Bernstein-Type L, Inequalities for Polynomials

Amir Nazir Mohammad Ibrahim Mir and Man Singh

ABSTRACT: We develop several new Bernstein-type L, inequalities for complex polynomials by iterating
the first-order differential operator A, (P) := zP’(z) — aP(z). Our results extend, unify, and sharpen L,
inequalities of Zygmund, de Bruijn, and Jain as well as the recent L, extensions for A, and its second-order
companion shown in [11]. In particular, for any finite sequence ai,...,am with Re(a;) < n/2 we obtain
sharp bounds for HH;”Zl Aa; Pllp in terms of || P||, for all 0 < p < oo, together with refined “Erdés-Lax”-type
improvements when P has no zeros in the open unit disc. As corollaries, we derive Lj-versions of higher order
Bernstein inequalities for z¥ P(*) and scale-invariant formulations on circles {|z| = r}.
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1. Introduction

In mathematics and the applied sciences, polynomial estimate is one of the most useful and widely used
ideas. It offers a practical approach to simplifying complex functions by utilizing polynomial forms that
exhibit similar behavior. This approach reduces processing effort and simplifies numerous analytical and
numerical problems. These benefits have made polynomial approximation a crucial method for numerical
analysis, signal processing, computer-aided design, physics, and several engineering specialties.

Various methods have been developed over time to improve the accuracy and efficiency of this pro-
cedure. The goal of the least squares approach, which is frequently connected to linear regression, is
to reduce the overall error between the approximating polynomial and the data points. In contrast,
the Chebyshev technique concentrates on minimizing the maximum error across an interval. Rational
approximation, which expresses functions as ratios of polynomials to improve accuracy in specific situa-
tions, offers a more adaptable concept. Depending on the data, the required degree of accuracy, and the
computational resources at hand, each approach has unique benefits.

The application of Bernstein’s inequality has led to the emergence of another viable avenue in recent
years. This method provides a novel mathematical perspective for evaluating and refining polynomial ap-
proximations. Researchers have gained a deeper knowledge of the behavior of approximating polynomials
and tighter estimations by using Bernstein-type constraints. The theoretical and practical significance of
polynomial approximation in contemporary mathematical research is thus further reinforced by this line
of inquiry.

For polynomials P(z) of degree at most n (represented by P € Pn), S. Bernstein [3] examined the
problem in the complex plane on the unit circle, establishing the now-famous result:

max|z‘:1\Pl (2)| < nmaz|;=1|P(2)]. (1.1)
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Equality holds in (1) if and only if P(z) has all its zeros at origin.

The greatest rate of change for a polynomial on the unit circle is quantified by the aforementioned
inequality, also known as Bernstein’s inequality. The significance of zero locations is highlighted by the
fact that equality holds if and only if P(z) has all of its zeros at the origin.

The research of these inequalities has grown considerably, including a wider range of function classes,
domains, and norms. One important development is to use integral LP norms in place of the supremum
norm (L*). Let P, denote the set of complex polynomials of degree exactly n. For 0 < p < oo define
the Ly-norm on the unit circle by

L2 enp o\ P
1P = (52 [ 1PE )", PG = ma ).
m™Jo |z|=1
The Mahler measure is [|P(2)[|o = exp (5 f027r log |P(e')| df); it satisfies lim, o+ [|P(2)|], = [|P(2)l]o
and limy, o0 |[P(2)|lp = || P(2)|]oo-

Bernstein’s classical inequality states that ||P’(2)||ec < n||P(2)||oo, which extends to L, by Zygmund
and Arestov: [|P'(2)|], < n||P(2)||, for all 0 < p < oo [12,1]. Jain [7] proved for |z| = 1 and |a| < n/2
that

12P"(2) — aP(2)|loc < In = af [|P(2)|los,

and recent work [11] extended this to L, with the half-plane condition Ra(a) < n/2, and further obtained
second-order companions and refinements under zero restrictions.
We note that Bernstein-type phenomena continue to appear across various analytic settings. For instance,
Batista, De Lima, and Gomes [2]established Moser—Bernstein type rigidity results for solitons of the
mean curvature flow, while Finta [5] studied King operators preserving L,-spaces in the context of
approximation theory. These works further highlight the broad relevance and applicability of Bernstein-
type estimates in modern analysis.

Motivated by these developments, we introduce new iterated Bernstein-type inequalities for composi-

tions
Aa, A P(2),  Aa(P):=2P'(2) — aP(2),

which for special choices of «; recover higher order Bernstein inequalities for 2k ph),
2. Auxiliary Lemmas

We now state and prove the auxiliary lemmas used throughout.

Lemma 2.1 (Location of zeros under A,) Let f be an n-th degree polynomial with all zeros in |z| <
r. If Re(a)) < m/2, then all zeros of zf'(z) — af(2) also lie in |z| < r.

Proof: Let w with |w| > r and write f(z) = a[[,_;(z — 2z) with |z,| <r. Then

wf'(w) " n 1N fuof = [
—a= —a=—-—-R -y —.
f(w) “ Uz::lw—zv 473 el + 2;::1 |w — zy|?

The last expression has strictly positive real part, since |w| > |z,| for all v and Re(a)) < n/2. Thus
wf'(w) —af(w) # 0 for all |w| > r, which proves the claim. O

Lemma 2.2 (Comparison principle on and outside the unit circle) Let F be of degree n with all
zeros in |z| < 1 and let P be any polynomial of degree at most n satisfying |P| < |F| on |z| = 1. If
Re(aj) <n/2 for j=1,...,m, then

|Aa,, +  Aa, P(2)] < [Aa,, -+ Ao, F(2)] (Jz[ > 1).
Proof: We first treat m = 1. Suppose there exists w with |w| > 1 such that |Aq, P(w)| > |Aa, F(w)|.
Then Ay, F(w) # 0 by the mazimum modulus principle and Lemma 2.1 applied to F. Define

L An, P(w)
A= A, F(w)’ [A] > 1.
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By the hypothesis |P| < |F| on |z| = 1 and the maximum modulus principle applied to ¢(z) := P(z)/F(z),
we have |p(z)] < 1 on |z| < 1. Hence P — AF has all its zeros in |z| <1 for |A\| > 1 (Rouché on |z| =1).
Applying Lemma 2.1 to G := P—\F yields that A,, G has all zeros in |z| < 1, contradicting Ay, G(w) =0
with lw| > 1. Therefore |Ag, P| < |Aq, F| for |z| > 1. By continuity, the inequality holds on |z| =1 as
well.

For general m, set Hy := A,, -+ Ao, P and Ky, := Ay, - A, F for k=1,...,m. By Lemma 2.1,
each Ky, has all its zeros in |z| < 1, and by the m = 1 case (applied iteratively) |Hy| < |Kg| on |z| > 1.
The claim follows for k = m. O

Lemma 2.3 (Arestov’s inequality for admissible diagonal operators) Let ¢(z) = y(logz) with
1 convex, non-decreasing. If As : P, — Py, is diagonal in the monomial basis,

A5( i ajzj) = i 6jajzj,
§=0 j=0

and is admissible in the sense that it preserves the class of polynomials all of whose zeros lie in |z| <1
(or |z| > 1), then

2m 2m
/0 ¢(|A6P(ei9)\)d9§/0 S(c(O)|P(e”)]) b,  c(8) := max{|do], |6, ]}

In particular, for p >0 and ¢(x) = 2P,

1AsPllp < c(8) || Pl]p-
Proof: See [1]. O

Lemma 2.4 (Averaging device) Forp >0 andt>1,
2m ) 27 )
/ [t + PP dp > / 1+ e[Pdp.
0 0

Proof: This follows from the fact that the Poisson kernel averages the subharmonic function 8 —
[t +eP|P and the map t — [ |t + €P|PdB is increasing for t > 0; see [/,11]. O

We write A, (P) := 2P’ — aP. Note that A, is diagonal on monomials: A,(27) = (j — a)2/. Hence
the m-fold composition A4, --- Aq, is diagonal with eigenvalues [[,~,(j — ax), j =0,...,n.

3. Main results

Theorem 3.1 (Iterated L, Bernstein-type inequality) Let P(z) € P,, m € N, anda1,...,an, € C
with Re(ay) < n/2 for each k. Then for all 0 < p < oo,

1Ay, -+ Aay Pl < (T In =l ) 1P
k=1

The inequality is sharp and equality holds for P(z) = cz™, ¢ # 0.

Proof: Fix 0 < p < oo; the cases p = 0 and p = oo follow by limiting procedures. Let z1,..., zx be the
zeros of P with |z;| > 1. Define the standard “innerization”

1-7%z

z—2zi
j=1 J
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Then T has all zeros in |z| < 1 and |T'| = |P| on |z| = 1. By Lemma 2.2,
|Aa,, -+ Ao, P(e")| < |Aq,, -+ Ao, T(e”)|  for all 6,

hence ||Aq,, -+ Aoy Pllp < [[Aa,, - Ao, T
Next, since T has zeros in |z| < 1, Lemma 2.1 implies that A,,T also has zeros in |z| < 1, and by
iteration the same holds for A,, --- A, T (kK =1,...,m). Therefore the diagonal operator

n

As = . ZCLJZ]HZ{ﬁjfak}a]ZJ

is admissible on the class of polynomials whose zeros lie in |z| < 1. By Lemma 2.3,

1Ay, -+ A Tllp < (@) [Tl e(6) = max { [T I=aul, [T In—anl}-
k=1 k=1

A direct computation shows

In — agl* —|ax|? = n(n — 2Re(ay)) > 0 if Re(ay) <

1\3\3

hence |ay| < |n — | and ¢(8) = [}, |n — . Combining these bounds and using ||T'||, = || P]|, yields
the claim for 0 < p < oo; the cases p = 0,00 follow by taking p — 0% and p — oo respectively. For
P(z) = cz™ one has A,, P = (n — ay)P, hence equality. O

Remark 3.1 For m = 1 Theorem 3.1 recovers the L, extension of Jain’s inequality with the optimal
half-plane condition Re(a) < n/2; for m = 2 it recovers the second-order inequality (with operator
22P" 4+ (1 — a—7v)zP' +ayP, note the plus sign in front of (1 —a —~)zP') proved in [11]. The iteration
is new for general m.

Define for m € N the symbol

m
H n—akz—ak)

Theorem 3.2 (Refined L, inequality for zero-free polynomials) Let P(z) € P, be zero-free in
the open unit disc |z| <1, let m € N and a1, ..., an € C with Re(ay) < n/2. Then for allp > 0,

) 1/p
( "|(n — ag)e® —Oék|pdﬂ)
| Aq,, === Aoy P(2)][p < H ; 7p [1P(2)]]p-
Pl ( O“|1+ew|pd5)

For p = oo, replace each Ly-norm by the Lo,-norm; the inequality then gives the sharp sup-norm refine-
ment analogous to Erdds—Lax/Jain.

Proof: The case m = 1 is the standard de Bruijn/Arestov refinement (see [4,1,11]). For general m,
proceed by induction. Assume the claim holds for m — 1 and set H,,,_1 := A, , -+ Aq, P. By the

m = 1 case applied to H,,—1 (using the conjugate-polynomial construction Q(z) = z”m inside
the standard proof when needed), we obtain

||(n — am)eiﬁ

||L (0,27) H
11+ ’ﬁHL ,(0.2)

Applying the induction hypothesis to ||H,—1]|, yields the desired product bound for m. O

amdIm—1||p = m—1||p-
1 Aa, Hm—1llp < |
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Remark 3.2 For m = 1 Theorem 3.2 coincides with the L, extension of the Erdés—Lax improvement
due to de Bruijn (with « = 0) and with its a-version in [11]. The general m-step refinement produces
the clean product of Ly-ratios; we do not claim an identity |Wy,| |z, = [T ||(n — ar)z — axl|z, for p # co.

Corollary 3.1 (Higher order Bernstein-type inequalities) Let 1 < k < n and set a; = j — 1 for
j=1,...k. Then
Ag, -+ Aa, P(z) = 28 P®),

Consequently, for all 0 < p < oo,
12"PP], < (n(n—1)---(n =k + 1)) [[P(2)]]p,
and if P has no zeros in |z| <1 and p > 0, then

B [(n = 7)€ =], 0an
|2 P®)|, < (H Lr(02 ’) 1P|l

j=0 Hl + eiﬁHLp(0727T)

Proof: The identity Ay_1 - -- AgP = 2P is checked on monomials: for P(z)=2m,

k-1
m! m)!
my _ .M m _ k| m—k _ _k p(k)
Ap_q--+Ag(z )—jl;[o(m )z _(m—k)!z =z (m—k)!z =z"PW.
The asserted inequalities are the corresponding instances of Theorems 3.1 and 3.2. O

Theorem 3.3 (Self-inversive polynomials) If P is self-inversive, i.e., P(z) = uz"P(1/Z) with |u| =
1, then for any aq,...,qn, with Re(ag) < n/2 and p > 0 the inequality of Theorem 5.2 holds with the
same right-hand side, and the constants are best possible. In particular, for m = 1,2 this recovers the
sharp statements in [11].

Proof: When P is self-inversive, one checks directly that |A,P(e)| = |4,Q(e??)] for Q(z) = 2" P(1/Z),
so the comparison step used in the proof of Theorem 3.2 becomes an identity; the remainder of the
argument proceeds verbatim. Sharpness follows from testing on P(z) = az" + a. a

Theorem 3.4 (Scale-invariant formulations on |z| =) Forr >0 and 0 < p < oo define

1 [ ; 1/p
1Pl = (52 [ 1P as) ™,

with the usual interpretations for p = 0,00: ||P|lo,, = exp (5 027T log |P(re?)| d) and ||P||so,r =
max|,|—, |P(z)|. Then for all P € P,, Re(ay) <n/2, and 0 < p < oo,

m
14y =+ Aas Pllpr < (T 10— al) 11Pllp.r (3.1)
k=1

If P has no zeros in |z| <r and p > 0, then with

0, (/027r|1+6i5|pdﬂ)1/17

we have

m ™ i /P

&7 (0 = ar)e’ — P dB)'

[[Aa,, -+ Aoy Pllpr < (H Us a ) [P (3.2)
k=1 p

For p = o0, each L,-norm above is replaced by the supremum over f € [0, 27].
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Proof: Fix r > 0. Define the rescaled polynomial Q(z) := P(rz). Then for any 0 < p < oo,

HQP = le DT (33)

We first verify the intertwining identity
(Aa,, -+ A0, Q)(2) = (Aa,, - Aa, P)(r2) for all z € C. (3.4)
This is proved by induction on m. For m =1,
A, Q(2) = 2Q'(2) —a1Q(2) = 2 -7 P'(rz) — a1 P(rz) = (Ao, P)(r2).

Assume (3.4) holds for m — 1, i.e., A A, Q@ =(A <+ Ay, P)o (-7). Then

Qm—1

A (A A0 Q)(2) = 2 [(Aa, ++ Aa PY72)] = (A, - Ay P)r2)

=712(Aa,,_, A, P)' (r2) — am(Aa,, _, - Ao, P)(r2)
= (Aam (Aam—l U Aalp))(’l“z),

A —1

which is precisely (3.4) for m. This completes the induction.
We now prove (3.1). Applying Theorem 3.1 to Q yields

m

1 4ay -+ Ay Qllp < (T In =l ) 1€
k=1
Using (3.4) and (3.3) we obtain
Mo+ Aus Pllys = e, -+ Ao, @lly < (TT In — ol 1Pl
k=1
which is (3.1).

For the refined inequality (3.2), assume P has no zeros in |z| < r. Then @ has no zeros in |z| < 1.
Applying Theorem 3.2 to @ gives, for p > 0,

m (fOQTrl(n_ak)eiB _ak|pdﬁ)1/p>
Aam "'Aoq P S -
] Ql (};_[ (s enras) Il

Invoking (3.4) and (3.3) again yields

m ™ ; 1/17
f2 |(n — ag)e® — ax|? dB
||Aam"'Aoz1P||p,r < (H ( : C ) ||P||p,r7
k=1 p

which is (3.2). The case p = oo follows by replacing each L,-norm in 8 by the essential supremum over
B. m
4. Further Remarks
Theorems 3.1-3.4 unify several classical and recent inequalities:
e Taking m =1 and o = 0 in Theorem 3.1 yields Zygmund—Arestov: ||P’||, < n||P||, [12,1].

e Taking m =1 and a € C with Re(a) < n/2 yields the L,-Jain inequality; letting p — oo recovers
Jain’s sup-norm bound [7].

e The case m = 2 of Theorem 3.1 reproduces the second-order inequality in [11] with the correct sign
22P" + (1 — a—7)zP' + ayP.

e Corollary 3.1 gives higher order analogues of Bernstein-type inequalities for z#P(®) in L.
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5. Example

Let P(z) =22 +1,s0n=2. Let a; =0, ag = 1.
Compute the iterated operator:

Ao(P) = zP'(2) = 2(22) = 222,

A1(Ao(P)) = zdiZ(ZzQ) —1(22%) = 2(42) — 222 = 22°.

Now compute the L?-norms on the unit circle |z| = 1. Write z = €.

1 27 )
1Pl = (5 [ 12 1 a9)
0

€20 1112 = (%0 4 1) (e + 1) = 24+ €2 + 72 =2 1 2cos(20).

1/2

Expand the integrand:

Since fo% cos(26) df = 0, we have

1 2

— €% +17do =2, so ||Pll2 = V2.
2 0

Next,
141 40(P) |2 = [|122%]|2 = 2]|2%]|2 = 2,

since 22| =1 on |z] = 1.
Theorem 2.1 predicts

|Aay Ao, Plla <12 — a1]|2 — || Plla = 2-1- V2 = 2v/2 ~ 2.828.

Indeed, 2 < 2v/2, so the inequality holds. Equality occurs only for monomials ¢z".
This concrete calculation confirms the bound in Theorem 2.1 for the quadratic case and demonstrates
how the iterated operator A, behaves in a simple example.
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