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Complex Valued Extended b-Metric Space and its Fixed Points

Monika Sihag!* and Nawneet Hooda?

ABSTRACT: This work focuses on establishing a set of common fixed point theorems in complex valued
extended b-metric spaces, formulated under rational contraction conditions. The results obtained not only
extend the classical theorems of Azam et al. [1], Bhatt et al. [3], Bryant [4], and Rouzkard and Imdad [10],
but also provide a broader framework for their application. Furthermore, several corollaries are derived, and
illustrative examples are included to showcase the practical relevance of the theorems and the improvements
they offer over earlier results.
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1. Introduction

The concept of a metric space was formally introduced by the French mathematician M. Fréchet in
1906. Since then, metric spaces have become fundamental in the development of various mathemati-
cal disciplines, particularly Functional Analysis. Inspired by their importance, numerous generalizations
of metric spaces have emerged. The concept of a b-metric traces its origins to the pioneering work
of Bakhtin [2]. Subsequently, Czerwik [5] introduced an axiom that weakens the traditional triangle
inequality and formally defined the b-metric space, aiming to extend the Banach contraction mapping
theorem. This foundational work laid the groundwork for broadening metric space theory and its appli-
cations. Kamran et al. [6] introduced the concept of extended b-metric space. In general, a b-metric is
not a continuous functional and thus so is an extended b-metric. Azam et al. [1] proposed and studied
complex-valued metric spaces, establishing several fixed point theorems based on rational contractive
conditions. This novel framework holds promise for applications in complex-valued normed and inner
product spaces, thereby opening new research directions.

While complex-valued metric spaces can be regarded as a special subclass of cone metric spaces as
noted by Huang and Zhang [7], offering distinct advantages in dealing with rational expressions that
may lack meaningful interpretation in the cone metric context. This distinction arises because cone
metric spaces rely on Banach spaces, which are not division rings, whereas complex valued metric spaces
accommodate division operations, allowing for more nuanced analysis.

In 2013, Rao et al. [9] introduced the concept of complex-valued b-metric spaces. Since then, consid-
erable work has focused on the existence and uniqueness of common fixed points for self-mappings under
various contractive conditions within this setting. In 2019, N. Ullah et al. [11] generalized this notion
further by introducing complex-valued extended b-metric spaces.

The primary aim of this paper is to establish common fixed point results for two self-maps satisfying
rational inequalities within the framework of complex-valued extended b-metric spaces.

To proceed, we first recall some notations and definitions that will be used throughout this paper.
Let C denote the set of complex numbers, and let 21, zo € C.

* Corresponding author.
2020 Mathematics Subject Classification: 47TH10, 54H25.

Submitted December 26, 2025. Published February 21, 2026

Typeset by BS% style.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.80826

2 MONIKA SIHAG AND NAWNEET HooDA

Define a partial order =< on C as follows:
z1 < 22 if and only if R(z1) < R(22), S(z1) < F(22).
Consequently, one can infer that z; < 29 if one of the following conditions is satisfied:

(1) R(z1) = R(22), S(z1) < S(22),
(1) R(z1) <R(22), S(z1) = S(22),
(7i1) R(z1) < R(z2), S(z1) < S(22),
() R(z1) = R(22), S(z1) =S(22)

In particular, we write z; 5 22 if 21 # 22 and one of (i), (ii), and(iii) is satisfied and we write 21 < 25 if
only (iii) is satisfied.
Notice that 0 < 21 3 22 = |21] < 22|, and 21 < 22, 20 < 23 = 21 < z3.

The following definitions are introduced by Azam et al. [1].

Definition 1.1. [1] Let X be a non empty set and C be the set of complex numbers. Suppose that the
mapping d : X x X — C satisfies the following conditions:

(d1) 0= d(h,0), for all h,¥ € X and d(h,9) = 0 if and only if h =V,
(d2) d(h,¥) =d(9,h), for all h,¥ € X;
(ds) d(h,9) < d(h,z) +d(z,9), forall h,¥,z € X.
Then d is called a complex valued metric on X, and (X, d) is called a complex valued metric space.

Rao et al. [9] generalized the complex valued metric space and introduced complex valued b-metric
space as follows:
Definition 1.2. [9] Let X be a non empty set and let s > 1 be a real number. Suppose that the mapping
d: X x X — C satisfies the following conditions:
(d1) 0= d(h,9), for all h,¥ € X and d(h,9) = 0 if and only if h = J;
(d2) d(h,¥) =d(9,h), for all h,¥ € X;

(ds) d(h,9) < s[d(h, z) +d(2,9)], forall B9,z € X.
Then d is called a complex valued b-metric on X and (X, d) is called a complex valued b-metric
space.
Ullah et al. [11] further generalized complex valued b-metric space to complex valued extended b-

metric space as follows:

Definition 1.3. [11] Let X be a non empty set and let ¢ : X x X — [1,00). Let the mapping d :
X x X — C satisfy the following conditions:

(d1) 0= d(h,9), for all h,9 € X and d(h,9) = 0 if and only if h = ¥;
(d2) d(h,¥) =d(9,h), for all h,¥ € X;
(d3) d(h,9) < ¢(h,9) [d(h, z) + d(2,9)], for all B9,z € X.

Then d is called a complex valued extended b-metric on X, and (X,d) is called a complex valued

extended b-metric space.

Definition 1.4. [11] Let (X,d) be a complex valued extended b-metric space and {hy,} be a sequence in
X and h € X. We say that
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(i) the sequence {h,} converges to h if for every ¢ € C, with 0 < ¢ there is ng € N such that for all
n > ng, d(fi,, h) < c. We denote this by lim h,, = h, or h, — h, as n — oo,

n—oo

(i) the sequence {h,} is Cauchy sequence if for every ¢ € C with 0 < ¢ there is ng € N such that for
all n > ng, d(fin, Aptm) < ¢,

(iii) the space (X,d) is a complete complex valued extended b-metric space if every Cauchy sequence is
convergent.

Lemma 1.5. [11] Let (X, d) be a complex valued extended b-metric space and let {h,} be a sequence in
X. Then {h,} converges to z if and only if |d(hn, )| — 0 as n — oo.

Lemma 1.6. [11] Let (X,d) be a complex valued extended b-metric space and let {h,} be a sequence in
X. Then {h,} is a Cauchy sequence if and only if |d(hy, hm)| = 0 as n,m — oo.

2. Main Results

Theorem 2.1. If Q and P are self-mappings with Q(X) C P(X), defined on a complete complex valued
extended b-metric space (X, d) and satisfying the condition

d(Qh, POR)d(PV, QPYV)
1+ d(Qh, PY)
d(PY, POR)d(Qh, QPY)
1+ d(Qh, PV)

d(POh, QPY) < Ad(Qh, PY) +

(2.1)

for all h,9 € X and X\, p,~y are nonnegative reals with A+ u+~v < 1, n(1 — p) = X where n € (0,1) be
such that for each hy € X, lirg O (B, ) < %, here by, = Q"hg,n =1,2,... Then P,Q,PQ and QP

have a unique common fixed point.

Proof. Let hg be an arbitrary point in X and define hog 1 = Qhiok, hiogt2 = Phokt1, £k =0,1,2,... Then

d(hok+2, horys) =d(PQhay, QPhok41)
< Ad(Qhok, Phok+1)
d(Qhag, PQhaor)d(Phokt1, QPhok+1)
1+ d(Qhar, Phok1)
d(Phogy1, PQhay)d(Qhor, QPhok1)
1+ d(Qhak, Phogy1)

+7

and so

|d(hokt2, hory3)| < Ald(hory1, hort2)]

|d(hok+1, hoky2)||d(hokg2, hor+3)]
|1+ d(h2k+1, Port2)l

|d(hok+2, hok+2)|[d(hok+1, Pok+3)|
11+ d(h2k+1, Pak+2)|

< MNd(hok41, hokt2)| + pld(hogt2, okts)]

+p

+

which gives

A
|d(hak+2, horts)| < m|d(h2k+1; hak+2)|- (2.2)
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Further,

d(hok+3, horya) = d(hokta, hory3) = d(PQhagt2, QPhori1)
< Ad(Qhak2, Phary1)
d(Qhaog12, PQhokt2)d(Phaky1, QPhaky1)
1+ d(Qhak+t2, Phak11)
d(Phayy1, PQhok2)d(Qhay 2, QPhok 1)
1+ d(Qhakt2, Phggt1)

+p

+7

and so

|d(hok+3, horta)| < A|d(hogys, ok 2)]

|d(hok+3, hokya)||d(horg2, horts)|
|11+ d(hok+3, hor+2)|

|d(hok+2, hok+a)||d(Rak+3, hok+3)]
|1+ d(haky3, hog2)]

< Ald(R2k+2, hok+3)| + pld(hokts, Rok+a)]

+

which gives

A
|d(hokt3, hokta)| < 14 u|d(h2k+2; hok+3)|-

A

Putting n = 2, we get (for all n)

(R Brng1) | < mld(Pr—1, n)| < nz‘d(hn—%ﬁn—l) < - <n"[d(ho, Pr)l-
Therefore, for any m > n, we have

(hnv hm) [d(hny hn-l—l) + d(hﬂ-i-l) hm)]
(h'ru hm) " d(h07 hl) + ¢(hnu hm)d(hn+17 hm)
)

d(hn, hin) < &
¢ n

<¢(hn, m nnd(h()ahl)
¢

+ ¢(hn7 hm)¢(hn+1a hm) d(hn-i-la hn+2) + d(hn+2a hm)]

'\< (h'ru hm) nn d(h07 hl) + ¢(hn7 hm)¢(hn+1a hm)nn+1d(h07 hl)
+ ¢(hna hm)¢(hn+la hm)d(hn+1; hm)

< G (T, T ) 0™ d(o, 1) + @ (R, T ) STy 1, i )"+ d (g, T )
+ ot (R, B )@ (Fn1s Fin) - (1, T )™~ (g, T

which implies that
|d(Bian, Fo)| < |d (B, B[ | @ (B, e )™ + (B, P ) S (P B )"

e Bl o)1, o) - @i, T )™

Since lim  @(fin, fim)n < 1, so the series

n,m— oo

S o T o, hn)
n=1 i=1
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converges by the ratio test for each m € N.
Let

[e%s} n J

n
§= ZU”H¢(hi,ﬁm), Sy = an
n=1  i=1 j=1
Thus for m > n, the above inequality can be written as

(A, B | < [, 7)1 — Sl

¢(hia hm)-
1

Now, by taking the limit as n,m — oo we get

|d(Bn, Bir)| = 0 as n,m — 0.

In view of Lemma 1.6, the sequence {fi,} is Cauchy. Since X is complete, Q and P are continuous,
so there exists some u € X such that A, — u as n — oo and as such Qh,, — Qu, and PQh,, — PQu.

This follows that © = Qu as
d(u, Qu) <X ¢(u, Qu) [d(u, hok+1) + d(hak, Qu)}
< ¢(u, Qu) {d(uv hak41) + d(Qhar, Qu)},
and so
A, Qu)| < ¢, Qu) [[d(u Fow1)] + [d(Qhzr, Q).
which on taking k — oo yields
u = Qu.
Further v = PQu, otherwise d(u, PQu) = z > 0 and we would then have
z < ¢(u, PQu) [d(u, horys) + d(hzk+3, PQu)]
< ¢(u, PQu) [d(u, hort3) + d(PQu, QPhoj1)]
< é(u, PQOu) [d(u, hok+3) + A d(Qu, Phak11)

d(Qu, PQu)d(Phog 11, QPhox 1)
1+ d(Qu, Phaj41)
d(Phzg+1, PQu)d(Qu, QPhak+1)
1+ d(Qu, 'Phgk+1)

+p

+7

< ¢(U7 PQU) d(u, h2k+3) + )\d(Qu, hg;ﬁ.g)

d(Qu, PQu)d(h2k+2, h2k+3)
1+ d(Qu, hog12)

d(hog 12, PQu)d(Qu, hop 3)
14 d(Qu, hoky2) ’

+p

+

and so
2| < ¢(u, PQu) [ld(u, hok+3)| + Ald(Qu, hay+2)|
|d(Qu, PQu)||d(hak+2, har+3)]

11+ d(Qu, hgjr2)]

|d(hak+2, PQu)||d(Qu, hakys)|
1 + |d(Qu7 hgk+2>| ’

+7

(2.3)
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Therefore, on taking k — oo, we have

2| < é(u, PQu) |[d(u, u)| + Ald(u, )]
|d(Qu, PQu)||d(u, v)|
1+ d(u,u)

|d(u, PQu)||d(u, u)|
1+ d(u,u)]|

+

+9

That is |z| = 0, a contradiction and hence
u = POu. (2.4)

From (2.3) and (2.4), u is the common fixed point of Q and PQ.
In a similar way, we have Pu = QPu = u and hence

Qu =Pu=POu = QPu =u. (2.5)

Now, we shall show that P, Q, PQ and QP have a unique common fixed point. For this let us assume that
u* in X is second common fixed point of P, Q,PQ and QP that is Pu* = QPu* = PQu* = Qu* = u*.
Then

|[d(u,uw)| = |d(PQu, QPu")| < A|d(Qu, Pu™)|
|d(Qu, POu)||d(Pu*, QPu*)|
|1+ d(Qu, Pu*)]
|d(Pu*, PQu)||d(Qu, PQu*)|
11+ d(Qu, Pu*)|
. d(u,uw)||d(uw*, u*
st )
|d(u”, w)||d(u, u”)|
|1+ d(u,u*)|
< Ad(u, w*)| + y]d(u, w*)|

+

+7

+

which is a contradiction as A +v < 1 giving u = u*. O

The following example demonstrates the validity of Theorem 2.1

Example 2.2. Let X = [0, 1]. Define the complex valued estended b-metric
d(x,y):\x—y|2+i\x—y\2, ¢($,y):$+y+2,

forallz,y e X
Define Q(x) = 22, P(y) = y>.
For arbitrary h,¥ € X:
Left Hand Side:
d(PQh, QPY) = |h* — 9*|? +i|n* — 0*|?

Observe:

it = 0% = |(h* = 0*)(R* + %)

1
< 2|2 — 92
_8\ |

1
< —|h—1
_16| |
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Square both sides:

2
(= 0% < (55 ) =9 = ooin— 0P

giving

1
d(PQh, QPY) < %d(h, 9)

Right Hand Side:

Term A:
d(Qh, PY) = |h* — 92> 4 i|n? — 92|
Recall 1 )
|n? — 92| < 5|h— I = |B? =9 < E\h— il
giving
1
d(Qh, PV) < Zd(h’ 9)
Term B:
d(Qh, PQh) = |h* — K> +i|h® — h*|?
1
2 _ g4 = B2(1 — B2) < —
12 = Bt = (=) < .
giving
2
|h27h4|2§ 1 :i.
16 256
Thus 1 1
d(Qh h) < — +i—.
(Qh, POR) < 555 + 555
Term C:

d(PV, QPY) = [9% — 942 +i|9? — 0*)?
By the same logic as Term B,

1 1 1
92— < — = d(PY 9) < —— 4 j—.
| 1< %6 (P0, QPY) < 56 +iges

Term D:
d(PY,PQh) = |92 — I*|? +i|v? — h*2.

Since |92, |ht] < 1—16,
1 1 1
2 _p< — < — 4 i—.
|9 h‘*16 - d(Pﬁ’fPQh)*256+Z256

Term E:
d(Qh, QPY) = |h? — 94 +i|n% — 9|2

Again |h?], |94 < %
1 1 1
29 < - — < — 4 j—.
|n? — 9% < 16 d(Qh’QPﬁ)*256+ZQ56

The denominator

1+ d(Qh,PY) > 1
since d(Qh, PY) > 0.
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Right Side Calculation: Let A = 0.06, u = 0.015, v =0.015, so A+ pu+~v=0.09 <1 and n = 11\u R
0.06.

1
Ad(Qh, PY) < 0.06 - 7d(h, ) = 0.015d(h, V),

11
— . — ~229x 107
256 256 9 x 1077,

11
— . — ~229x 1075,
256 256 910

pud(Qh, PQR)d(PY, QPY) < 0.015 -

vd(PY, PQh)d(Qh, QPY) < 0.015 -

Thus the total right side is:
0.015d(h, 9) + 4.58 x 107°.

Contractive inequality:

1
d(PQh, QPY) < ﬁd(h, )

and the right side is 0.015d(h, ) + 4.58 x 1076.
Since fle ~ 0.0039 < 0.015, the inequality is satisfied for all b, € X.

Forzp € X,
Qrg=x2" = 0asn— oo
hence
1 1
1 n m = _= ) . .
phim (@0, Qo) =2 < n = 0.9 1000

All terms of the contractive condition are satisfied, so by Theorem 2.1, Q, P, QP, and PQ have a
unique common fixed point in X.
The mappings Q, P, QP, and PQ clearly have 0 as a unique common fized point.

Remark 2.3. By setting Ph = K and Q9 =9 in Theorem 2.1, we generalize the corresponding result
of Rouzkard and Imdad [10, Theorem 2.1] in complex valued metric space.

Remark 2.4. By setting Ph = h/, Q9 =1 and v =0 in Theorem 2.1, we generalize the corresponding
result of Azam et al. [1, Theorem 4] in complexr valued metric space.

Setting @ = P in Theorem 2.1, we have

Theorem 2.5. Let (X, d) be a complete complex valued extended b-metric space and let Q : X — X satisfy
the condition

2 2
d(Q°h, Q*9) < Ad(Qh, QV) + “d(g?f d?glféggég .

7d(Q0, Q*h)d(Qh, Q*V)
1+ d(Qh, Q)

(2.6)

for all h,9 € X and X\, u,y are nonnegative reals with A+ p+v < 1, n(1 — u) = X where n € (0,1) be
such that for each hig € X, lim  ¢(hy, Ay) < %, here by, = Q"hg, n =1,2,... Then Q and Q? have a
n,m-—oo

unique fized point.

If we designate Qh = i and QY = ¢ in Theorem 2.5, we generalize [10, Corollary 2.3] by the following
corollary:
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Corollary 2.6. Let (X,d) be a complete complex valued extended b-metric space and let Q : X — X
satisfy the condition

pd(B, QR , QY') +~d(¥, QR )d(R , QY')

d(Qh, Q) S Ad(h, V') + T Ed(7, )

(2.7)

for all B',¥" € Xand A, ju,~y are nonnegative reals with A + p+~ < 1, n(1 — p) = X where n € (0,1) be
such that for each hig € X, lim ¢(hy, bpm) < %, here h, = Q"hg, n = 1,2,... Then Q and Q? have a
n,m—oo

unique fized point.
Remark 2.7. Taking Qh = i/, Q9 = ¢, and v = 0 in Theorem 2.5, we generalize [1, Corollary 5].
Further, setting Qh = W, @9 = ¢ and v = p = 0, Theorem 2.5 reduces to the Banach Contraction

Principle in a complete complex valued extended b-metric space. Thus, Theorem 2.5 serves as a proper
extension of the Banach Contraction Principle in this setting.

Corollary 2.8. Let (X, d) be a complete complex valued extended b-metric space and let Q : X — X satisfy
the condition

pd(R, QR )d(9, Q")
1+d(W,9)

W', Q"r))d(h , Q")
1+d(n,0)

d(Q"h , Q™)) < Md(R,0') +

+ (2.8)

for all ' ,9" € X and X\, p,~y are nonnegative reals with A+ p+~ < 1, n(1 — p) = X where n € (0,1) be
such that for each g € X, lm  ¢(hin, Ap) < %, here h, = Q"hg,n = 1,2,... Then Q and Q2 have a
n,Mm—00

unique fized point.
Proof. By Corollary 2.6 we obtain v € X such that

Q"v = .
The result follows from the fact that

d(Qu,v) = d(QQ"v, Q"v) = d(Q" Qu, Q"v)
ud(Qu, Q" Qu)d(v, Q™)
< Ad(Qu,v) + 1+ d(0",0)
d(v, Q" Qu)d(Qu, Q™ Qu)
1+ d(Qmv,v)

+

ud(Qu, Qu)d(v,v) + vyd(v, Qu)d(Quv, Qu)
1+ d(v,v)

< Ad(Qu,v) +
= Ad(Qu,v).

Remark 2.9. Our Corollary 2.8 corresponds to Rouzkard and Imdad [10, Corollary 2.7]. Moreover,
setting w = v = 0, it reduces to Bryant’s theorem []] in a complete complex valued extended b-metric
space.

We construct a non-trivial example of a mapping Q on a complete complex valued extended b-
metric space (X, d) that satisfies Bryant’s theorem but not the Banach contraction principle, thereby
demonstrating the superiority of Bryant’s theorem over the Banach contraction principle.

Example 2.10. Let
X:[Oal]v d(l‘,y):|l‘fy|(2+l)
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be a complete complex valued extended b-metric space. Define Q: X — X by
Qx) = 22
Banach contraction does not hold: Take x = 0.8, y = 0.4,
|Q(z) — Q(y)| = 10.64 — 0.16] = 0.48,

v —y| =04, = [Q(z) = Q)| _ 048 1.2 > 1.
|z —y 0.4

No a < 1 can satisfy
d(Qz, Qy) = ad(z,y),

so Q is not a Banach contraction.
Extended b-metric contraction holds: Consider Q*(z) = 2*. Then,

d(Qz, Q%) = [a* —y*|(2 +1).

For z,y € [0,1],
|2t =yt < |z -yl
hence,
d(Q%x, Q%) < |z —y[*(2 + 1) = Ad(z,y),
where A = |z —y|> <1 for 0 < |z —y| < 1.
Value of ¢ in this space: The extended b-metric triangle inequality requires a function ¢ : X x X — [1, 00)
such that

d(z,2) = ¢z, 2)(d(z,y) + d(y, 2)).
For this example,
Pz, 2) =1
satisfies the inequality because d is a scaled version of the usual metric which satisfies the triangle in-
equality linearly.
Fized points of Q satisfy x> = x giving x = 0 or x = 1. The contraction condition on Q2 ensures
x = 0 is the unique fixed point attracting iterates under the extended b-metric space conditions.

Our next result generalizes the result of Rouzkard and imdad [10, Theorem 2.11] in complete complex
valued extended b-metric space.

Theorem 2.11. Let (X,d) be a complete complex valued extended b-metric space and the mappings
Q,P: X — X with Q(X) C P(X), satisfy the inequality
Ad(Qh, PY)
( d(Qh, PQOR) d(PY, QPY)
d(PQOh, Qh) + d(QPY, PY)
d(PY, POR) d(Qh, QPY) )

d(PQOh, Oh) + d(QPY, PY
d(PQOh, QPY) < (PO, OR) + d(Q )
< d(Qh, PQHR) d(Qh, QPY)

d(PQh, PV) + d(QPJ, Oh)

d(PY9, PQh) d(PY, QPY) ‘
d(PQh, PY) + d(QPY, Qh))’ if D # 0 and Dy # 0,
07 ZfD:()OT'Dlzo

For all b, € X, where
D =d(PQh, Qh) + d(QPY, PY), D;=d(PQh, PVY)+ d(QPY, Qh),
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and A, p, 7y are nonnegative real numbers such that X+ p+vy =n € (0,1), be such that for every hg € X,

1
lim (b(hnahm) < ™
n

n,m—oo

here hy, = Q"hg, n=1,2,... Then Q,P, QP and PQ have a unique common fixed point.

Proof. Let hy be an arbitrary point in X and define hop 1 = Qhok, hogto = Phogy1, K =0,1,2,... Then

d(hok+2, hokys) =d(PQhok, QPhok41)
< Ad(Qhok, Phok1)
. { d(Qhay, PQhay,)d(Phoi1, QPhok 1)

d(PQhar, Qhay) + d(QPhog+1, Phort1)

d(Qhok, QPhogt1)d(Phog+1, PQhay)
d(PQhay, Qhaor) + d(QPhoky1, Phogt1)

oy d(Qhay, PQhay)d(Qhok, QPhokt1)
d(PQhay, Phok41) + d(QPhag11, Qhiar)

d(Phakt1, PQhar)d(Phakt1, QPhoky1)
d(PQhag, Phag+1) + d(QPhogt1, Qhax) |’

+

< Md(hog+1, Aok+2)
. { d(Paksr, honsa)d(Rog s, Bogss)

d(hok+2, hokt1) + d(hokt3, hoky2)

d(hok+1, hory3)d(hokt2, hor42)
d(hokt2, hoky1) + d(Aok+3, hort2)

+ry d(hog+1, hakt2)d(Rog+1, Rokts)
d(hokt2, hokt2) + d(fok43, hokt1)

L d(hok+2, hok2)d(hokt2, hor43) }

d(hokt2, hokt2) + d(fok+3, lokt1)

< Ad(hoky1, Poky2)
d(hak1, hary2)d(hoky2, haky3)
d(hokt2, hory1) + d(horg3, hort2)
d(hoks1, hoky2)d(hogs1, horts)
d(h2x+3, hart1)

+u

and so

|d(hokt2, hort3)| < Ad(hory1, hart2)]
|d(hary 1, hary2)l|d(hary 2, harys)]
|d(Rokt2, Rokt+1)] + |d(Rakt3, Rokt2)]
|d(R2k+1, Pok+2)||d(A2kt1, Pok+3)|
|d(hok+3, Rokt1)]
< Md(horgt1, horvo)| + pld(hory1, hort2)| + v|d(hors1, hort2)]

+p

+

which gives

|d(h2rt2, hok+3)| < (A + p+7) |d(hgkt1, hart2)]- (2.10)
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Further,
d(hok+3, hok+a) = d(hakta, hor+3) = d(PQhakt2, QPhok11)
< Ad(Qhak+2, Phokt1)
n d(Qhaky2, PQ52k+2>d(Ph2k+17 QPhak11)
d(PQhaky2, Qhisg+2) + d(QPhok+1, Phog+1)
d(Phgk+1,PQh2k+2)d(Qh2k+27 QPthJrl)
d(PQhizk+o, Qhizk2) + d(QPhzkt1, Phoj+1)
+ d(Qhaog2, PQRhok+2)d(Qhokt2, QPhok41)
d(PQhaky2, Phakt1) + d(QPhiakt1, Qhzk v2)
o d(Phaiir, PQhai12)d(Phair1, QPhak+1)
d(PQhaiy2, Phaiei1) + d(QPhai 1, T Qhzier2)
< Ad(hok43, hoky2)
N d(Pok+3, hok+a)d(Pok+2, hiok+3)
d(hog+a, Rokys) + d(Aok+3, okt2)
d(h2k+2, h2k+4)d(h2k+37 h2k+3)
d(hak+a, Pok+3) + d(hok+3, Rok+2)
n d(h2k+37 h2k+4)d(h2k+37 h2k+3)
d(hak+4, hogi2) + d(R2kis, hakts)
d(h2k+2; h2k+4)d(h2k+27 h2k2+3)
d(hok+a, hokt2) + d(hok+3, hok+3)
=< Ad(hak+3, Rakt2)
N d(Pok+3, hok+4)d(Pok+2, hiok+3)
d(hog+a, hoks) + d(Aok+3, okt2)
N d(hok+2, hokya)d(hokt2, hort3)
d(hokt4, hoky2)
and so

|d(h2kt3, hok+a)| < Ald(hokts, harto)|
i |d(hok+3, hokya)||d(horg2, hort3)]
|d(h2k+a, Pok+3)| + |d(Pok+3, hakto)]
|d(h2k+2, Pog+a)[|d(Pakt2, Pok+3)
|d(h2kta, Pory2)|
< Ald(hok+3; hakt2)| + pld(hokra, hoky3)| + v|d(hakr2, hoky3)]

+7

which gives
|d(h2k+3, hak+a)| < (A + p+7) |d(h2kt2, hakts)]-
Putting n = A+ pu + v, we get (for all n)

|, 1) < 0l (R, T )| < 17 d(Brn—2, ) < oo < 0" |d(Fio, F).
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Therefore, for any m > n, we have

d(hna hm) < ¢(hn7 hm) [d(hny hn+1) + d(hn+17 hm)}
< dj(hnv hm) ,r}n d(h@: hl) + ¢(h7u hm)d(hn-‘rla hm)
< (/j)(hnv hm) 77” d(ﬁo, hl)

¢(hnvhm)¢(hn+lvhm) d(hn+1aﬁn+2) + d(hn+27hm)

+
< d)(h’ﬂv hm) 77” d(h@: hl) + ¢(hn7 hm)¢(hn+la h’rn)nnJrld(hO; hl)
+ (b(hna hm)¢(hn+1a hm)d(hn+1; hm)

< ¢(hn7 hm) 77n d(hOa hl) + ¢(hna hm)¢(hn+1a hm)nn+1d(ho; hl)
+ o+ Ry Bon ) (B, o) -+ (Bo—1, By )™~ d (R, 1)

which implies that
‘d(hna hm)| < |d(7i0, h1>| B (N, hm)n" + (b(hm hm>¢(hn+lv ﬁm)nn—H

+o ot ST B )1y Fim) - (T 1, )™ 2]

Since lim  @(hy, in)n < 1, so the series

n,m— oo

0" T (s )
=1

n=1

converges by the ratio test for each m € N.

Let ,

oo n ) J

S=Y n"[[othihm), Su=>_n [[(his him)-

n=1  i=1 j ;

Thus for m > n, the above inequality can be written as
|d(hna hm)| < |d(h07 hl)HS'rn—l - Sn‘-
Now, by taking the limit as n,m — oo we get
|d(Fp, Bin)| — 0 as n,m — oo.

In view of Lemma 1.6, the sequence {f,} is Cauchy. Since X is complete, there exists some u € X
such that h, — u as n — oo and as such Qh,, — Qu, and POh,, — PQu. This follows that u = Qu as

(u, Qu) [d(u, Fopsr) + d(figp1, Qu)]

d(u, Qu) < ¢
< ¢(u, Qu) [d(U, hok41) + d(Qhok, Qu)},

and so

A, Qu)| < (u, Qu) ld(u, hoe1)] + |d( iz, Qu) .

which on taking k — oo yields

u= Qu. (2.11)
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Further u = PQu, otherwise d(u, PQu) = z > 0 and we would then have

2 = d(u, POu) < é(u, PQu) :d(u, Foss) + d(hmg,PQu)]

< (u, POU) [d(u, Bor3) + d(QPhajs, PQU)]

< (Z)(u, PQU) d(u, ﬁ2k+3) + /\d(Qu,Pﬁgk+1)

n d(Qu, PQu)d(Phog 11, QPhok 1)
d(PQu, Qu) + d(QPhayy1, Phor+1)

d(Phajs1, POu)d(Qu, QPhajs1) )

d(PQu, Qu) + d(QPhok+1, Phog+1)

. d(Qu, PQu)d(Qu, QPhakt1)
7 d(PQu, Phay1) + d(QPhayy1, Qu)

d(Phggs1, PQu)d(Phoky1, QPhoki1)
d(PQu,Ph2k+1) + d(QPﬁgk+1, Qu)

= ¢(u, PQu) | d(u, hig13) + Ad(u, hok+2)

n d(u, PQu)d(hak12, hok+3)
d(PQu,u) + d(hakt3, hogt2)

d(hog 12, PQu)d(u, hog13)
d(PQu,u) + d(hak+3, har+2)

. ( d(u, POu)d(u, hoj3)

d(PQ’LL, h2k+2) + d(h2k+3, u)

d(hok+2, PQu)d(haokt2, hok+3)
d(PQu, higk12) + d(hog+3, uw) ’

2| < ¢(u, PQu) |[d(u, harys)| + Ald(u, hok+2)|

n |d(u, PQu)||d(hok+2, hak+3)|
|d(PQu,u)| + |d(hor+3, hokyo)]

|d (g2, PQU)||d(u, hars)] >

|d(PQu,u)| + [d(fizk+3, Fiot2)]
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ol PO )
|d(PQu, hogr2)| + |d(hokts, u)]

|d(hart2, PQu)||d(hok 12, Port3)| )]

_|_
|d(PQu, hogt2)| + [d(h2k+3,u)|

= ¢(u, PQu) ||d(u, hart3)| + A|d(u, hoky2)]

2|+ |d( ok 43, hok12)|
|d(h2k+2, PQU) | \d(u, h2k+3)‘ >

d(hokta, b
. (|d|<%ﬁ 2k43)

|z| + |d(hor+3, hor2)|

4y |2||d(u, hok+3)|
|d(PQu, higk12)| + |d(hok+s, u)]

|d(hakt2, POu)||d(hakt2, Fok+3)]
|d(PQu, higgi2)| + |d(harys, u)| ||

Therefore, on taking k& — oo, we have

[2|ld(u, w)| + |2[|d(u, u)]
< d Ald
21 6o, PQu) |, w)| + N, )] + = EE S
4o 2lldw 0 + [zlld(u, w] |
2] + |d(u, u)]
That is |z| = 0, a contradiction and hence
u = PQu. (2.12)

From (2.11) and (2.12), u is the common fixed point of Q and PQ.
In a similar way, we have Pu = QPu = u and hence

Qu = Pu=POu = QPu = u. (2.13)

Now, we shall show that Q,P, QP and PQ have a unique common fixed point. For this let us assume that u*
in X is second common fixed point of @, P, QP and PQ that is Pu* = QPu* = PQu* = Qu* = u".

Since d(PQh, Qh) + d(QPY, PY) = d(PQu, Qu) + d(QPu", Pu*) = 0 implies d(PQu, Qu) = d(QPu", Pu*) =

0, therefore by definition of contraction condition d(u,u*) = d(PQu,PQu”) = 0, which proves the uniqueness of
common fixed point. O

Remark 2.12. Taking Qh =1 and Q¥ =1 in Theorem 2.11, we generalize the result of Rouzkard and
Imdad [10, Theorem 2.11].

Setting @ = P in Theorem 2.11, we have

Corollary 2.13. Let (X,d) be a complete complex valued extended b-metric space and the mapping
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Q: X — X satisfies the inequality

Ad(Qh, QV)
4. Q2h)d(Q9,Q%9)+d(29,0h)d(Qh,Q%Y)
d(Qh,Q%h )g((gghggggiggg?g%ﬁ))d(gﬁ 92,9) (2.14)
7y d(Q2h,020)+d(Q?9,0h) ifD#0, Dy #0
0, if D=0 or Dy =0

d(Q%h, Q%V) <

for all h,9 € X where D = d(Q?h, Qh) + d(Q?9, Q¥) and Dy = d(Q?h, QV) + d(Q%*9, Th) and A\, u,y are
nonnegative reals with X+ p+~v =n € (0,1) be such that for each hy € X, lirg O (B, i) < %, here

= Q"%,n=1,2,.... Then Q and Q2 have a unique common fized point.

Theorem 2.14. Let (X,d) be a complete complex valued extended b-metric space. Let the mappings
P,0: X — X with Q(X) C P(X) and satisfy

(2.15)

d(PQh, QPY) < A { d(Qh, PQR) d(Qh, QPY) + d(PY, QPY) d(PY, PQh) }

d(Qh, QPV) + d(PV, PQh)

for all A, ¥ € X, where 0 < XA < 1 and such that lim ¢(hy, hy) < %, here hy, = Q"hg,n = 1,2,....

n,m—oo

Then P, Q,PQ and QP have a unique common fized point.

Proof. For any arbitrary point hy € X, construct a sequence {%,} in X such that
h2k+1 = Qh2ka h2k+2 = Ph2k+1, k= 0> ]-7 27 oo
From (2.15), we have

d(hak+2, horts) = d(PQhak, QPhoky1)
D )\{ d(Qhay, PQhay) d(Qhaok, QPhay1)
A d(Qhay, QPhayy1) + d(Phayy1, P Qhok)
d(Phokt1, QPhogt1) d(Phog41, PQhay) }
d(Qhak, QPhay1) + d(Phagy1, PQhay)
{ (hok+1, hart2) d(hoky1, horys) + d(hoky2, hokys) d(hokt2, Poki2) }
d(hort1, hows) + d(For42, hort2)

{ d(Popsr, h2k+2) d(Pags1, honys) }

=A

>/

d(hok+1, hok+3)
< Md(Rgk+1, fokt2),

and so,

|d( k2, horts)| < N|d(hak1, hakt2)l- (2.16)
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Again
d(hok+3, hokta) = d(hogta, hokys) = d(P Qhoky2, QPhoky1)
{ d(Qhakt2, PQhokt2)d(Qhok+2, QPhoky1)
E (

d(Qhoky2, QPhoky1) + d(Phoky1, PQhok+2)

d(Phop1, QPhogy1)d(Phoky1, PQhoky2)
d(Qhokt2, QPhogt1) + d(Phogt1, PQhok12)

_ d(hok+3, hokya)d(hokt3, Rort3)
d(hok+3, hokt3) + d(hokt2, hokya)

d(hog+2, hok+3)d(fok42, Fokta)
d(hak+3, hak+3) + d(hagy2, hok+a)

o { d(Pakr2, honys)d(op s, Pogis) }

d(hok+2, hok+a)

< Ad(hakt2, fiokts),

and so

|d(hok+3, hokya)] < Md(hogt2, Rokts)|-

Thus, we have for all n

|d(Py, Brni1)| < Nd(Rn—1, hn)| < Nd(Bn—2, Bp—1)| < ... < A"|d(Ro, By)|.

Therefore, for any m > n, we have

Qs(hn, hm) [d hna thrl) + d(hn+17 hm)]

¢(hn7 hm) A" d(h07 hl) + d)(hnv hm)d(hn+la hm)

< (A, o) A" d(ho, Py )

+ (b(hna hm)¢( m—+1, hm) |:d(hn+17 hn+2) + d(thrZa hm)

< (P, i) A™ d(Ro, ) + (P, ) (g1, o)A (o, By )
+ d)(hn; h )QS( n+1, hm)d(hn+la hm)

d(hpy B

A A

< O(hny hon) X d(ho, Br) + ¢ (B, ) (B, B )A™ T d(Bio, B )
+ ot (P i) (P 1, Fim) -+« (R 1, B )N™ (R, Tir )

which implies that
|d(hna hm)| S |d(h07 h1)| (b(hnu hm)/\n + (b(hnu hm)¢(hn+l7 hm)>\n+1
e O )T 1, F) - S, o)A .

Since lim  @(hy, hm)A < 1, so the series

n,m—o0o

SN ok, )
n=1 =1

17

(2.17)
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converges by the ratio test for each m € N.

Let
J

§= Z/\nHQS(hiahm)a Sy = Z/\J H¢(hi7h77l)7
n=1  i=1 j=1 i=1
Thus for m > n, the above inequality can be written as
|d(hna hm)| < |d(h07 hl)HS'rn—l - Sn‘
Now, by taking the limit as n,m — co we get

|[d(Bp, )| — 0 as n,m — oo

In view of Lemma 1.6, the sequence {h,} is Cauchy. Since X is complete, there exists some u € X
such that A, — u as n — oo and as such Qh, — Qu, and PQh,, — PQu. This follows that u = Qu,

since

A, Qu) < B, Qu) [d(u, Fapsr) + d(hars1, Qu)|

< o(u, Qu) [d(u, ok 1) + d(Qhay, Qu)},
giving
[d(u, Qu)| < é(u, Qu) |[d(u, hak1)] + [d(Qhar., Qu)l .
which on taking k — oo yields
u = Qu.

Further u = PQu, otherwise d(u, PQu) = z > 0 and we would then have

< (ZS(U, PQU) [d(u, h2k+3) + d(h2k+3, PQU)]
< d(u, PQu) [d(u, hox3) + d(PQu, QPhay1)]
<o

z

(U, PQU) [d(u, h2k+3) + A d(QU, Pﬁgk_;,_l)
d(Qu, PQu)d(Pﬁ2k+1, Q'Phgk.H)
1+ d(QU, ’Phgk+1)

d(Phgg+1, PQu)d(Qu, QPhoky1)
1+ d(Qu, Phayy1)

+p

+

< ¢(u, PQu) | d(u, hogqs) + Ad(Qu, hoyy2)

d(Qu, PQu)d(hog 12, hory3)
1+ d(qu h2k+2)

d(h2k+2a PQU)d(Qu, hgk+3)
1+ d(QUa h2k+2) ’

+p

+

and so
2| < ¢(u, PQu) [Id(u, hok+3)| + Ald(Qu, hiak12)|

|d(Qu, PQu)||d(hak+2, har+3)]
|1+ d(Qu, hayy2)|

+
7 1+ |d(Qu, harsa)|

|d(hak 2, PQu)||d(Qu, h2k+3>|]

(2.18)
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Therefore, on taking k — oo, we have

2] < é(u, PQu) |[d(u, u)| + Ald(u, u)]

|d(Qu, PQu)||d(u, w)|
1+ d(u,u)
|d(u, PQu)||d(u, u)l
1+ d(u, u)l

That is |z| = 0, a contradiction and hence
u = PQu. (2.19)

From (2.18) and (2.19), u is the common fixed point of Q and PQ.
In a similar way, we have Pu = QPu = u and hence

Qu =Pu=PQu = QPu=u. (2.20)

Now, we shall show that P, Q, PQ and QP have a unique common fixed point. For this let us assume that
u* in X is second common fixed point of P, @, PQ and QP that is Pu* = QPu* = POu* = Qu* = u*.
Then
|d(ua U*)| = |d(PQu’ QPU*)l
|d(Qu, PQu)| [d(Qu, QPu")|
|d(Qu, QPu*)| + [d(Pu*, PQu)|
|d(Pu*, QPu*)| |d(Pu*, PQu)|
|d(Qu, QPu*)| + |d(Pu*, PQu)|

) )| + ()] )
- { ()] + Jd(u ) } =0

<A

giving u = u*. O
Remark 2.15. Taking Qh =h, Q9 =19, and v = 0 in Theorem 2.14, we have the result of Bhatt et al.
[3, Theorem 2.1].

Setting P = Q in Theorem 2.14, we have

Corollary 2.16. Let (X,d) be a complete complex valued extended b-metric space. Let the mapping
P X — X satisfy

(2.21)

2 2 2 2
AP, P2) < A {d(Ph,P 1) d(Ph, P*0) + d(PY, P>9) d(P0, P h)}

d(Ph, P29) + d(PY, P?h)
for all h,¥ € X, where 0 < A < 1 and such that liril ¢(hnshm) < 5, here hy = Q"hg, n = 1,2,...

Then P and P? and have a unique common fized point.

3. Conclusion

In this work, we have developed a comprehensive family of common fixed point theorems in complex-
valued extended b-metric spaces governed by rational-type contraction conditions. The obtained results
significantly generalize and refine several well-known fixed point theorems due to Azam et al., Bhatt et al.,
Bryant, and Rouzkard and Imdad by weakening the contractive assumptions and enlarging the underlying
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space. The inclusion of meaningful corollaries and carefully constructed examples demonstrates the
effectiveness and genuine improvement of our results over the existing literature.

The proposed framework contributes to the ongoing development of fixed point theory in generalized
metric structures and provides a unified setting that accommodates a wide class of nonlinear mappings.
Consequently, these results may serve as useful tools for addressing problems arising in nonlinear analysis,
integral and functional equations, and related areas.

Future investigations may focus on extending the present approach to hybrid and multivalued con-
tractions, probabilistic and fuzzy extensions, as well as algorithmic and computational aspects of fixed
point iterations in complex-valued extended b-metric spaces.
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