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Perturbed G-Metric Space and Fixed Point Results

Nawneet Hooda! and Pardeep Kumar2*

ABSTRACT: In this paper, we introduce and investigate fixed point results within the framework of perturbed
G-metric space, a generalization of metric and perturbed metric spaces involving a generalized distance function
defined on triples of points. We establish the fixed point theorems of Banach, Kannan, Jleli and Samet, and
Nutu and Pacurar for mappings that contract with respect to a perturbed G-metric, proving existence and
uniqueness of fixed points. Further, the results of Mustafa, Mustafa and Obiedat, and Gaba are obtained as
corollaries.
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1. Introduction

In classical metric space theory, the notion of distance measurement plays a fundamental role in various
mathematical analyses and fixed point results. However, real-world measurements are often subject to
errors and perturbations arising from instrumental inaccuracies or environmental factors, which motivates
the study of perturbed metric spaces. Recently, the concept of perturbed metric spaces [6] has been
introduced to model metric structures alongside a perturbation function that captures such deviations,
thereby generalizing the classical metric space framework. A perturbed metric space is characterized by
a pair of functions—one representing a perturbed distance and the other representing the perturbation
map—such that the difference yields a genuine metric.

Taking this into consideration, Jleli and Samet [6] introduced the notion of perturbed metric spaces
and established Banach fixed point theorem in such spaces.

Definition 1.1. /6] Let D,P : X x X — [0,00) be two given mappings. We say that D is a perturbed
metric on X with respect to P, if

D-P:XxX—>R, (x,y)— D(x,y)— P(x,y)

is a metric on X; that is, for all x,y,z € X,

(i) (D= P)(z,y) = 0;
(i) (D — P)(x,y) =0 if and only if z = y;
(ii7) (D = P)(z,y) = (D = P)(y, x);
(iv) (D= P)(z,y) < (D = P)(x,2) + (D = P)(z,y)
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We call P a perturbation mapping, d = (D — P) an exact metric, and (X, D, P) a perturbed metric
space.

Sihag et al. [15] extended the concept of perturbed metric space into complex valued perturbed metric
spaces and extended the Banach fixed point theorem from perturbed metric spaces to complex valued
perturbed metric space. Further, the results of Azam et al. [1] are derived as corollaries.

Definition 1.2. [15] Let D, P : X x X — C be two given mappings. We say that D is a complex valued
perturbed metric on X with respect to P if

D-P:XxX—C,

('rvy) = D(J,‘,y) —P(Ji,y)

18 a complex valued metric on X, i.e., for all x,y,z € X :

We call P a complex valued perturbed mapping, d = (D — P) an exact complex valued metric, and
(X, D, P) a complex valued perturbed metric space.

Notice that a complex valued perturbed metric on X is not necessarily a complex valued metric on
X.

G-metric Space:
Mustafa and Sims [10] critically examined the foundational claims regarding the topological properties of
Dhage’s D-metric spaces [3] and demonstrated that many of these claims are incorrect (also see [11]). In
particular, a D-metric need not be continuous with respect to its variables, and despite Dhage’s efforts to
define an associated topology, the notion of D-convergence for a sequence (z,,) to a point x, characterized
by

D(xpm,xp,z) =0 as m,n — oo,

does not necessarily correspond to convergence within any topological framework.
Addressing these fundamental flaws in Dhage’s theory—flaws that undermine many of the established
results— a more robust alternative was proposed: the G-metric space.

Definition 1.3. [10] Let X be a nonempty set, and let the function G : X x X x X — [0,00) satisfy the
following properties:

(Gh) G(z,y,2) =0ife =y ==z forall z,y,z € X;

(G2) G(z,x,y) > 0 whenever x,y € X with x # y;

(G3) G(x,x,y) < G(z,y,z) whenever x,y,z € X with z # y;

(Gs) G(x,y,2) =Gy, z,x) = G(z,x,y) = ... (symmetry in all three variables);

(G5) G(z,y,2) < G(z,a,a) + G(a,y,z), foranyz,y,z,a€ X, (rectangleinequality).

Then the function G is called a generalized metric, or, more specifically a G-metric on X, and the
pair (X, Q) is a G-metric space.

Clearly these properties are satisfied when G(xz,y, z) is the perimeter of the triangle with vertices at
2,y and z in R?, further taking a in the interior of the triangle shows that (Gj) is best possible.
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Definition 1.4. [10] Let (X, G) be a G-metric space, and let {x,} be a sequence of points in X. A point
x € X is said to be the limit of the sequence {x,} if

lim G(z, 2z, Tm) =0,
n,Mm—00

and one says that the sequence {x,} is G-convergent to x.
Consequently, if {x,} — x in the G-metric space (X, G), then for any € > 0, there exists N € N such
that

Gz, Zpn,Tm) <&  for allm,m > N.

Definition 1.5. [10] Let (X, G) be a G-metric space. A sequence {x,} is called G-Cauchy if for every
e > 0, there exists N € N such that

G(xpn, Tm,x) <&, foralln,m,l > N,
that is,
lim G(zp,zm,z) =0.
n,m,l—oo
Proposition 1.6. [10] If (X,G) is a G-metric space, then the following are equivalent:
(i) The sequence {xy} is G-Cauchy.
(i1) For every e > 0, there exists N € N such that

G(xp, T, Tm) <&, for alln,m > N.

Definition 1.7. [10] Let (X,G) and (X',G’) be two G-metric spaces and f : X — X' a function. We
say that f is G-continuous at a point a € X if and only if for every e > 0, there exists § > 0 such that
whenever x,y € X satisfy

G(a" I? y) < 57

then
G'(f(a), f(2), f(y)) <e.

The function f is G-continuous on X if it is G-continuous at every point a € X.

Definition 1.8. [10] A G-metric space (X,G) is called symmetric if
G(z,y,y) = Gy, z,z) forall z,y € X.

Proposition 1.9. [10] Let (X, G) be a G-metric space, then the function G(x,y, z) is jointly continuous
in all three variables.

Definition 1.10. [10] A G-metric space (X, G) is said to be G-complete (or complete) if every G-Cauchy
sequence in (X, G) is G-convergent in (X,G).

Proposition 1.11. [10] Let (X,G) be a G-metric space. Then the following are equivalent:
(i) {xn} is G-convergent to x.
(i) nler;OGp(xn,xn,x) =0.

(i) nlLH;OGp(xn,x,x) =0.

(iv) lim Gp(zm,zn,x) =0.
m,n— oo
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Perturbed G-metric space:

Now we apply the ideas of perturbation to G-metric space and introduce perturbed G-metric space.
This theory of perturbed G-metric space aims to establish existence, uniqueness, and stability of fixed
points for mappings under perturbations, thereby broadening the classical fixed point results like Banach
contraction principle.

A perturbed G-metric space extends the classical notion of a G-metric space by incorporating a per-
turbation function that modifies the underlying G-metric structure. This generalization provides a more
flexible framework suitable for analyzing contractive mappings and fixed point properties under more
general and realistic metric perturbations, which frequently arise in applied and theoretical contexts.

Definition 1.12. Let X be a nonempty set, and Gp, P : X X X x X — [0,00) be two given mappings.
We say that Gp is a perturbed G-metric on X with respect to P, if

Gp—P: X xXxX—[0,00), (2,9,2)—Gp(z,y,2)— P(z,y,2)
is a G-metric on X; that is, for all z,y,z € X,

Gp1) (Gp — P)(z,y,2) =0ife=y=2z forall z,y,z € X;

z)
x,xz,y) > 0 whenever x,y € X with © # y;

) < (Gp — P)(z,y,2) whenever z,y,z € X with z # y;
Gp — P)(z,y,z) = (Gp — P)(y,z,2) = (Gp — P)(z,z,y) = ... (symmetry in all three variables);

) ( )(x
) ( )
Gp3) (Gp — P)(z,2,y
) ( )z, y
) (Gp — P)(z,y,2) < (Gp — P)(z,a,a) + (Gp — P)(a,y,2), foranyz,y,z,a¢c X.
We call P a perturbation mapping, (Gp — P) = G-metric, and (X,Gp, P) a perturbed G-metric space.

Example 1.13. Let X = [0,1] with the standard absolute value metric | -| and define:

GP(%?%Z) = ma’X{|x_y|? |y_Z|) |Z _x|} +P(‘r’yvz)a

where
1

L+ |z|+ [y + |2|

Then the exact G-metric is given by

P(z,y,2z) =

(absolute value perturbation)

G(Ivyaz) = GP(IayVZ) *P(SE,’%Z) = max{|xfy|, |y72|5 |Z 7I|},

which is known to be complete on [0, 1].
Here, G p-metric is not a G-metric since Gp(1,1,1) = i #£0.

Example 1.14. Let X = R. Define the perturbed G-metric Gp : X3 — [0,00) by

Gp(w,y,z) = max{|z —y|, |y — 2|, [z — 2|} + 2%y,

Here the perturbation P : X3 — [0,00) is

2

P(z,y,2) = 2*y*2%.  (polynomial perturbation)

Then
G($7yaz) = Gp(x,y,z) - P(x,y,z) = ma’X{|x - y|a |y - Z|a |Z - iL’|},
is a G-metric. Here, Gp-metric is not a G-metric since Gp(1,1,1) =1 # 0.

In analogy of Jleli and Samet [6], we state some elementary properties of perturbed G-metric spaces.

Definition 1.15. Let (X, Gp, P) be a perturbed G-metric space, {x,} a sequence in X, and T : X — X.
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(i) We say that {x,} is a perturbed Cauchy sequence in (X,Gp, P) if {x,} is a Cauchy sequence in

the G-metric space (X, G).

(ii) We say that {x,} is a perturbed convergent sequence in (X, Gp, P) if {z,} is a convergent sequence

in the G-metric space (X, Q).

(iii) We say that (X,Gp, P) is a complete perturbed G-metric space if (X,G) is a complete G-metric

space.

(iv) We say that T is a perturbed continuous mapping in Gp-metric if T is continuous with respect to

the G-metric.

(v) We say that the equivalence relation in Proposition 1.11 holds in perturbed G-metric space if the

relation holds in G-metric space.

2. Banach fixed point theorem in Perturbed G-metric space

Theorem 2.1. Let (X,Gp, P) be a complete perturbed G-metric space and let T : X — X be a given

perturbed continuous mapping. Assume the following condition holds:
(i) There exists A € (0,1) such that
Gp(Tz,Ty,Tz) < AGp(z,y,2)
forall x,y,z € X.

*

Then, T admits a unique fized point * € X, that is, Tx* = x*.

Proof. Let g € X be fixed. Consider the Picard sequence {z,} C X defined by

Tpe1 =Txz,, neN

Applying the contractive condition (2.1) to the triple (zq, 21, 1), we have

Gp(Txo, Tx1,Tr1) < NGp(x0,71,21),
which implies
Gp(x1,x9,22) < AGp(x0,21,21).
Similarly, for the triple (x1,x2,x2), we get
Gp(xe,z3,23) < NGp(x1, T2, T2),

which gives
Gp(.%‘z,l‘g,xg) S )\ZGP(x07.’171,£E1).

By induction, it follows that
Gp(TnyTni1, Tnt1) <A1, neN,

where 7 = Gp(z9, 1, 21).
Since G = Gp — P is the G-metric, so

G(xnvxn+la$n+1) + P(mn,wn+17$n+l> <\,

Since

G(xnvxn—k—l,xn-&-l) < G(xmxn+17$n+1) + P(zn,xn+1,xn+1),

we have
G(Tn, Tny1, Tny1) S A", neN

n € N.
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Since A € (0,1), so {z,} is a Cauchy sequence in (X, G), that is,{z,} is a perturbed Cauchy sequence in
the perturbed G-metric space (X, Gp, P). By the completeness of perturbed G-metric space (X, Gp, P),
there exists * € X such that

lim G(zp,Zn,z*) = 0. (2.4)

n—oo

Claim: x* is a fixed point of T
Since T is perturbed continuous, it follows that

lim G(Tz,,Tx,, Tx*) =0,

n—oo

which is
lim G(In+1,$n+17Tﬁﬂ*) =0.

n—oo

By uniqueness of the limit,

so z* is a fixed point of T.
To show uniqueness, suppose u,v € X are distinct fixed points. Then

G(u,v,v) = G(Tu,Tv,Tv) < AG(u,v,v).

Since u # v, the left side is nonzero, giving A > 1, a contradiction. Thus, z* is the unique fixed point of
T. O

Example 2.2. Let X =[0,1]. Then (X,G) is G-metric space where the G-metric is given by
G(z,y,2) = max{|z —y|, |y — 2|, |z — =[}.

Define
GP(I',y,Z) = G(IE,y,Z) + P(I7yaz) = Inax{\x - y|7 |y - 2‘7 ‘Z - ‘Tl} +I’y2§

Then Gp is a perturbed G-metric on [0,1] with respect to perturbed mapping
P: X xXxX—|[0,00)

given by
P(z,y,z2) = zyz.

Here, Gp-metric is not a G-metric since G(1,1,1) =1 #£ 0.
Define the mapping T : X — X by

szg.
3

For all z,y,z € [0,1],

y ooz
3 3

i i

Gp(Tx,Ty,Tz) :maX{E —%

3 3 27

1
= s max{|z —yl,Jy — 2I, ] — al} + &

IN

1

3 (max{lz —yl, |y — 2|, [z — z[} + xyz)
1

=AGp(z,y,2), where\ = 3€ (0,1).

Thus all the condition of Theorem 2.1 are satisfied and indeed x = 0 is the unique fized point.
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Corollary 2.3. [9] Let (X, G) be a complete G-metric space and T : X — X a given mapping. Assume
there exists X € (0,1) such that
G(Tz,Ty,Tz) < \G(z,y,z)

forallx,y,z € X. Then T admits a unique fized point.

Proof. Set P = 0, i.e., P(z,y,z) = 0 for all z,y,z € X. Then (X,Gp, P) is a perturbed G-metric
space where the perturbed G p-metric coincides with G, and the contractive condition holds directly.
Consequently, Theorem 2.1 applies to guarantee the existence and uniqueness of the fixed point for 7. O

Since a complete perturbed G-metric space is a generalization of perturbed metric space, so the
Theorem 2.1 is a proper extension of the following result of Jleli and Samet [6].

Corollary 2.4. Let (X, D, P) be a complete perturbed metric space and T : X — X be a given mapping.
Assume that the following conditions hold:

(i) T is a perturbed continuous mapping;

(i) There exists A € (0,1) such that
D(Tz,Ty) < AD(z,y)

forallz,y e X.
Then T admits one and only one fixed point.
We present, without proof, the following result which can be proved by taking y = z in Theorem 2.1.

Theorem 2.5. Let (X,Gp, P) be a complete perturbed G-metric space and let T : X — X be a given
perturbed continuous mapping. Assume the following condition holds:

(i) There exists A € (0,1) such that
Gp(Tz, Ty, Ty) < AGp(z,y,y) (2.5)
forallz,y € X.
Then, T admits a unique fized point x* € X, that is, Tx* = x*.

Corollary 2.6. [9] Let (X, G) be a complete G-metric space and T : X — X a given mapping. Assume
there exists A € (0,1) such that

G(Tz, Ty, Ty) < AG(z,y,y)
forallx,y € X. Then T admits a unique fized point.

Proof. Set P = 0, i.e., P(xz,y,y) = 0 for all z,y € X. Then (X,Gp,P) is a perturbed G-metric
space where the perturbed G p-metric coincides with G, and the contractive condition holds directly.
Consequently, Theorem 2.5 applies to guarantee the existence and uniqueness of the fixed point for 7. O

3. Kannan fixed point theorem in Perturbed G-metric space

Kannan extended the Banach fixed point theorem by defining general contractions in [7] and points
out that the operator is not necessarily continuous. Recent research introduces notions such as perturbed
Kannan mappings in perturbed metric spaces [13], proving fixed point results that extends Kannan fixed
point theorem without requiring the continuity of operators. These perturbed metric spaces and the
related mapping conditions allow for unique fixed points under the influence of perturbations, which is
important in generalized metric spaces.



8 NAWNEET HOODA AND PARDEEP KUMAR

Definition 3.1. [13] Let (X, D, P) be a perturbed metric space and T : X — X a mapping such that
there exists A € [07 %) with

D(Tz,Ty) < A[D(z,Tz) + D(y,Ty)], for all z,y € X. (3.1)
Then T is called a perturbed Kannan mapping.

Kannan mappings in the context of G-metric spaces [5,9,14] refer to a class of contractive mappings
that generalize the Kannan fixed point theorem to new settings involving the G-metric framework.
Now we define Kannan contraction mapping in perturbed G-metric space.

Definition 3.2. Let (X,Gp, P) be a perturbed G-metric space and T : X — X denote a mapping such
that for all x,y,z € X,

Gp(Tz, Ty, Tz) < a|Gp(x,Tx,Tx) + Gp(y, Ty, Ty) + Gp(2,T2,Tz)] (3.2)
where 0 < a0 < % We say T is a perturbed Kannan mapping.

Theorem 3.3. Suppose that (X,Gp, P)is a complete perturbed G-metric space and T is a perturbed
Kannan mapping. Then, there exists a unique fived point of T'.

Proof. Take an arbitrary element g € X and define the Picard sequence by z,4+1 = Tx,, n € N.
By applying inequality (3.2) with = xp, y = x1, 2 = 21, we obtain
Gp(w1,20,22) = Gp(Two, Ty, T21)
< a|Gp(xg, Txo,Txo) + Gp(x1,T21,Tx1) + Gp(21, T21,T21)]

= a[Gp(wo, 71, 71) + 2G p(71, T2, T2)] .

Thus,
Gp(r1,22,29) < 1 _a2aGp(xo,x1,x1).
Similarly,
Gp(Tn, Tnt1, Tne1) < 1 _azaGp(xn_l,xmxn).
Let B = 1 _a2a (with0<g8<1lif0<ac< %), and set Gy = Gp(xp,21,21). By induction,

GP(xn7 Tn+1, xn+l) S BnGO

Now, the sequence {z,,} is Cauchy in the perturbed G-metric space because for k > 1,

GP(mnyanrbl'nJrk) < GO (ﬂn 4+ -+ ﬁn-&-k—l)
= Gyp" (1 + ... +6k—1)

_ ak
Go o,
< A

Since 0 < 8 < 1, {x,} is a Cauchy sequence.
By completeness of (X, Gp, P), there exists z* € X such that lim Gp(z,,z*,2*) =0.
n—oo
We show that z* is a fixed point of T'. By the contractive condition,

Gp(zpy1, T2, Tz*) = Gp(Tx,, Tx*,Tx")
< alGp(an, T, Tx,) + Gp(z*, Ta*, Tx*) + Gp(a*, Tx*, Tx")].
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Taking the limit as n — oo and using the above results,
Gp(z*,Tx*, Tx*) < 2aGp(x*, Ta*, Tx").

Hence, Gp(z*,Ta*,Tx*) = 0, so Tz* = z*, establishing existence.
For uniqueness, suppose x and y are two fixed points of T'. Then,

GP(:E,yvy) = GP(TvayaTy) <o [GP(Z,TIE,TI') + 2GP(y’Ty7Ty)] =0.

Thus, Gp(z,y,y) = 0, implying = = y. Therefore, the fixed point is unique. O

Example 3.4. Let X = R, and define the perturbed G-metric on X by
Gp(x,y,z) = max{ |:I" - y‘v |y - Z|7 |Z - IE| } + |.’EyZ‘
with perturbation
P(z,y,2) = |zyz].

Let T : X — X be defined as

0, =<2,
Tx =
1, z=>2.

For all x,y,z € X, let us verify the contractive inequality (3.2) where 0 < A < % The following Table 1
gives the values for (3.2).

Table 1: The values of (3.2) without «

L.H.S. (3.2),
z |Tz|Gp(z, Tz, Tz)| y |Ty|Gp(y, Ty, Ty)| z |Tz|Gp(2,Tz,Tz) R.H.S. (3.2),
min R.H.S. (3.2)
07
<2l 0 @l |<2|o0 W |<2|o0 N 2l + Iyl + |21,
0
17
<20 |z| <2(0 [yl >2( 1| |z—1[+ ]z || + [y| + [z| + |z — 1],
3
1,
<20 ol |22) 1| w1+l |<2| o0 P ol + Iyl + 11 + Iy — 1,
3
17
<20 || >2( 1| ly=1+1yl [=2| 1| [z—1]+]z lz| + |yl + 2] + |y — 1| + |z — 1],
6
17
>2( 1] [z—1+ [z [<2]|0 [yl <2[0 |2 lz] + [y| + [z] + |z — 1],
3
17
>ol 1| le—1l+1al |<2| 0 Wl |22 0] ot lel | el fl Ll = 1 ]2 — 1,
6
17
21| [z—1+ |z [Z2] 1] [y—1+]y] |[<2|0 ] lz] + [yl + |2 + |z — 1] + |y — 1],
6
17
Sol 1| e—t1l4lal |22 1] ly—1l4lpl |22 1| 121+ lel |lel+ vl + 12+ e — 1]+ ly— 1+ ]z - 1,
9

Thus all the conditions of Theorem 3.3 are satisfied for a = % and x = 0 is the unique fixed point.

Corollary 3.5. [12] Let (X,G) be a complete G-metric space and T : X — X be a mapping satisfying

G(Tz,Ty,Tz) < k[G(z,Tz,Tz) + G(y, Ty, Ty) + G(2,Tz,Tz)], Vz,y,z€ X,

where k € |0, %) Then T has a unique fixed point
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Proof. Set P = 0, i.e., P(z,y,z) = 0 for all z,y,z € X. Then (X,Gp, P) is a perturbed G-metric
space where the perturbed G p-metric coincides with G, and the contractive condition holds directly.
Consequently, Theorem 3.3 applies to guarantee the existence and uniqueness of the fixed point for 7. O

Since a complete perturbed G-metric space is a generalization of perturbed metric space, so the
Theorem 3.3 is a proper extension of the following theorem of Nutu and Pacurar [13].

Corollary 3.6. [13] Let (X, D, P) be a complete perturbed metric space and T : X — X a perturbed

Kannan mapping. Then T admits a unique fixed point.

4. Existence of atleast one fixed point in Perturbed G-metric space

In this section we investigate the case where uniqueness of fixed point is not guaranteed. Such
operators belong to the category of so called weakly Picard operators.

Theorem 4.1. Let (X,Gp, P) be a symmetric perturbed G-complete G-metric space. Let T : X — X be

a mapping. Suppose T satisfies the following condition for all x,y,z € X:
GP(Tx? Y, Z) + Gp(l‘, Ty7 Z) + GP(xa Y, TZ)

2Gp(x, Tz, Tx)+ Gp(y, Ty, Ty) + Gp(2,T2,Tz) + 1

Gp(Tx, Ty, Tz) < < ) Gp(x,y,2). (4.1)

Then:

(i) T has at least one fized point £ € X;
(ii) For any x € X, the iterative sequence {T"x} = {Tx,} Gp-converges to a fized point;
(iii) If £,k € X are two distinct fized points, then
1
§ < Gp(f, L2 K:) = GP(§7§7 H)'
Proof. Let T satisfy the condition (4.1) and let xy be an arbitrary point in X. Since T (X) C X, there is

x1 € X such that 1 = Tzy. Continuing the same process, we can construct a sequence {x,} such that
Zny1 = Ty, for all n € N. Let x,, # @41 for all n € N. So for each n € N, by using (4.1), we obtain that

GP(In,xn+17l'n+1) = GP(Txn—laT'InaTxn)
GP(T.’I?n_l, Tn, xn) + GP(xn—la Txn7 .17”) + GP(l‘n—la Tns Twn)
QGP(ITL—17 Txp—1, T‘Tn—l) + GP(Ina Txn, Txn) + GP(In; Txy, Txn) +1

Gp(xn,xn,:vn) +GP((L'n71;fEn+lyxn)+Gp(mnflyxn7xn+1) ) GP((E T T )
-1,
2GP(l'n—17 Ly xn) + GP(xna Tn+1, xn+1) + Gp(l'n, Ln+1, x"+1) +1 ! o

(
(

_ ( 2Gp(Tn—1,Tn, Tni1) )Gp(xn_hxml,n)
(

> GP(xnfla an,l’n)

2GP<.’L'n71,.Z'n,.'IJn) + QGP(xnaanrhanrl) +1

2GP(1'n—1, L xn) + QGP(xqu Tntls l'n_t,-l) GP(xn—la T,y xn)
2GP(xn717 L, mn) + 2G($n, Tn41, anrl) +1

2GP($n717 Tn, l'n) + QGP(.’En, Tn+1, xn+1)

Put
QGP(J?n_l,.Tn,J?n) + 2GP(xna-rn+17xn+l) + 1

=p, then 0o < p <1 and

GP(xn,$n+1;xn+1) S P GP(xnflaxnvxn)
That is for each n € N, we have

GP (xn; Tn41, xn-{-l) S P C:P (xn—la Tn, xn)

S p2GP($n727 Tn—1, xnfl)

< p"Gp(xo,21,21).
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Moreover, for all n,m € N; n < m, we have by rectangle inequality that

GP (xna xmvxm) S GP (xn7xn+17mn+1) + GP (xn+17xn+27$n+2) +- 4+ GP(xmflairmvxm)
(pn + p"“ +-- pmil) GP(ZE(), zl,xl)

IN

n

p
1—

IN

GP(-’EO,J?l,l'l),

and so lim Gp (Zpn, Ty, Tm) = 0, as n,m — 0.
Thus {z,} is a G-Cauchy sequence. Since (X, Gp, P) is complete, there exists p € X such that {x,}
is G-Convergent to p € X. We will show that Tp = p. By (4.1), we have

GP(xm Tp, Tp) = GP(Txnflv Tp, Tp)

< ( GP(Txn—lap7p) + GP(l'n_l,Tp,p) + GP(xn—hpa Tp)
N 2GP(ITL—17T5ETL—17T‘TTL—1) + GP(pv Tpv Tp) + GP(p, Tpv Tp) +1

) Gp(xn—lap7p)'

Taking limit as n — oo, we have Gp(p, Tp, Tp) =0 and p = Tp.
If p’ is another fixed point of T', then

GP(pvpapl) = G(Tpa Tp, TP/)
< ( Gp(Tp,p,p') + Gp(p, Tp,p") + Gp(p,p,TD)
~ \2Gp(p,Tp,Tp) + Gp(p,Tp,Tp) + Gp(p', Tp', Tp') + 1

= {Gp(p,p,p’) +Gp(p,p,p') + Gp(p,p,p’)} Gp(p,p,p)
- 3GP(pvp7pl)2

) Gp(p,p,p)

giving

Wl

Gp(p,p,p') >

In the following example, let G(x,y,z) be the perimeter of the triangle with vertices at O,% and
1 in R? and a is taken as an interior point of the triangle (Figure 1). Furthermore Gp(z,y, z) is the
corresponding perturbed perimeter.

W=

Figure 1

Example 4.2. Let X = [0,1] and X' = [0,1] — {0,3}. Take point a(# 1) € X'. Let the values of
G,P,Gp: X3 —[0,00) be given as in Table 2.

Here (X, G) is a symmetric G-metric space and (X, Gp, P) is a symmetric perturbed G-metric space.
Note that (X, Gp, P) is not a G-metric space since

11 =Gp(0,1,1) < Gp(0,a,a) = 13 (contradicting (Gs3)).
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Table 2: Values of G, P and Gp

G-metric Perturbation P | G p-metric
G(0,3,3) =G(5,0,0)=5 2 Gp(0,3,3) =Gp(5,0,0)=7
G(0,1,1) = G(1,0,0) = 6 4 Gp(0,1,1) = Gp(1,0,0) = 10
G(3,1,1)=G(1,3,5) =8 3 Gr(3,1,1)=Gp(l, 5,5) =11
G(0,3,1) =10 1 Gp(0,3,1) =11
G(0,a,a) = G(a,0,0) = G(3,a,a) = 6 Gp(0,a,a) = Gp(a,0,0) = Gp(3,a, a) =
G(a, %, %) =G(1,a,a) =G(a,1,1) =7 Gpl(a, %, %) =Gp(l,a,a) = Gp(a, 1 1) =
G(0,1,a) = G(3,1,0) = G(0,3,a) =9 1 Gp(0,1,a) = Gp(3,1,a) = Gp(0, 3,a) =10
G(z,z,z) =0forall z € X 0 Gp(z,z,z) =0forallz € X
Define the mapping T: X — X by
0, z=0,x=1,
Tx = %, T = %,
1 zeX.
We have,
7_GP(7373) GP(TO Tl l)
11 11 1 1

< (GP(T0,3,3)+GP(0 T373) GP(O’S’TS))GP(O 1 l)

- 2Gp(0,70,T0) +2Gp(5,T5,T3) + 1 Tans

< SGP(Oa ;133 %)GP((L éa :1’)) - 1477

0=Gp(0,0,0) = Gp(T0,T1,T1)
Gp(T0,1,1)+ Gp(0,7T1,1) + Gp(0,1,71)
< Gp(0,1,1)
2Gp(0,7T0,70)+ Gp(1,T1,T1)+ Gp(1,T1,T1) + 1

GP(Oa la 1) + GP(O7 07 1) + GP(Oa la 0)

:

2-10+1
30

2Gp(0,0,0) + Gp(1,0,0) + Gp(1,0,0) + 1
10 +10 + 10

x 10

= — x 10 = 14.28;

21

1

)+GP(3,T1 1) +

GP(37 )

L9171

)Gp(0,1,1)

)

1

1) +Gp(3,0 1)+GP(3

§)+GP(1 T1,T1)+Gp(1,T1,T1

, 1,0

)

104+10+1

+ 11

, 1)+ Gp(1,0,0) + Gp(1,0,0) + 1

) :—x11f1728

)e

)+ >GP(;137131

1

37131)

p(
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7=Gp(0,1,0)=Gp(T0,T5,T1)

( Gp(T0,%,1)+ Gp(0,T%,1)
= \2Gp(0.70,70) + Gp(L,TL,TY)
B (Gp(o, £, 1)+ Gp(0,1,1) + Gp(0,

Gp(1,0,0) + 1

11+11+7
( 11 >>< 9;

Gp(0,1,71)

+
+Gp(1,T1,T1) + 1
1,0

‘ )) Gp(0,4,1)

10=Gp(0,1,1) = Gp(T0,Ta,Ta)
< (GP(TO,a,a) + Gp(0,Ta,a) + Gp(0,a,Ta)
=\ 7 2G5(0,70,70) + 2Gp(a, Ta, Ta) + 1
_ (Gp(0,a,a) + Gp(0,1,a) + Gp(0,a,1)
B ( 2Gp(0,0,0)+2Gp(a,1,1) + 1
13420

_ 13 = 15.88;
27~ ’

11=Gp(3.1,1) = Gp(T}, Ta, Ta)

<

2Gp(%,T%,T%) +2Gp(a,Ta,Ta)+ 1

_ <GP<;,,a,a>+GP<;,1,a>+GP<;,,a,1>> o (1)

2Gp(3,3,5) +2Gp(a,1,1) + 1
_ 13410410

13 = 15.88;
27 ’

10 = Gp(0,1,1) = Gp(T1, Ta, Ta)
< <Gp(T1,a,a) +Gp(1,Ta,a) + Gp(1,a,Ta)
- 2Gp(1,7T1,T1)+2Gp(a,Ta,Ta) + 1
_ (Gp(0,a,a)+Gp(1,1,a) + Gp(1,a,1)
N ( 2G'p(1,0,0) +2Gp(a,1,1) + 1
13+13+13

ERE R h AT
2012 1311
39

=2 13— 10.78:
a7~ ’

10 = Gp(0,0,1) = Gp(T0,T1,Ta)

) GP(O, a,

(GP(T:l),,a:a) +Gp(5,Ta,a) +GP(§7&,TG)> GP(l a,a)

) Gp(l,a,

Gp(T0,1,a) + Gp(0,T1,a) + Gp(0,1,Ta)
= \2Gp(0,70,70) + Gp(1,T1,T1) + Gp(a, Ta, Ta) + 1
. Gp(0,1,a) + Gp(0,0,a) + Gp(0,1,1)
- \2Gp(0,0,0) + Gp(1,0,0) + Gp(a,1,1) + 1
10+ 13+ 10
=——x10
10+13+1

33
— 22 410 = 13.75:
21~ ’

>Gp(0,§,1)

) Gr0.0.a

a)

37

>Gp(1,a,a)

a)

)oriona

)Gp(o,La)

13



14 NAWNEET HOODA AND PARDEEP KUMAR

11 = GP( 1) = (Tl T1,Ta)
( Ti 1, )+GP( ,T'1, a)+Gp(1,1,Ta)
< < i 1‘3 1 3 3 GP(%7170“)
2Gp(3,T5,T3) + Gp(1,T1,T1) + Gp(a, Ta, Ta) +

GP(% 1)+ ( 707a)+GP(};a171) 1
= T 11 Gp(3,1,0)

2Gp(3,373) Gp(l,0,0)—‘er(a,Ll)—i-l
:11+10+11 < 10

104+ 1341

32

5 X 10=13.33;

11=Gp (0, L 1) = Gp(T0,T%,Ta)

1 1
< < GP(TO737 )+GP(O,T3,G)+GP( ,3,TCL) > GP(O,%,G)
)+1

2Gp(0,70,T0) + Gp (3,73, T%) + Gp(a,Ta,Ta

:<GP( ,%,a) +Gp(0,%,a) + Gp(0, §,1)> Gp( 1 )

Gpla,1,1) +1
_(wo+io+1y o 310 o0
13+1 14

Hence all the conditions of Theorem 4.1 are satisfied and T has two distinct fived points O and %
Also,
GP(Ovém%,) GP(%aovo):’?Z%
Corollary 4.3. [/] Let (X,G) be a symmetric complete G-metric space. Let T : X — X be a mapping
and satisfy the following condition for all x,y,z € X:

G(Tz,y,2) + Gz, Ty, z) + G(x,y,T2)
2G(z, Tz, Tx) + Gy, Ty, Ty) + G(2,Tz,Tz) + 1

G(Tz, Ty, Tz) < < > G(z,y, 2).

Then:
(i) T has at least one fized point £ € X;
(ii) For any x € X, the iterative sequence {T"x} = {Tx,} G-converges to a fized point;
(iii) If &,k € X are two distinct fixed points, then

1

g < G(f, Ry H) = G(gafa H)~
Proof. Set P = 0, i.e., P(z,y,z) = 0 for all z,y,z € X. Then (X,Gp, P) is a perturbed G-metric
space where the perturbed G p-metric coincides with G, and the contractive condition holds directly.
Consequently, Theorem 4.1 applies to guarantee the existence and uniqueness of the fixed point for 7. O

5. Conclusion

In this paper, we have presented a unified fixed point framework within the setting of perturbed
G-metric spaces, thereby extending and integrating both the classical metric approach and the perturbed
metric structure. By establishing the results of Banach [2], Jleli and Samet [6], Kannan [7], and Nutu
and Pacurar [13] tailored to these perturbed G-metric spaces, we ensured the existence and uniqueness
of fixed points for a broad class of contractive and perturbed-continuous mappings on complete spaces.
Furthermore, several well-known results—including those of Gaba [4], Mustafa [9], and Mustafa and
Obiedat [12] emerge naturally as corollaries of our main theorems. This demonstrates that our framework
not only encompasses but also significantly generalizes many foundational fixed point principles. Overall,
the theory developed here provides a more comprehensive and flexible platform for fixed point analysis,
with the potential to unify and streamline further advancements in generalized metric structures.
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