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Weighted Nonlocal Kirchhoff Variational Inequality of Fourth Order

Lakhdar Yacine Fecih and Ouidad Frites

ABSTRACT: The theory of variational inequalities has emerged as an interesting area of applied mathematics.
It is a very useful tool for studying a wide class of linear and nonlinear problems in a unified, natural, and
general framework. They also have applications in physics, mechanics, engineering, optimization, and elliptic
inequalities.
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1. Introduction

This paper is devoted to proving the existence and multiplicity of positive solutions for a class of a
nonlinear variational inequality of Kirchhoff type.
Under more general superlinear assumptions on the nonlinear term, we prove the existence of multiple
positive solutions via non-smooth critical point theory for Szulkin-type functional.
Consider the following inequality of Kirchhoff type:

- ( b /Q p<x>|Au<x>|2dx) A (p(a)Au(a)) > g(@)f (@, u(x))  in O

u:g%zo on 01},

(1.1)

Where a and b are positive numbers, and p € Ay (Muckenhoupt weight), ¢ € L*(£2), and €2 is smooth
bounded domain in RY (N =1, 2, or 3), and f € C(2 x R, R).
Let K C Hg ,(€2) be the closed convex set in Hilbert space where :
2123(];2()9}) ={ue L*Q) : D*u € L2(Q) for all o] < 2, ulpo =0}, LZ(Q) :={u e L. (Q) : /pu €
with the scalar product (u,v)Hozp(Q) = [op@) [u(z)v(x) + Vu(z) - Vo(x) + Au(z)Av(z)] dz, and the
norm
lul @ = (o p@) (@) + V(@) + |Au@)?) de) 2, fuly = (J pl@) |Au(z)? do)

Let the space C° = {u € C(Q,R) : upq = 0} endowed with the norm |[u|, = sup |u(x)|. Concerning
€S

1/2 1/2

these spaces, we make the next assumptions
(f1) f € C(2 x R,R) and there existsc > 0 and 6 € (1,2*) such that:

1f(z,u)| < 1+ |ul® "), V(z,u) € QxR

(f2) £ 4 o6 uniformly in 2 € Q and there exists o > 0 such that

|
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Fla,u) >0, V(z,u) € QxR Ju] = ro

where F(z,u) = [ f(x,s)ds.
(f3) f(a:,—u) —f(sc w) for all( Ju) € QxR
(f4) there exists a constant 7 € (0,2) such that

ff(T w)u—vF(z,

lim in T 24) - _ 3, uniformly with respect to z €

|u|—o00

where v and 3 satisfy either

(a) B> 0and v > 4,

or

(b) 0 < B <ar and v =4.

We consider the fourth-order eigenvalue problem:

Then the first eigenvalue is given by:

fgp \Au )|2dx

A(g) = in .
19) weH3 (@\{0} [q q(z)lu(z)dz

The study of Kirchhoff-type problems originates from the classical model proposed by Kirchhoff to de-
scribe the transversal oscillations of elastic strings, where the tension depends on the entire deformation
of the string [1]. In recent decades, such nonlocal problems have attracted considerable attention due to
their rich mathematical structure and physical relevance [7,9,10].

Our work extends and generalizes several recent contributions. In particular, we build upon the
frameworks developed in [9,10,11], which address second-order Kirchhoff-type variational inequalities.
The key novelties of the present paper are twofold: first, we treat a fourth-order differential operator,
which models more complex physical phenomena such as the bending of elastic plates; second, we incor-
porate Muckenhoupt weights p € A, and a general potential ¢ € L(£2), thereby working in a weighted
Sobolev space Hap(Q) that allows for degenerate or singular coefficients [2,5,8].

To handle the variational inequality constrained to the convex cone K, we employ the non-smooth
critical point theory introduced by Szulkin [12], which is particularly well-suited for functionals that
split as the sum of a C! functional and a convex, lower semicontinuous term. This approach has proven
effective in treating variational inequalities and obstacle problems [5,6,13,14]. Under the above conditions,
this infimum is achieved and A;(g) > 0.

Theorem 1.1 1.1 Assume that (f1), (f2), (f3), and (f4) hold. Then problem (1.1) has an unbounded
sequence of solutions.

2. Main Result
Lemma 2.1 2.1 H§ ,(Q) embeds in L2(Q)

Proof: In what follows, we denote by ||.|[, as L"(€) — norm, for u € H§ (), using weighted Poincare
inequalities for C1,Cy > 0 we get

lull 2y = IVPully < CllVPVully < Cr.Co llypAul; < Cr.Callull iz o)

That is

[ullz) < VOLCallullgz (o)
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Lemma 2.2 2.2 On Hgyp, the quantity [u], defines a norm which is equivalent to the Hg,p — norm.

Proof: Given u € Hj (), by weighted Poincaré inequality, we have

Ivpully < Cr.Coluls, [u]} < Colul;.

Then 2 2 2 2 2
lellyz = [uly + [uly + [Vpully < (T+Cy + Cr.C) [u]; .

0,p
That is

[ul < lullz < VI+Cot Cr.Caluly

Where [u], := ([, p(z) [Vu(z)|? daz)l/g.

Lemma 2.3 2.3 (i) H&p is continuously embedded in C°, more precisely for every
ue Hf,, one has ||ul , < d[u], where d > 0.
(it) The embedding HE ,(Q) — C°(Q) is compact.

Proof: (i) Using Holder’s inequality, for any such «

Dl = [
\/D

2
1

<=
p

[pD™u2], = M |Dul?,
1

, therefore

where M := Hl‘
Pll1

ullZe = llll? + 70l + 1 Aul2 < M(lul; + [Vull2s + 1 Aul2) = M [lul .
Since Q € RN and N < 4, the Sobolev embedding theorem implies:
H?(Q) — C(Q)
thus, there exists a constant Cy > 0 such that for all u € H?

[ullo < Callullyz < CavV M [lull gz -

which proves the continuous embedding Hg ,(€2) — C°(Q)

(ii) Consider a bounded sequence {u,} C H§7P(Q). Then:

{un} is equicontinuous and uniformly bounded in C°(Q2). By the Arzela—Ascoli theorem, there exists a
subsequence still noted {u,} that converges uniformly on €2, hence in C°(Q2), Therefore, the embedding
H§ ,(Q) — C°(Q) is compact. O

Consider the Hilbert spaces

L3(Q) = {u : @ — R measurable such that ¢/qu € L*(Q)}

equipped with the norm

NG

lull g = (Jfy quta)
. 4 4
Since [[ul[§y < [l [ull%, . we have
Proposition 2.1 2.1 C° is continuously embedded in L;L.

Corollary 2.1 2.1 ngp is compactly embedded in L;1 .
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We consider the problem, denoted by (P):

(@ blul) |

Qp(w)AuA(v—u)dx—/q(m)f(x,u)(v—u)dxzo Yo e K.

Q

Definition 2.1 2.1 (Szulkin-type functional): Let X be a real Banach space and X* its dual . Let
¢ be a functional, that is of class C* and let ¢ : X — R U {400} be proper (i.e,1h # +00), convex and
lower semicontinuous functional, we say that E = ¢ + 1 is a Szulkin-type functional. An element u € X
1s called a critical point of E = ¢ 4+ ¢ if

&' (u)(v — u) +(v) — b(u) 20 forall vE X,

Definition 2.2 2.2 (Palais-Smale): The functional E = ¢ + 1 satisfies the Palais-Smale condition at
level ¢ € R, denoted by (PSZ)., if every sequence {u,} C X such that lim,_,o E(u,) = ¢ and

(@' (un), v = un) +P(v) = (un) = en v — un|| (2.1)

where e, — 0, possesses a convergent subsequence.

Theorem 2.1 2.1([?], Theorem 3.6.) (Fountain theorem): Let X be a Banach space such that Zj, =
@;ik X;, Y= @?:0 X, where each Yy, is a finite-dimensional subspace. And let E = ¢+ : X — R
a Szulkin-type functional be even. If, for every k € N, there exists py > ri > 0 such that
(A1) max ey, E(u) <0

lull=pr
(A2) inf yez, E(u) = o0, k— o0,
llull=r
(

As) E satisfies the (PS). condition for every ¢ > 0, then E has an unbounded sequence of critical values.
We define the functional E : H§ ,(Q) — R by

a9 by

B = Gl + 3 = [ o) Fa.w)do.

Because f is continuous, by using Lebesgue dominated convergence theorem and the compact embedding
of H§ ,(Q) in C°(Q2) and (f1), one can prove easily that E € C'(Hg ,(),R).
We define the indicator functional of the set K by

B 0 if vwek
Vel =9 it u¢K.

We remark that the functional 1k is convex, proper, and lower semicontinuous. Then, I = F + ¢k is a
Szulkin-type functional, in what follows we denote |u|| = ||u| HZ -
P

Proposition 2.2 2.3 Every critical point u € Hg’p(Q) of I = E+ vk s a solution of (P).

Proof: Since u € H027P(Q) is a critical point of I = F + ¢k , we have

E'(u)(v —u) + ¥k (v) — i (u) >0, Yove Hf,(Q).

Note that u belongs to K. If this is not true we have ¥ (u) = 400 and taking v = 0 € K in the above
inequality, we obtain a contradiction. We fix v € K. Since

0<E'(u)(u—v)=(a+ b[U]g)/

Qp(az:) AulA(v—u)de — / q(z) f(z,u)(v —u) dx,

Q
the inequality is proved. O
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Proposition 2.3 2.4 If the function f satisfies (f1) and (f4), then I = E + ¢ satisfies (PSZ). for
every c € R.

Proof: Let ¢ € R. be fixed. Let (u,) be a sequence in Hg () such that

I(un) = E(un) + wK(un) — C, (2.2)

and
E (un) (v —up) + ¥ (v) — ¥ (un) > en |lv — uyl| Yu € H&p(ﬂ) (2.3)

(en) a sequence in €2 with e, — 0. By (2.2), we obtain that the sequence (u,) is in K .
Setting v = 2u,, in (2.3), we obtain

E (up)un > —ep ||un]| -

Therefore
E' (un )t = auns +blun]y — / q(x) f (2, up)un dz > —ep [Junl (2.4)
Q

by (2.2) for large n € N we get

c+1> E(up) = g[un]g + Z[un]g — /Q q(z) F(z,uy) dz. (2.5)

When ||uy,|| = +00, then (f4) implies that there exists 6 > 1 such that
flx up)uy — vE(z,un) > =B un|™ VY ||un|| > 4.

For large n enough, we put 4,, = {z € Q: ||u,(x)| > 0}
Then, for large n, the combination of (2.4) and (2.5) implies that

v(e+ 1)+ flun] = av(

wnl3 + 00— Dl

+/(q(x)f(m,un(x))un(x) —vF(z,up(x)))dx
Q

= a,y(% — %)[un]g + bV(i - %)[un]%

+ / (@(@) (2, n (@) n () — vF (2, un()))d

n

+ / (@(@) (2, n (@) Yun () — VF (2, un()))dx
A,

N =
N

> v = lali 4 b = wnld =8 [ o) a7
[ @) @) (o)~ vF ()
O\A,
by (f1), there existsC' > 0 such that

q(@)(f (2, un))tn = VF (2,u5) > =Cy(@)(1+ [u, [P~ + VC% |unl”) = —Cq(x)



6 L. Y. FECIH AND OUIDAD FRITES

Then
1 1 1 1
> - -z 2 - _ = 4
vic+ 1)+ ||lunllen > az/(2 V)[u"]2 + by(4 V)[unb
5 [ a@llde-0 [ g
An Q\A4,
1 1 1 1
= ay(§ - ;)[“n]g + bV(Z - ;)[un]g
=5 [ a(o) fual? o = C gl
av 11 2 bv 1 1 4
> 0 (Z_Z 1
N 1+Cz+01.02(2 y)”u"” * (1+C2+Cl-02)2(4 V)H“n”

2
~ Blunl2; = C llals

> A Ly b Gy
——— (= — =) |Jun - — =) ||un
- 1+CQ+0102 2 14 (1+CQ+ClCZ)2 4 1%

il

sltel— g,

! L SR VL b G Ly )
= |av(=— ) — — n - — = "
14+ Cy+ C1.Cy @ 2 v A1 Unllz (1+CQ+01.02)2 4 v Unllz
—Cllal, -

Since v and S satisfy (a) or (b), this is a contradiction. Then, (u,) is bounded in K. Hence there
exists a subsequence still denoted by (u,,) which converges weakly in Hg ,(Q2). So there exists u € Hg ()
such that

Up —u in Hgyp(ﬂ)
Up —u in Lé(Q)
u, —u in C°Q)

As K is weakly closed, u € K. Setting v = u in (2.3), we obtain that
(a + bun)?) / p(z) Auy Alu — uy,) de
Q

- [ at@ )@ u)do = e, flu - ).
Q
Therefore, for large n € N, by using Holder’s inequality and (f), there existsR > 0 such that

(o Hunl3) = ol < (a+ bl ) [

p(z) AulA(u — uy,) dz + / q(z) f(z,un)(un — u) dz + &, ||u — uy||
Q

Q

4 b
o) " lu =l

< (@ b ) = w)) g oo o ([ ao) [14 "
’ Q
+enllu— unll
3
< (a4 blunl3) (u,u — un))mz (o T cllalli (R*+1) |u— unllps do
+en|lu—un|l .
As n — o0, ||u— uy| — 0 therefore u,, = u in  Hg (). 0
3. Proof of Main Results

Let {e;} is an orthonormal basis of H§ ,(Q) and define x; = Re;

l e’}
vi=px,, =X, LkecZ (3.1)
j=1 j=k
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Therefore, we have the following lemma

Lemma 3.1 3.1 Suppose that (f2) is satisfied. Then, for any finite dimensional subspace Y C K , there
is a pp = p(Yk) > 0 such that:
E<0 for |lu|=pk. (3.2)

Proof: Since Y} is finite-dimensional, there exists ¢ > 0 such that for all u € Yy:
el > e . (3.3)
By (f2) and there exists py > 0 for T' > 0 such that:
F(z,u) > Tlul* for |u| > px (3.4)

It follows from (3.3) and (3.4) and the continuous of F' that

a b 4
mws5wW+an—/amnamm
Q
a b
S5MW+ZMW—/ q@mem—/ ¢(@)F(z, u)dx
u>pi u<pk
a b
<SP+ 7l =T [ gGoputds - Crllal,
2 4 u>pp
a b
swa+wa—T/amwm+T/ g@)utde — Cr a,
2 4 Q u<pg
a b
< 5 llull® + 7 llul® = Tllullyy + (T = Cr) llally

by corollary 2.1 there Cy > 0 such that |Jul|,;. < Cy ||u|

a b
B(u) < 5 Jull® + 7 Jull* = TC ul* + (T} — Cr) (35)

for T' > %, and for large py, the quartic term dominates, since Y} is finite-dimensional, the sphere
q

{u €Yy : ||u|| = pr} is compact. Therefore for large py

E(u) <0 for |u| = pk.

Lemma 3.2 3.2 We define

Br = sup [ull,, .
ueZy,
llull=1

Where B, — 0 as k — oo.

Proof: We have 0 < 11 < B hence 8 := limg_,o, Bx. Assume, for contradiction, that 5 > 0. Then
there existse > 0 and up € Zj such that |lugllg = 1 and |Jugl|lc > €. Because of the orthogonal
decomposition, uj, — 0 weakly in Hg ,(Q2). By the compact embedding Hg ,(Q2) < C°(Q), a subsequence
(still denoted wuy) satisfies up, — u in C°(Q). Since [,p < oo, this implies uxy — u in L3(Q), while
the weak convergence in H§ ,(Q) gives up — 0 in L2(Q). Hence u = 0, and therefore [[u/[oc — 0,
contradicting ||uk||cc > €. Thus g = 0. O
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Lemma 3.3 3.3 Suppose that (f1) and (f2) are satisfied, let h > 0 and ry, := B% which implies T, — 400
as k — 400 then:

inf E(u) = 400 as k— 4oo.
uEL K

llwll=rs

h

Proof: By the choose 7y := R

thus for every u € Zy with ||u|| = rp we get

[ulloe < Bk llull = Brri = R

and by the continuity of F for |u| < h, there exists a constant A > 0 such that |F(z,u)| < A thus

—L«mnammz—mmw (3.6)

Therefore,

Sl + hunlt = [ o(o) Flow,) do

b
>
T 214+ Cy + C1.C) (14 Ca 4 C1.Cy)?

> a 7+ ’ k= Allal
T 21+ 0y +CiCoM) * T 41+ Cy +CL.Co)2 * A

E(u,) =

4
[ull™ = Allqlly

2
Jell®+

Thus E(u) — oo as k — oo O

Proof of Theorem 1.1 Let X = Hap,Xl = Zm, and X5 = Y,,. By (f3) implies that F is even. By
Lemmas 3.1, 3.3 and proposition 2.4 all conditions of Theorem 2.1 are satisfied. Thus, problem (P)
possesses unbounded sequence of solutions.

4. Conclusion

In our work, we have studied variational inequalities of Kircchoff type which is defined on a bounded
set of RY. Unlike the classic variational inequalities of Kircchoff type our case has a mass function that’s
why we’ve defined a new space H&p. and we study the possible embbeds between H&p. And the L".

In order to establish multiple solutions for the problem we used the Palais-Smale condition under some
assumptions. Through it and through the critical point theory, we were able to find solutions to the
problem.
Exemple: Consider

few) = 1+ aP) ful %, (2u) € QxR

with an exponent
p € (max{4,v}, 2%).
It is straightforward to verify that f meets all the assumptions:
(f1) f€CEOxR)and |f(z,u)] < c(1+ |uP~t) with § = p € (1,2%).

F(x,u)

(f2)

] — 00 uniformly in z since p > 4, and F'(z,u) > 0 for all |u| > 0.
u

(f3) f(.]?, _u) = —f(x,u) .

(f1) flz,w)u — vF(z,u) = (1 + |:1:|2)(1 - K>|u|p > 0 for p > v, hence the condition holds for any
p
T€(0,2).
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