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Fixed Point Theorems for Various Contractions in Super Metric Spaces

Nikita Kadian and Sanjay Kumar

ABSTRACT: In this paper we prove some fixed point theorems for various contractions in setting of super
metric spaces.
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1. Introduction

The basic tool of metric fixed point theory is the Banach contraction principle, which states that
every contraction map on a complete metric space has a unique fixed point i.e, let T be a mapping from
a complete metric space (X, d) into itself satisfying

d(Tz,Ty) < d(z,y)

for all z,y € X ,where 0 < a < 1.Then T has a unique fixed point.”

This principle gives existence and uniqueness of fixed points and methods for obtaining approximate
fixed points. This principle was generalised by several authors by using different types of minimal com-
mutative(weak commutative and its variants,compatible and its variants and weakly compatible maps)
along with continuity of one of the mappings. In 2022, Karapinar and Khojasteh [2] introduced a new
generalisation of metric space known as super metric space. We begin with definition of super metric.
Definition 1.1. Let X be a non-empty set. We say that m : X x X — [0, 00) is super-metric or super
metric if

1. if m(z,y) = 0,then z =y for all z,y € X
2. m(z,y) =m(y,x), forall z,y e X

3. there exists s > 1 such that for all y € X there exist distinct sequences (z,), (y,) C X , with
m(Zp,yn) —> 0 when n tends to infinity, such that

lim sup m(yn,y) < s lim sup m(z,,y).
n—oo n—oo

Definition 1.2. Let (X, m) be a super metic space and a € X ,r > 0. The set

B(a,r)={z € X : m(a,z) <r}

is called a super ball centered at a with radius r. The topology generated by the collection of all super
balls acts as a basis of super metric spaces.
The notion of convergence and Cauchy sequence are defined as follows:

Definition 1.3. Let (X, m) be a super metric space. A sequence (z,) in X is said to be
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1. convergent to a point x, if , lim m(x,,x) = 0.
n— o0

2. Cauchy sequence if for every lim supm(x,,z,,) = 0, that is, for each € > 0, there exists ny such
n,Mm—00

that m(z,, x.,) < € for all n,m > ng.

Definition 1.4. A super metric space is said to be complete if every Cauchy sequence in X converges
to a point in X.

2. Main Results

In this paper we prove various contraction in the setting of super metric space. We first prove Kannan
contraction [4] in the setting of super metric spaces as follows:

Theorem 2.1. Let (X, m) be a complete super metric space and T be a self map on X satisfying Kannan
contraction:

m(Tz, Ty) < a{m(z,Tx) + m(y,Ty)} (2.1)

for all z,y € X and 0 < @ < 1/2. Then T has a fixed point in X.
Proof Let zp € X and consider the iterate of sequence x,+1 = Tx,.
From (2.1), we have

m(zy,x2) = m(Txo, Tx1) < af{m(zg, Txo) + m(z1,Tx1)}
< a{m(zg,z1) + m(z1,z2)}
o
m(zy,z2) < = m(zo, 1)
i.e,m(z1,z2) < Bm(zo, 1) (2.2)
where = a <1
l—«

Continuing, this way we get

m(Tp, Tnt1) < Bm(xo, 1)

Proceeding limit as n — oo, we have lim m(z,,z,41) =0as0<a < 1.
n—oo

Now by definition of super metric space, for s > 1 and for all z,,;2 € X, there exist distinct sequences
(n), (Tnt1) with m(a,, zp41) — 0 such that

lim sup m(x,, Tni2) < s lim sup m(zp41, Tnye).
n—oo n— oo

Since lim m(z,,z,41) = 0, therefore lim sup m(x,,z,42) = 0. Further,for s > 1 and for all z,,43 € X
n—oo n— o0
there exist distinct sequences (), (Tn+2) wWith m(zy, €ny2) — 0 such that

lim sup m('rnaxn-i-S) < s lim sup m(xn+27$n+3)'

This implies lim sup m(z,,Znt3) = 0.
n—oo
Inductively, one can conclude that

lim sup m(z,,zm) =0,m >nand m,n € N.
n—oo

Thus (x,) is Cauchy sequence in X. Since (X, m) is a complete super metric space, therefore, the sequence
(xn) converges to a point, say z € X.
We claim that z be a fixed point of 7.
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From (2.1),we have

m(zpi1,T2) = m(Te,, Tz) < a{m(z,, Tx,) + m(z,Tz)}
Proceeding as n — oo
m(Tz,z) < a{m(z,Tz) + m(z,Tz)} (2.3)
=2am(z,Tz)
(I1-2a)m(z,Tz) <0 since 0 < a<1/2

ie, Tz = z.
Therefore z is a fixed point for T.

Next we prove Reich type contraction [8] in setting of super metric spaces.

Theorem 2.2. Let (X, m) be a complete super metric space and T be a Reich type contraction map on
X ,and there exits non-negative numbers a, b, c with a + b + ¢ < 1 such that

m(Tz, Ty) < am(z,y) +bm(z,T(z)) + cm(y, T(y)). (2.4)

Then T has a fixed point.

Proof Let g € X and consider the iterate of sequence x,,+1 = Tx),.
From (2.4),

m(xy,x2) = m(Txo, Tx1) < am(zo,z1) +bm(xo, Txo) + cm(zy, Txy)
= am(zg,x1) + bm(xg, 1) +cm(z,x2)
(1—=c)m(z1,22) < (a+b)m(xg,z1)

a+b
m(xy,x9) < T m(xo, x1) (2.5)

m(x1,72) < Bm(wo, 1)
Continuing this, way we get

m(Tp, Tni1) < B m(xzo, 1), where f <1

Proceeding limit as n — oo, we have lim m(z,,z,4+1) =0as0 < a < 1.
n—oo

Now by definition of super metric space, for s > 1 and for all z,,;2 € X there exist distinct sequences
(Tn), (Tnt1) with m(a,, zp41) — 0 such that

lim sup m(x,, Tni2) < s lim sup m(zp41, Tny2).
n—oo n— oo

Since lim m(z,,2n4+1) = 0. Therefore , lim sup m(x,,,4+2) = 0. Similarly we have for s > 1 and for
n— o0 n—00

all z,43 € X there exist distinct sequences (z,), (¥n42) with m(z,, £n42) — 0 such that

lim sup m(xnvxn+3) < s lim sup m(xn+27xn+3)'

i.e., im sup m(xy,,z,y3) = 0.
'n.—>.oo
Inductively, one can conclude

lim sup m(xy, xm) =0,m > nand m,n € N.
n—oo

Thus (x,) is Cauchy sequence in X. Since (X, m) is a complete super metric space, therefore, the sequence
(xn) converges to a point say z € X.
We claim that z be a fixed point of 7.
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From(2.4) , we have,

m(xpe1,T2) =m(Te,, Tz) < am(x,, z) + bm(x,, Tr,) +cem(z,T2),

letting as n — oo , we have

m(z,Tz) < bm(z,Tz) +cm(z,Tz) (2.6)
m(z,Tz) < (b+c)m(z,Tz)
(1=0b+e)m(2,T2) <0

since, b+ c < 1 we get ,Tz = z.
So we have z is a fixed point for T

Now we prove some fixed point theorems in the setting of super metric spaces.
Theorem 2.3. Let (X, m) be a complete super metric space and T be a self-mapping of X satisfying

[1 4+ pm(z,y)|m(Tz, Ty) < plm(z, Tx)m(y, Ty)] + gmaz {m(zx,y), m(x,Tx), m(y,Ty)} (2.7)

for all x,y € X, where p > 0 and 0 < ¢ < 1. Then T has a fixed point in X.
Proof Let g € X. Consider the iterate sequence x,, = Tx,_1,n=0,1,2... .
From (2.7)

[1 4+ pm(z1,x0)]m(Tay, Txo) < plm(z1, Tx1)m(xo, Txo)] + g max{m(z1,x0), m(xg, Txo), m(x1,Tx1)}
[1 + pm($1, a:o)]m(x27 961) < p[m(ﬂh, sz)m(iﬂh xo)} + gmax {m(afh 560), m(l”o, $1), m(l’h 962)}
on simplification, (2.8)

m(z1,z2) < gmazx {m(z1, o), m(r1,z2)}

Case 1.
If

mam{m(xo, xl), m($1, 1‘2)} = m(xl, 332)a

then from equation (2.8)
m(xh x2) S q m(xh .1?2),
which is a contradiction as 0 < ¢ < 1.

Case 2.
If

max{m(zg, x1), m(x1,z2)} = m(xo, x1),

from (2.8), we have
m(z1,z2) < gm(zo, 1)

m(za,x3) < gm(z1,x2) < ¢° m(xo, 1)

Continuing this way
(i1, Tn) < ¢" m(zo, 1)

Proceeding limit as n — oo , we have lim m(z,_1,2,) = 0 as 0 < ¢ < 1. By definition of super metric
n—oo

space, for s > 1 and for all z,, 12 € X there exist distinct sequences (x,,), (Tn11) With m(z,, 2n11) = 0
such that

lim sup m(x,, Tni2) < s lim sup m(zp41, Tny2).
n—oo n— oo

Since lim m(x,, n+1) = 0 as n — oo. Therefore lim sup m(z,, z,+2) = 0. Continuing in this way, we
n— o0

have for s > 1 and for all x,, 13 € X there exist distinct sequences (), (xnt2) with m(z,,Zm12) = 0
such that

lim sup m(z,, zny3) < s lm sup m(xnt2,Tnts),
n—oo n—o0o
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t.e, lim sup m(z,,Znts) = 0.
n—oo
Inductively, one can conclude

lim sup m(x,, z,) =0, m > nand m,n € N.
n—oo

Thus (2, ) is Cauchy sequence in X. Since (X, m) is a complete super metric space, therefore, the sequence
(x,) converges to a point say z € X.

We claim that z be a fixed point of T

From (2.7), we have,

1+ pm(zy, 2)im(Tx,, T2)
14 pm(zy, 2)|m(znt1, Tz)

< plm(xp, Ten)m(z, T2)] + gmazx {m(xy, 2), m(z,, Tx,), m(z,T2)}, i.e,
<

p
plm(xn, Tpi1)m(z, T2)] + gmaz {m(zn, 2), m(xn, Tni1), m(z, Tz)}
Taking limit n — oo (2.9)

m(z,Tz) < gm(z,Tz), a contradiction , i.e., Tz = z.
Therefore z is a fixed point for 7.

Theorem 2.4. Let (X, m) be a complete super metric space and f, g be self mapping on X, satisfying,

m(fz,gy) < am(z,y) + Blm(z, fz) +m(y, gy)] (2.10)

with o, 8 >0, a4+ 28 < 1, and for all x,y € X. Then f and g have fixed point in X.
Proof Let zy be an arbitrary point in X. Consider sequence of iterate,

Ton—1 = fTopn_2 , Tn = gTon_1.

From (2.10) ,on putting x = x9,_2 and y = 2,1, we have on simplification

m($2n71, 962n) = m(f$2n72,9332n71) < Olm(l”znfm -'I;anl) + 5 [m(!Ezn—za fx2nf2) + m(x2nflvgw2nfl)]-
or

m(ZTan—1,T2n) < am(Tan—2, Tan—1) + B [M(T2n—2, Tan—1) + m(T2n—1, Tan)]
(1= B)m(xan—1,22n) < (a4 B) m(T2n—2, Tan—1)

a+p
m(Tap_1,T2p) < 13 m(T2,—2,T2,-1)
-8 (2.11)
. a+p
.6, m(l'anl,m2n) < ’Ym($2n72,$2n), where Y= 1 B

continuing in the same way

m(Z‘Qn—la xQn) S ’YQH m(Jfo, .231)

proceeding limn — oo , we get lim m(xo,—1,Z2,) = 0.
n— oo
By definition of super metric space , for (x2,-1) ,(x2,) in X there exists z2,4+1 € X such that

lim Supm(an—laIQn—i-l) <s lim SUPm($2n,iE2n—1)
n— o0 n— o0

then using (2.11), we have lim supm(zo,—1,Z2n+1) = 0.
n— oo
Again for (x2,11) and (zo,_1) there exists x2,12 € X such that

lim supm(za,—1,T2n42) < s lim supm(rani2, Tant1)
n— 00 n—oo

ie, lim supm(zan—1,Ton42) =0.
n—oo
Proceeding in this way, we get

lim supm(zy,2m) =0 m >n and m,n € N. Therefore {z,} is Cauchy. Since (X, m) is complete, the
n— oo

sequence (x,) converges to a point say u € X.
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On putting = 29,2 and y = « in (2.10), we have

m(an—1,9u) = m(fran—2,gu) < am(ra,—1,u) + B [m(r2n—2, fr2n—2) + m(u, gu)]

m(zan—1,gu) < am(Ton—1,u) + B [m(x2n—2, fron—2) + m(u, gu)).

Proceeding limn — oo we get

m(u, gu) < fm(u, gu), i.e., (1 —B)m(u,gu) <0if 1 — 5 <0 then 8 > 1 but a+28 <1 and « > 0 hence
m(u,gu) = 0 i.e. gu = u similarly we can show that fu = u.

Hence f and g have a fixed point in X.

Theorem 2.5. Let (X, m) be a complete super metric space and S, T be self map on X satisfying,
m(Sz, Ty) < kmaz{m(z, y), m(z, Sz),m(y, Ty)} (2.12)

for all z,y € X and 0 < k < 1, then S and T have a fixed point.
Proof Let xg be arbitrary point in X. Consider sequence {x,} and define

Ton—1 = STopn—2 ,Tan = TTop_1.
From (2.12),

m($2n71,$2n) = m(5$2n72,T$2n71) <k {m($2n727x2n71)7m(x2n72» Swznfz), m($2n71,T$2n71)}

=k maz{m(zgn_g, I2n—1), m(IQn—z, Izn—l), m(Izn—h ﬂfzn&.l?))

Case 1.

Let max {m(z2n—1, Tan—2), M(Tan_1, T2n)} = M(Tan_1, Tan)
then, m(z2n—1,%2n) < km(x2,-1,22,) , a contradiction as k < 1.
Case 2.

Let max {m(x2n—1,T2n), M(Ton—2, Ton—1)} = m(Tan—2, Tan—1)
then,

m(Tan—1,T2n) < km(Ton—2,Tan—1)

m(Ton_1,T2n) < k> m (w23, T2n_2)
< K m(z2n_4,Tan_3)

< k*m(zan-5, T2n_3) (2.14)

< k*nm(xg,z1).

Proceeding limit as n — oo, we have lim m(zan—1,22,) =0as 0 <k < 1.
n— o0

Now by definition of super metric space, for s > 1 and for all 5,11 € X there exist distinct sequences
(xon), (x2n—1) with m(xa,_1, 22,) — 0 such that

lim sup m(x2n—17x2n+1) <s lim sup m(£2n—17£2n)~

n— 00 n— o0
Since limm(za,—1,%2n4+1) = 0 as n — oo. Therefore lim sup m(zo,—1,Z2,+1) = 0. Continuing in
n—oo

this way,we have for s > 1 and for all zg,12 € X there exist distinct sequences (xa,—_1), (Ton+1) with
m(xaon—1, Tan+1) — 0 such that

lim sup m(@2n—1,Tony2) < 5 lim sup m(zanq2, Tant1)-

i.e, lim sup m(zap—_1,Tant2) = 0.
n—oo

Inductively, we can conclude

lim sup m(xy,z,) =0 for all m > nand m,n € N.
n—o0
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Thus (x,) is Cauchy sequence in X. Since (X, m) is complete there exists sequence {z,} converges to a
point say z.
From (2.12)

m(xon—1,T2) = m(Sxon_2,T2) < kmax{m(zo,—2,2), m(Tan—2, Stan—2),m(z,Tz)}.
Taking lim asn — oo
m(z,Tz) < km(z,Tz), a contradiction i.e,Tz =z as k < 1.

Hence T has a fixed point in X. Similarly we can show that S has a fixed point in X.
Theorem 2.6. Let S and T be self maps on a be complete super metric space (X, m) satisfying

m(STz, TSy) < kmax{m(z,y),m(z, STx),m(y,TSy)} (2.15)

for all x,y € X and 0 < k < 1. Then S and T has a fixed point .
Proof By Theorem (2.5) z is a common fixed point of ST and T'S. Then

ST(Sz) = S(TSz) = Sz,

and so Sz = z. Similarly , Tz = z. So we have proved that S and T have a common fixed point.
Theorem 2.7. Let (X, d) and (Y, e) be complete metric spaces. If T is a mapping of X into Y and S a
mapping of Y into X satisfying inequalities

e’ (Tx, TSy) < cymax {e?(y, TSy),d”(x, Sy)} (2.16)

dP(Sy, STx) < comaz {e?(y, Tx),d?(x,STx)} (2.17)

forall z € X and y € Y, where 0 < ¢1,c2 < 1, then ST has a fixed point in X and T'S has a fixed point
in Y. Further Tz = w and Sw = 2
Proof Let xg be arbitrary point in X. Define sequences {z,} and {y,} in X and Y respectively by

(ST)"xg = 2, T(ST)" ‘o = yn
for n=1,2,3,.... Taking = z,, and y = y,, in inequality (2.17) , we obtain

dP(SYn, STxy,
dp(l‘ny Tn+1
dp(xna $n+1

= dp(xmxn-i-l)
< ca mazr{eP (yn, Txy), d?(xy, STxy)}
< comax{e? (yn, Yn+1), A’ (¥, STxy)}

< comaz{e? (Yn, Yn+1), A" (Tn, Tni1)}

(2.18)

~— — ~— ~—

AP (T, Tt

Case 1.

maz{eP (Yn, Yn+1), AP (Xpn, Tpni1)} = dP(xp, xn11) Will give contradiction as co < 1.
Case 2.

max{ep(yn, yn+1)7 dp('r’ﬂa $n+1)} = ep(yn7 ynJrl)

dp(CCn, xn+1) <c2 ep(yna yn-i-l)

d(xnvxn-&-l) < tQG(ymyn-H)
where ty = cé/p.
Taking = x,,_1 and y = y,, in inequality (2.16)

ep(T-Tn—la TSyn) = ep(yn; yn-i-l)
P (Yny Ynt1) < c1 mazx{e? (Yn, TSyn), d’(xn-1,TSyn)} (2.19)
e (Yn, Ynt1) < comaz{e? (Yn, Ynt1), d* (Tn—1,%n)}-
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Case 1.

maz{e? (Yn, Yn+1), P (Xn_1,2,)} = €’ (Yn, Yn+1) will give contradiction as ¢; < 1.
Case 2.

max{ep(yn’ yn+1)7 dp<xn—17 xn)} = dp(xn—lv xn)

ep(ynv yn+1) S Cc1 dp(l'nflv xn)

e(Yn, Ynt+1) < t1d(@Tn—1,Tn),
1/11'

where t; = ¢}
Now d(zp, Tnt1) < t1tad(Tp—1,Tpn).... < (t1t2)"d(zg,2z1) and since 0 < 169 < 1
we get lim d(z,,zp+1) = 0.
n—oo
Now by definition of super metric space, for s > 1 and for all z,,;2 € X there exist distinct sequences
(Xn), (Tpg1) with Um m(zp41,2,) — 0 such that
n—oo

lim sup m(z,, Tni2) < s lm sup m(zpi1, Tnia)-
n—oo n— oo

Since lim m(z,, Tn42) = 0 as n — oo. Therefore lim sup m(z,,z,42) = 0. Continuing in this way,
n—oo
similarly we have for s > 1 and for all z,13 € X there exist distinct sequences (z,42), (z,) with
m(xpn, Tnya) — 0 such that
lim sup m(xnaxn+3) <s lim sup m(xn+27xn+3)'
n— oo n—oo
i.e, lim sup m(x,,Znts) = 0.
n— oo

Inductively, we can conclude

lim sup m(x,,z,) =0 for all a € X, m > nand m,n € N.

n—oo
Thus (z,,) is a Cauchy sequence in X and {y,} is a Cauchy sequence in Y. Since (X,d) and (Y, e) are
complete super metric spaces {x,} converges to a point say z in X and {y,} converges to a point say w
inY.
Put z = z and y = y,—1 in equation (2.16)

eP(Tx, TSy) = e’ (T2, TSYn—1) < c1 max m{d’(z,xn-1), €’ (Yn—-1,TTn—1)}

Letting lim as n — oo
eP(Tz,w) < ¢1 eP(w, Tz)

which implies Tz = w as ¢; < 1 similarly Sw = z. So STz = S(Tz) = Sw = z and T'Sw = T(Sw) =
Tz=w
STz =2z, TSw=w.

Example Let X = [0,00) and define

m: X x X — [0,00) by

m(z,y) = Iw*y|+2lxl+|y|

Then (X, m) is super metric space.

Proof Clearly m(z,y) >0

If m(x,y) =0 ,then 7‘17?"2‘““”' =0

which implies z = y.

But if z =y, then m(z,z) = w =|z| #0

Clearly m(z,y) = m(y, x)

Suppose that y € X (z,,) and (y,) be two distinct sequence in X such that m(z,,y,) = 0asn — oo.
Since the sequence are distinct, we have m(z,,y,) — 0 i.e,

lim |z —y| + |=| + |y S0

n—00 2
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ie, lim x, = lim y, = 0.
n—oo n—oo
Now there exists NV > 0 such that for n > N, we have

[Yn — Y| + |yn| + |y

lim sup m(y,,y) = lim sup

n—o00 n— 00 2
= [yl
< slyl (2.20)
o |Tn — Y| + |zn] + Y]
=s lim sup
n—oo 2

=s lim sup m(xn,y)
n—oo

In case y = 0, the proof is straight forward. Hence, (X, m) is a super metric space. It is worth-mentioning
that it is not a metric space as m(z,y) # 0 when z = y.
Theorem 2.8. Let (X, m) be a complete super metric space and f, g be self mapping on X, satisfying,

m(fz,gy) < am(z,y) + Bim(z, fz) + m(y, gy)] (2.21)
with o, 8 >0, a4+ 26 < 1, and for all x,y € X. Then f and g have fixed point in X.
Proof Let zy be an arbitrary point in X. Consider sequence of iterate,

Ton—1 = fTon_2 , Tn = gTon_1.
From (2.21), on putting = z9,_2 and y = z3,_1, we have on simplification

m(T2n—1,%2n) = M(fron_2,9Ton—1) < am(T2n_2,Ton_1) + B[M(T2n_2, fron_2) + mM(Tan_1,9T2n—1)]
or
m(Tan—1,Tan) < am(Tan—2,Tan—1) + B [M(T2n—2, T2n—1) + m(T2n—1, T2 )]
(1= B)m(x2n_1,22,) < (a+ B) m(T2n—2,T2n—1)

a+p
m($2n—2, $2n—1)
1-6 (2.22)
a+p

i.e, m(Top_1,Maon) < ym(Ton—2,Ton), where v = ——

1-5

m(Ton—1, Tan) <

continuing in the same way

m(Tan—1,T2n) < " m(zg, 1)
proceeding limit n — oo , we get lim m(xo,—1,z2,) = 0.
n—oo
By definition of super metric space , for (za,_1) ,(z2,) in X there exists x9,4+1 € X such that

. L] S
lim supm(zon—1,Tant1) < lim supm®(zapn, T25—1)
n—roo n—oo

we have lim supm(xo,—1,Tan41) = 0.
n— oo

Again for (x9,41) and (x2,_1) there exists xo,42 € X such that

lim supm(zan—1,%ant2) < lm supm®(Xant2, Tont1)
n—oo n—oo
i.e.7 lim sup m(x2n717x2n+2) =0.
n—oo
Proceeding in this way, we get
lim supm(zy,2m) =0 m > n and m,n € N. Therefore {z,} is Cauchy. Since (X, m) is complete, the
n—oo

sequence (x,) converges to a point say u € X.

On putting ¢ = x9,_2 and y = u in (2.21), we have

m(Ton—1, gu) = m(fron—_o, gu) < m(xon_1,u)*.[m(T2n—2, fron—2).m(u, gu)]’
m(zon_1, gu) < m*(an_1,u).[m(T2,_2, fTo,_2).m(u, gu)]?.

Proceeding limn — oo we get



10 NIKiTA KADIAN AND SANJAY KUMAR

m(u, gu) < Bm(u,gu), ie., (1 — B)m(u,gu) <0 if 1— 5 <0then > 1but a+28 <1and a >0 hence
m(u,gu) = 0 i.e. gu = u similarly we can show that fu = u.

Hence f and g have a fixed point in X.

Theorem 2.9. Let (X, m) be a complete super metric space and S, T be self map on X satisfying,

m(Sxz, Ty) < max{m(z,y), m(z, Sz), m(y, Ty)}* (2.23)

forall z,y € X and 0 < k < 1, then S and T have a fixed point.
Proof Let xy be arbitrary point in X. Consider sequence {z,} and define

Ton—1 = STopn—2 ,Tan = T'Top_1.

From (2.23),

m(Iﬂzn—l, Izn) = m(SIzn—27T$2n—1) < mam{m(IQn—an2n—1)am(IZn—Q; San—Q)am(Q:Qn—lvTxQn—l)}k

= max{m(z2n—2, Tan—1), M(T2n—2, Tan—1), m(T2p_1, ffzn)}k (2.24)

Case 1.

Let max {m(x2n—1,T2n—2), M(T2n_1,%2n)} = M(T2n_1, T2n)
then, m(2on_1,2on) < M(Ton_1,72,)" , a contradiction as k < 1.
Case 2.

Let max {m(z2n—1,T2,), m(T2n—2, T2n-1)} = m(Toan—2, T2n—1)
then,
m(xQTL—l; I'Qn) S m(z2n—2a an—l)k
2
m(Ton—1,T2n) < M(Tan—3, Tan—2)"
3

IN

4

m($2n747 x2n73)k
m(Tan—s, szn—?,)k (2.25)

IN

2n
< m(fﬂo,%l)k

Proceeding limit as n — oo, we have lim m(zan_1,22,) =1 as0 <k < 1.

n—oo
Now by definition of super metric space, for s > 1 and for all 5,11 € X there exist distinct sequences
(Ton), (Tan—1) With m(xa,—1,22,) — 1 such that

. . S
lim sup m(@an—1,T2n41) < lim sup m®(z2p—1, Ton).

Since limm(zan—1,%ons1) = 1 as n — oo. Therefore lim sup m(xon—1,Z2,+1) = 1. Continuing in
n— o0

this way,we have for s > 1 and for all 29,2 € X there exist distinct sequences (wa,_1), (Ton11) With
m(Zan—1,Tan+1) — 1 such that

. . S
lim sup m(@2n—1,onq2) < lim sup m*(x2p42, T2n41)-
n—oo n—oo

i.e, lim sup m(xon_1,Tonta) = 1.
n— o0

Inductively, we can conclude

lim sup m(x,,z,) =1 for all m > n and m,n € N.
n—roo

Thus (z,) is Cauchy sequence in X. Since (X, m) is complete there exists sequence {x, } converges to a

point say z.
From (2.23)

m(xzon—1,T2) = m(Sxan_2,T2) < max{m(ra,_2,2), m(xa,_2a, Smgn_g),m(z,Tz)}k.
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Taking lim asn — oo
m(z,Tz) <m*(2,T2), a contradiction i.e,Tz = zas k < 1.

Hence T has a fixed point in X. Similarly we can show that S has a fixed point in X.
Theorem 2.10. Let S and T be self maps on a be complete super metric space (X, m) satisfying

m(STxz, TSy) < maz{m(z,y), m(z, STx), m(y, TSy)}* (2.26)

for all z,y € X and 0 < k < 1. Then S and T has a fixed point .
Proof By Theorem(2.9), z is a common fixed point of ST and T'S. Then

ST(Sz)=8(TSz) = Sz,

and so Sz = z. Similarly , Tz = z. So we have proved that S and T have a common fixed point.
Theorem 2.11. Let (X, d) and (Y, e) be complete metric spaces. If T' is a mapping of X into Y and S
a mapping of Y into X satisfying inequalities

eP(Tx, TSy) < ecymaz {eP(y, TSy), dP(x, Sy)} (2.27)

dP(Sy, STx) < comaz {ef(y, Tx),dP(z,STz)} (2.28)
forall z € X and y € Y, where 0 < ¢1,c2 < 1, then ST has a fixed point in X and T'S has a fixed point
inY.

Proof Let xy be arbitrary point in X. Define sequences {z,,} and {y,} in X and Y respectively by

(ST)"xg = 2, T(ST)" ‘o = yn
for n=1,2,3,.... Taking z = x,, and y = y,, in inequality (2.28),we obtain

dp(Syna STxn) = dp(l’na $n+1>

dP(zy, pi1) < comax{e? (yn, Txy), d? (x,, ST2,)} (2.20)
d?(Tn, Tnt1) < comaz{e’ (Yn, Yn+1), A" (Tn, STxn)} .
)

dP (2, Tpi1) < comax{e” (Yn, Yn+1), d* (Tn, Tnt1)}

Case 1.
max{e? (Yn, Yn+1), @ (Tn, Tni1)} = dP(Tn, Tny1) will give contradiction as ¢ < 1.
Case 2.

max{ep(yn,yn+1)7dp(xn, zn—&-l)} = ep(ynayn+1)
dP(xp, Tng1) < 2 €7 (Yn, Ynt1)

d(x'ru mn+1) S th(yna yn+1)
where ty = c;/p.
Taking = 2,1 and y = y,, in inequality (2.27)

ep(Txnflv T‘Syn) = ep(yna ynJrl)
ep(ym yn-‘rl) <c mam{@p(ym TSyn)a dp(xn—la Tsyn)} (2'30)
P (Yns Ynt1) < crmaz{e? (Yn, Yni1), A (Tn—1,2n)}.
Case 1.
max{e? (Yn, Yn+1), @ (Xn—1,2n)} = €2 (Yn, Yn+1) will give contradiction as ¢; < 1.

Case 2.
maﬂ?{ep(ym yn+1)7 dp(l'n—la xn)} = dp(mn—h xn)

6p(yna yn+1) <c dp(fn—la xn)
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e(yna yn+1) g tld(xn—la xn)a
where t; = c}/p.
Now d(zp, Tnt1) < t1tad(Tp_1,Tpn).... < (t1t2)"d(z0,2z1) and since 0 < t1t2 < 1
we get lim d(z,,Tn41) = 1.
n—oo
Now by definition of super metric space, for s > 1 and for all z,,42 € X there exist distinct sequences
(n), (Tpg1) with Um m(zp41,2,) — 1 such that
n—oo

lim sup m(zn, Tni2) < lim sup m*(z,41, Trnia).

n—oo n—oo
Since limm(xy,, xn12) = 1 as n — oo. Therefore lim sup m(x,,z,4+2) = 1. Continuing in this way,

n— 00
similarly we have for s > 1 and for all x,3 € X there exist distinct sequences (z,42), (x,) with

M (&, Tpia) — 1 such that

lim sup m(ifn,ib'n+3) < lim sup ms(xn+27xn+3)'

t.e, lim sup m(x,, Tnts) = 1.
n—oo
Inductively, we can conclude

lim sup m(zy,zn) =1, m > nand m,n € N.
n—oo

Thus (z,) is a Cauchy sequence in X and {y,} is a Cauchy sequence in Y. Since (X,d) and (Y, e) are
complete super metric spaces {z,} converges to a point say z in X and {y,} converges to a point say w
inY.
Put 2 = z and y = y,—1 in equation (2.28)
eP(Tx,TSy) = e? (T2, TSyn—1) < cx max m{d?(z,xpn_1), €’ (Yn—1,TTn_1)}
Letting limit as n — oo
eP(Tz,w) < ¢1 eP(w, Tz)
which implies Tz = w as ¢; < 1 similarly Sw = z. So STz = S(Tz) = Sw = z and T'Sw = T(Sw) =
Tz=w
STz=z, TSw=w
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