Bol. Soc. Paran. Mat. (3s.) v. 2026 (44) 7 : 1-12.
©SPM - E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.80859

Solvability of a System of Katugampola Fractional Integral Equations Using a Fixed Point
Result Obtained via New Condensing Operators
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ABSTRACT: The aim of this specific paper is to scrutinize a system of Katugampola fractional integral
equations. To attain this, a new idea of condensing operators has been used to establish a new fixed point
theorem. Furthermore, we present the discussion of the application of this new fixed-point theorem to the
Katugampola fractional integral equations in a Banach space. An example has been illustrated to support the
effectiveness of the obtained results.
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1. Introduction

There is an immense use of fractional integral equation (FIE) in solving real-world practical problems
in diverse fields. Because of the pivotal role of FIE in various branches of science and engineering, it is
crucial to grasp an understanding of such equations. The idea of measure of noncompactness (MNC)
plays a significant role in fixed point theorems (FPT s). Kuratowski [20] introduced the concept of MNC
in 1930. In 1955, G. Darbo [8] utilised the notion of MNC to develop a result which demonstrated
that fixed point is present for the condensing operators. FP7 and MNC have several applications in the
analysis of various integral equations that arise in innumerable problems imperative to physical scenarios.
Numerous research work related to FIE has been discussed by the usage of MNC and FPT. Some of
such research works can be seen in [2,3,9,10,11,12,14,15,16,17,18].

In [13] Das.et.al demonstrated the existence of solution of a system of generalised proportional fractional
integral equations with the help of a generalised Darbo Fixed Point Theorem.

Motivated by this work we are inspired to investigate the existence of a solution of a system of Katugam-
pola fractional integral equations using a newly constructed generalisation of the Darbo fixed point
theorem.

The article is organized as follows. In Section 2, we have recalled the necessary concepts and results
from the literature that help us throughout the paper. In Section 3 and 4, we have presented a newly
obtained Fixed point theorem in an arbitrary Banach space and the measure of noncompactness in that
space respectively. The existence of solution of a system of Katugampola fractional integral equations
via the newly obtained fixed point result has been given in section 5 alongwith a simulative example of
our theoretical works in the previous sections, which will make it easier for the readers to understand our
findings. The conclusion of our research article have been presented in Section 6.
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2. Preliminaries

Let H be a real Banach space with the norm || . ||. Assume B(6,r) = {t € H:|| t — 0 ||[< r}. If B(# 0)
is a subset of H so by B and Conv3 we denote the closure and convex closure of B. Additionally, let

e My = the set of all bounded and non-empty subsets of H,
e Iy = the set of all relatively compact sets,
The definition of MNC follows from [13].
Definition 2.1 A map N: My — R, is called a MNC in H if it satisfies the following axioms:

all B € My, we get

X(B) = 0 which shows B has relative compactness.
(ii kerN:{%eﬂﬁH:N( ) =

}75 and ker R C Ny.

B, CBy = N(B,) <R (B,
R

~—

PB + (1 —p)B1) < pR(B) + (1 — p) R(B4) for any p € [0, 1].
£B; € My, By =By, By € By forl =1,2,3,4, ... and lhm R (B;) = 0 then B, = (2, B, #
— 00

The set Boo = (o, Bi € kerR. Since R(B.) < R(B;) for any I, we conclude R(Bo) = 0.

Theorem 2.1 (Schauder [1]) Let B be a closed, non-empty and convex subset of a Banach space H.
Then for every continuous and compact map & : B — B 3 at least one fized point.

Theorem 2.2 (Darbo [8]) Let B be a non-empty, bounded, closed and convex subset(NBCCS) of a Ba-
nach space H and let ) : B — B. Assume that for a constant b € [0, 1)

R(H3) < BR(J), J < B.
Then there ezists a fized point in B for $ provided that $) is a continuous mapping.

The following related concepts are needed in order to establish an extension of Darbo’s fixed point
theorem:

Definition 2.2 [12] Let & be the collection of functions A : Ry x Ry — R satisfying:
(1) max {k,k'} < \(k, k') for k, k' > 0.
(2) Alks + b, K+ K5) < Ak, k) + Alka, K5).
(3) A is non-decreasing and continuous.

Definition 2.3 [4] A function J : 4 xR — R is a continuous function of C- class which is symbolized
by C if the following axioms hold true:
(1) 3(g.k) < g,
(2) 3(g,k) = g implies that either g = 0 or k¥ = 0. Also J(0,0) = 0.

Definition 2.4 [7] Let A be the collection of all altering distance functions ¢ : #; — R4 which are
continuous and fufill the conditions:
(1) e(s) =0 & s =0.

(2) € is continuous and increasing.
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3. Fixed point theory

Theorem 3.1 Let B be a NBCCS of a Banach space H. Also T1,7T2 : B — B are continuous mappings
with

N (RTD) o (RD) )1 <3 [« (A (R0 (RD)) o= {A (RD) e (RD))}] 8D

where D,D C B and R is an arbitrary MNC and ¢ € A\ € &, € C. Also, w,p : Ry — Ry are
non-decreasing and continuous mappings such that @w(0) = ¢(0) = 0 and ¢(17) = 7 for all 7 > 0. Then
the operators T1 and Ty have a minimum of one fized point in B.

Proof:
Let us consider the sequences C, and D, with C; = D; = B and C,y; = Conv(T1C,) and
D41 = Conv(T2D,) for p € N. Then,

7-1((:1 = 7—1% Q B = (Cl,CQ = COHU(,Tl(Cl) Q B = (Cl

and
ToDp = ToB CB =Dy, Dy = Conv(TaDy) CB =Dy

Proceeding similarly,
Ci2C2C32...0C, 2Cp1q2....

and
D DD 2D32...02D, 2Dy D ...

If R(C,,) = R(D,,) = 0 for some py € N then C,,, and D, are compact sets. In this case Schauder’s
Theorem implies 77 and 73 have fixed points in *B.

Assume that R(C,) > 0 and R(D,) > 0, for p € N. Since, R(Cpy1) < R(C,) and R(D,41) < R(D,),
therefore there exists ug, vg > 0 satisfying

lim &((Cp) =up and lim &(]D)p) = .

pP—>00 pP— 00

Now, by (3.1) we obtain

= {)‘(A (ConvTiCp), p(N (C’onUTsz))ﬂ
—  [A(RTEC,) (D) )]
<3 [5 {)\(N((Cp), o &(]D)p)) )} , {A(ﬁ((cp)» 2 (&(Dp)) )H

Hence by property of J,

3z {00} (A0 00)) }] < 23 (0, 000
 [Moretwo))] =3 [e {00 00) )} {2 (w00 0 ) ]

Thus, we get
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Therefore by property of J,

Either e [)\(uo, ga(vo))} =0orw {)\(uo,cp(vg))} =0.

Thus, by property of €
)\(U(h QO(U(])) =0.
By further property of A\, we get

ug = p(vg) = 0.
1.e.,ug = vg = 0.
Therefore, R .
plggo N(Cp) =0= plggo R(D,).
Since C, 2 Cpy1, and Dy, D Dy 1, by Definition 2.1, we obtain Co = (2, Cp and Do = ()2, D,
are closed, convex and non-empty subsets of 86 and C., is 77 invariant while D, is T3 invariant.
So, the Theorem 3.1 concludes that 7; and 73 have fixed points in 2B. O

Corollary 3.1 Let B be a NBCCS of a Banach space H. Also Ty and To : B — B be continuous
mappings with

e A (RTD)e(R(TD))] < ¥ [ (A (RD), e D)) }], 7€ 0,1), (3.2

where D, D C B and N is an arbitrary MINC and € € A, A € &. Also, ¢ : Ry — R is a non-decreasing
and continuous mapping such that ©(0) = 0 and o(1) = 7 for all T > 0. Then the operators Ty and Tz
have a minimum of one fixed point in B.

Proof: Taking J(v,w) = Vv in Theorem 3.1 the above mentioned result can be obtained.
d

Corollary 3.2 Let B be a NBCCS of a Banach space H. Also T and To : B — B be continuous
mappings with X X . X o
R(TiD) + R(T:D) < VIR(D) + R(D)], V € [0,1), (3.3)

where D,D C B and X is an arbitrary MNC. Then the operators T1 and T have a minimum of one
fixed point in B.

Proof: Taking e(z) = z,A(a,b) = a + b and ¢(x) = = in the Corollary 3.1, the above mentioned result
can be obtained. O

Corollary 3.3 Using T = T1 = T2 and by taking e(x) = x, M(a,b) = a+ b, p(x) = x in Corollary 3.1 we
get . .
R(TD) < VX(D),

where V € [0,1) and D C B. Thus, we obtain the Darbo’s FPT.

Definition 3.1 An element (hy,n1) € A x A of a mapping 2 : A x A — X is called a coupled fixed
point theorem if A(hy,n1) = hy and A(hy,n1) = nq.

Theorem 3.2 Suppose &1, &2, s &n are the respective MNCs z‘nA H,, Ha, '“lH”’ anfi a convexAmappmg AN —
R with A(q1, g2, -, qn) =0 <= q = 0,t € {1,...,n}. Then R(Q) = A1 (1), R2(Q2), ..., R (Qy)) defines an
MNC in H; x Ha X ... X Hy in which Qg identifies a natural projection of Q into Hg,q € {1,...,n}.

Example 3.1 Consider X to be an MNC on H and A(h1,m1) = h1 +n1,h1,n; € RT. Then &Cf(ﬂ) =
N(21) + R(Q2) is an MNC in H x H.
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Theorem 3.3 Let B be a NBCCS of a BS H. Let T1, T2 : B x B — B be continuous with

e V(R (M1 x M) s (RT3 (M x M) )|

< 33 [0 (ROM) +ROB) o OR) +R L)) o {3 (RO0) +R(8) R (1) + R (1)) }]

where My, My C B and R is an arbitrary MNC and ¢ € A\ € &, € C and w,p: Ry — Ry are
non-decreasing and continuous mappings such that @w(0) = ¢(0) = 0 and ¢(7) = 7 for all 7 > 0. Also
©(s1 4 52) < p(s1) +@(s2) and (s1 + s2) < e(s1) +¢&(s2), s1,82 > 0. Then the operators 7; and T3 have
a coupled fixed point in B x B.

Proof: We have R/ (M) = R(M;) + R(My) is an MNC on H x H for any bounded subset M C H x H,
where My, My are natural projections of M. Let TS : B x B — B x B and TS : B x B — B x B be
defined by T¢ (ug, vo) = (A(uo, vo), A(vo, uo)) and TS (ug, ve) = (A(uo, vo), A(vo, uo)), respectively. It is
trivial to see that both TS and T§/ are continuous. Let M C B x %B. Now,

<) (&cfmcf(M)), (R (757 (M)
A (RT3 (M Ma) x Ti(Ma x M), 9(R (To(My x Ma) x To(Ma x M) ) |
R(TL(My x Ma)) + RT3 (Ma x M), o(R(T3(My x Ma)) + R(Ta(My x My))) )|
(7ot 1) - (30 x 1))
Ti(My x My)) + (R(To(My x M) ) + A (R(T(My x M) + ¢(R(Ta(My x M)
)]+ A (RO x M) + (R x 1)) |
A(R() + R (M), (R (M) + R (M) ) o { A (R (1) + R (Ma), (] (M) + ] (M2)) ) ]
(87 (), 8T (M) | {3 (R (1), (87 (1)) )

(

< e [N (R(TI(My x Ma)) + R(T1 (M2 x My)),
BYE
(

Ti(My x Ma)) + @(R(Tz(My x My))

By Theorem 3.1 we arrive at the conclusion that 7/ and 757/ have fixed points in B x B, i.e., both 71
and 73 have coupled fixed points in B x 2B. O

4. Measure of noncompactness on C([0,T])

Let H = C(I) be the space of continuous real functions on I = [0, 7. So, implemented with the norm
| T ||l=sup{|Y(c)|: 0 €I}, T €H.

Let Z(# 0) C H be bounded. For T € E with & > 0, denote by 9 (Y, e) the modulus of the continuity of
T, ie.,

(Y, k) =sup{|Y(0o1) — Y(02)|: 01,02 € I,|09 — 01| < hi}.

In addition, we define
Y(ER) =sup{(T,h): T E}; (E) = ;Ll_% P(E, h).

The function vy is therefore generally known as an MNC in H, with O(Z) = 1¢(Z) (see [5]) as the
Hausdorff MNC 6.
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5. Solvability of fractional integral equations

In this section, we will prove the existence of solutions of a system of FIEs in a Banach space H via
the application of our conclusions.
We define the left Katugampola fractional integral [19] of order o > 0 of f by

pl—a s Sp—l

PI™ f(5) = ds. 5.1
a+f(8) F(O{) /a (§P o sp)lfaf(s) & ( )

with p > 0 if the integral exists.

In the following section we scrutinize the given system of FIEs

Hi(5,a(5))p" /S s* P (s, a(s))ds (5.2)
0

a(s) = £1(5, a(g)) + [(a) (50 — sP)L-a

and

b(s) = £2(5,b(3)) + (5.3)

Ha(3,b(5))p' / " 1Pa(s,b(s)) ,
0

() (5P — sp)lma 777

where a > 0,p > 0,5 € I =10,T].
Let
Qry ={aeH:|al<r}.

Assume that

(i) L1, 80, H1,Ho,P1, B2 : [ x RT — RN are continuous and 3 constants v1,91, V2, Y2, 73,93 > 0 satis-

fying
1€1(5,a(5)) — £4(5,a(5))| < mla(s) —a(s)],
€2(5,a(5)) — £2(5,a(5))| < Afa(s) —a(s)],
[H1(5,a(5)) = Ha(5,a(5))] < 12la(s) —a(s)],
H2(5,a(5)) — Ha(5,a(5))| < A2la(s) —a(s)],
[B1(5,a(5)) — Pa(5,8(5))] < vsla(s) —a(s)],
and

Also, for all 5> 0,

and

PB1(5,0) = 0 =P(5,0).

(ii) For the following inequalities-
V23Tl

— <1
p°T(a+1)

Y1+

and .
. Yoiysro T

— < 1.
M T+ )

3 a positive solution rg.
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Theorem 5.1 If constraints (i)-(ii) sustain, then the equations (5.2) and (5.3) have solutions in H =

c(I).

Proof: Let us consider the following operators ¥, % :H — H defined as:

Q= @ (5 a(z)) o M5 a(3)p e * PP (s, a(s)) o
(Sa)(3) = 1(s.a(5) + 5 /0 e

and

(36)(5) = £(5,b(3)) + T2E 0P / S 1P (s,0(s)
0

(50 — sp)1-o

Phase (1): In this phase we show that the operators T and € map Qy, into Qy,. Let a,b € Q,,. We
now have

L MG, a(8)p 7
I'(a)

< [£1(5,a(5)) = £4(5,0)|+

[1#:(5,a(5)) = Ha(5,0)[] p'~

[ B,
0

(gp _ sp)l—oc

I'(a)
‘/ 5P~ 1‘131 (s;a(s)) — 1(Sa0)]d5’
p_sp)l
"2la P an
< mla(s) + 2 y/ #7HE — ) alas)ds
(a) 1 Jo
Y2734 a—
<onllal + ZBIE [ seyofa
’Yz’YsHaH ™
< mlaf + .
_’Yl” H paF(Oé+1)
Hence || a [|< 7o gives
V2315
T<L —_ .
I TN<mro+ poT(a+1) <To

Thus, ¥ maps Q,, to Q,,. Similarly, we can prove that T maps Q,, to Q.
Phase (2): In this phase we show that ¥ is a continuous operator on Q,,. Let € > 0 and a,a; € Q,,
such that || a — a; ||< e. We now have

|(%a) (5) — (Ta1) (5)]
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< la(s) — a(8)] + %M Hy (5, 0(5))
| s (s0(6)) ~ Bl aa () s
0 (5 S )

n W’ {H1(5,0(5)) — Hu(5, a1(5)}

s Sp—l
/ ﬁf’pl (S al ‘ds
0

(5= )

[72(a
§71‘|a_a1||+ P 1F ‘ Sp—Sp 11—«

v3la(s) —ay(s)|ds + W

s Sp—l
[t

v372llalll[a — ai |7
p°T(a+1)
Y3y2llasllla — a7
peT(a+1)
27377210 T
peT(a+1)"

’Yg|01(8)|d8

<mlla—agll +

+

<me+

As e — 0 we get |(Ta) (5) — (Taq) (5)] — 0.

Thus the operator ¥ is continuous on Q,,. Similarly, we can prove that < is a continuous operator on
Qs

Phase (3): An estimation of T and € with respect to the MNC 1.

Assuming Qq, Qs C Q,,. Let 5 > 0 be an arbitrary constant and let a € Qq, b € Qp and 51,52 € I such
as |§2 — 51\ S ﬂ with So Z S1.

We have,

|(Ta) (82) — (Ta) (51)]
< [€1(52,a(52)) — £1(51, a(51))|

+ o 11F ’7‘[1 (52,a(52)) /82 (5 Sps_pl)l —P1(s,a(s))ds
5
. <2>>/0 el
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Also
51 g1
{H1(52,a(52)) — Hi(51, a(§1))}/ W‘Bl(& a(s))ds‘
< s (senatse)) ~ Harals)H| [ salsis
sWﬁ@m@m—Hmawam+mﬂ%ua»—%@m@mfﬁfa
< {alas) = ale)| + 29}
where
#(B) = sup{|H1(52,a(51)) — H1(51,a(51))] : |52 — 51[ < B,51,82 € I, [|a]| < 7o}
and
‘H1(§2, a(EQ)){ /O Wml(s, a(s)ﬁ)ds — /0 W‘Bl(& Cl(S))dS}
snm@M@mH/ %_MPQ—A s s a(o)
< 72’)/37"0‘/ — SP 1= adS —/O st‘ +'}/2')/37"0‘/ mds
- st\ et| [ gt |
V3727 57 _ 5"\ _ 3 5P _ 50P
< (25— ) 2 (55— ) |+ 537 - 51
and
[H1(82, a(52)) — H1(51,a(51))]
< [Hi(82,a(82)) — Hi(51,a(82)) + [H1(51,a(52)) — Hi(51,a(51))]
< Yro (M1, B) + 1la(s2) — a(s1)]
< Yro (M1, B) +m9(a, B),
where

Yro (H1, B) = sup {|H1(52,a) — Hi(51,a)| : |52 — 51| < B, 51,52 € I, [[a||[<ro}.

Therefore
(Ta)(52) — (Ta)(51)]

< Yo (Ha 5)+’h¢(a6)+M(2(§p—s) 42/ (85 — 80)% | + 550 fgap)
= 70 ) bl par(a+1) 1 1 1
roys T

{29 (a, B) + #(B)} Tt 1)

i.e.

. 2
9(50,8) < e (M, B) + (0, )+ et (205 = 5)% 2 (55 = 5)" 557 — 57"
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roys T

{r2t(a, B) + #(B)} AT+ 1)

which gives

2
W(EQa, B) < Yoo (M, B) + 11e(Qa, B) + % (208 — ) + 21 (85 — 4" | + 157 — 157)

, roy3 T
{720(Qa, B) + #(B)} m

As 8 — 0, then by the property of uniform continuity of £; and #H; we have ¥(Qq4,8) — 0 and
#(5) — 0. Hence as 8 — 0 we obtain

Y2y3roT
Q0 < i+ 225" 10
Yo(TQa) < |m + T (a1 1) Yo(Qa)
Similarly we obtain
2 . F2y3roT
200 < [+ 22T 10,
Yo(TQs) < | %1 T(a 1 1) Yo(Qu)
Let T A
= Y2v3roT | Y2 Y3rol™
= = max + , <1
{” pT(a+1) " par<a+1>}
as Ta
27370
— <1
T T (e 1) T
and A
2 27370
— <1
M T ©
Hence,

Y0(TQa) + 10(TQu) < BYo(Qa) + L0o(Qu)].

Hence with reference to Corollary 3.2, we can conclude that ¥, g possess fixed points in Q.
That is the equations (5.2) and (5.3) have solutions in H. 0

Example 5.1 Let us suppose the fractional integral equations as follows:

ae) = 2O | JeG X 1T | o (5:4)

r(2) e+ 1)(s—s)7t
and bE)| | pE X1 [ b()
B 5 3)| x 5
o) =+ S ), Fae o

for 5€[0,1] =1.

Here, p=1,aa=2,T = 1. Also,

&(5.005)) = &:(5,9(3)) = 2,

#,(5,0(5)) = Ha(5,y(5)) = [a(3),
_ )

Fils,als)) = 20,

Falo,als) = 27
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Therefore,
121(5,0(8)) — £(s,a(3))] < 2 - a(s)|
1£2(5,a(5)) — £2(5,a(3))| < |a(5) ; a(§)|’
[H1(5, a(5)) — Hi(5,a(5))] < |a(5) —a(s)],
[H(5,0(3)) ~ Ha(5,8(5)] < Ja(s) ~ &(6)]
15 (5)) — P (5, a(s))| < 2SN,
B2 (5, a(5)) — Pa(5,a(3))| < la(s) ; EL(§)|7

and

£1(5,0) = £5(5,0) = H1(5,0) = 0 = H2(5,0) =PB1(5,0) = P2(5,0) =0,
Y1 =71 = ! 1

— — 4 =1 = Ap = .
2772 72 » Y3 V3 2

Now, let us substitute the above values in the inequality illustrated in constraint (ii),

1 L11pp.12
_ & < 17
2 121(3)

which implies that ro < 2.

In the similar manner by substituting the same values in the inequality provided in assumption (ii) we get

ro < 2.

Thus the constraint (ii) is also satisfied for ro = 1.

Hence, we observe that the constraints from (¢)-(¢7) in Theorem 5.1 are fulfilled. From Theorem 5.1 it

can be verified that equations (5.4) and (5.5) possess solutions in H = C(I).

6. Conclusion

11

With the help of a newly obtained condensing operator, we have established a new fixed point theorem

involving two distinct operators and applied it to the Katugampola fractional integral system to investi-
gate the existence of its solutions. We have provided an example as well to give a better understanding

of our obtained theories. The concept of condensing operators involving two distinct operators can be
further extended to n-tuple operators and establish fixed point theorem for future research. This fixed

point result can also be applied to various types of system of equations.
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