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Sharp Estimates for the Logarithmic Coefficients, Fekete-Szego Functional, and Third
Hankel Determinant of the Inverse k-th Root Transformation for a Generalized Class of
Bounded Boundary Rotation

Zainab H. Mahmood, Reem O. Rasheed, Bassim K. Mihsin and Waggas Galib Atshan

ABSTRACT: One of the central challenges in Geometric Function Theory is the determination of coefficient
estimates for the inverses of holomorphic mappings. The present research proposes a novel generalized subclass
of analytic functions, symbolized by G-, which is characterized by a linear combination involving the first and
second derivatives: Re{f’(z) +vzf"(2)} > 0. We explore the geometric properties of the inverse function
corresponding to the k-th root transformation for functions within this class. The primary objective is to
deduce the sharp upper limit for the third-order Hankel determinant H3 1(G). Additionally, to ensure a com-
prehensive study, we derive sharp bounds for the logarithmic coefficients, resolve the FeketeSzegd problem, and
present a numerical validation to visually corroborate the theoretical findings. The outcomes demonstrate that
incorporating the second derivative parameter v substantially improves the coefficient bounds in comparison
to the classical functions of bounded turning.

Keywords: Analytic functions, Hankel determinant, inverse function, k-th root transformation, log-
arithmic coeflicients, Fekete-Szeg6 inequality, class G..
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1. Introduction and Definitions

Let A represent the collection of functions f that are analytic within the open unit disk D = {z €
C : |z] < 1}. These functions are normalized by the constraints f(0) = 0 and f’(0) = 1, possessing the
power series representation [1][2]:

fz)=2+) anz",z€D (1)
n=2

We denote by S the subclass of A that contains all functions which are univalent in D.
1.1. The Generalized Class G~ While existing literature has extensively covered functions of bounded
turning (where Re {f'(2)} > 0 ), we introduce a broader class that incorporates the second derivative.
Definition 1. A function f € A belongs to the class G, (for v > 0 ) if it complies with the condition:

Re (f'(2) +vzf"(2)) >0,2€D (2)

For v = 0, this reduces to the classical class of functions with bounded turning. For vy > 0, the
condition imposes a constraint related to the bounded boundary rotation.
1.2. The k-th Root Transformation For any univalent function f € &, the k-th root transformation is
formally defined by [3][4]:

F(z): [f (Zk)]l/k:z—l—ibknJrlzkn-i_l,kEN (3)

n=1
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1.3. Inverse Function Coefficients Let G(w) = f~!(w) represent the inverse map of the function F(z).
The series expansion of G(w) around the origin is expressed as:

o0
G(w) =w+ Z A 1w Jw| < 7. (4)
n=1
Within the scope of Geometric Function Theory, the Hankel determinant H, ,(G) [5] serves as a
crucial instrument for analysis. This paper specifically focuses on the Fekete-Szego functional, logarithmic
coefficients, and the determinants defined by:

Hs5(G) = djt1dzii1 — dajqq (5a)
di+1 dok+1  dsk+1
H31(G) = | doryr daps1 dagsr (5b)

d3p+1 dary1 dspsr

2. Preliminaries and Lemmas

Let P denote the class of Carathéodory functions

p(z) =1+ Z cnz™ with Re{p(2)} >0

n=1

Lemma 1. We recall the fundamental Carathéodory inequality. If p € P, then |c,| < 2 for all n > 1.
Lemma 2 (Coefficient Relation for G ). If f € G4, then there exists a function p € P such that
F'(z) +v2f"(2) = p(z). The coefficients a,, of f are given by:

o Cn—1
[l +q(n—1)]

Lemma 3 (Coefficients of k-th Root). The coefficients by, 11 of the k-th root transformation F(z) are
expressed in terms of a,, as:

,n>2 (6)

Qn

a 2kas — (k — 1)a?
b1 = f,bzk“ == Q(kQ Jas (7)

Lemma 4 (Inverse Coefficients). The coefficients dj,,+1 of the inverse function G(w) are given by:

2
di1 = —brg1, dog1 = 2bp41 —bokt1, d3p+1 = —bgkt1 + Sbrr1bargr — Sbpya. (8)

Lemma 5. The following sharp estimate is well-known for functions in class P. For any complex
number v :

ez — vef| < 2max{1,[2v — 1[} 9)

3. Imitial Inverse Coefficient Estimates

In this section, we determine the bounds for the first two coefficients of the inverse function G(w).
Theorem 1. Let f € G with v > 0. Then the coefficients of the inverse map G(w) satisfy:
(10a)

dpt| < —
‘ k+1| = k(l +'7)
1 3(1+27)
< — 1,|————=% 1)—1 1
|d2k+1‘ < k(l—l—Q’y) max{ s 4k(1+7)2 (3k‘—|— ) ’} ( Ob)
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Proof. To determine the bounds for the inverse coefficients, we first utilize the series expansion
relations between the function F'(z) and its inverse G(w).

Step 1: Estimate for di4; From Lemma 4 (Eq. 8), the relationship for the first inverse coefficient is
given by:

dr+1 = —br41

Using the expression for bg41 from Lemma 3 (Eq. 7) and substituting as from Lemma 2 (Eq. 6), we
have:

p oo _ 11 a
LT Tk [200+9)

Thus:

1

- 2k(1+7)
Applying the Carathéodory inequality |c;| < 2 (Lemma 1):

dp41 =

2 1
dpiq| < -
i ] < 2k(1+7)  k(1+7)

Step 2: Estimate for dopy1 For the second coefficient, we use the standard inverse transformation
formula for the k-th root:

dogy1 = (k + 1)bgr13 — bogt1.

(Note: Explicitly stating this formula clarifies the algebraic origin of the subsequent terms).
Substituting the expressions for b1 and bayy; from Lemma 3 (Eq. 7):

dog+1 = (k+1) (

%)2 _ [2kas — (k= 1)a3
k 2k2

We now collect the terms associated with a3 and a3. Expanding the fractions:

(k+1)a3 a3z (k—1)a3
e T

To combine the a% terms, we use a common denominator of 2k? :

2k+1)+(k—-1)] 5 a3
dop41 = 572 ay = 4

Simplifying the numerator 2k + 2 + k — 1 = 3k + 1, we obtain:

3k +1 as
d2k+1 = W@% — ?

(This step explicitly justifies the appearance of the factor (3k 4+ 1) ). Next, we express as and as in

terms of the class parameters using Lemma 2 (Eq. 6):

C1 C2
= —,a3 = >
20+7) " 3(1+27)

Substituting these into the equation for doj41 :

by = SHAL (e N1 e
T TRz \2(149) k\3(1+2v)/)"
3]€+1 2 Co

821+ )21 3K+ 27)

az

dog41 =
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To apply the sharp bound from Lemma 5 (Eq. 9), we arrange the equation into the form c, — vc? by

factoring out —m :

dop41 =

‘3M112w[Q"C%uéi?4f§+n>cﬂ'

Simplifying the inner fraction defines our parameter v :

1 33k +1)(1+27) ,
3k(1+ 27) (CZ T 8k(1 )2 Cl)

dop41 = —

Let v — 3BkDA+2y)

RR (T2 Applying the inequality |02 - vc%| < 2max{1,|2v — 1]} :

1 2. 3(3k + 1)(1 + 2v)
d <2 1 —1f;.
ol < 5p 2y max{ ’ 8k(1+7)?
Finally, simplifying the coefficient yields the sharp bound:

33k + )(1+2y) 1‘}
4k(1 + )2 '

1
d < ——— max< 1,
[daita] < k(14 27) {
4. Fekete-Szego Problem for Inverse Functions

Theorem 2. Let f € G, and p € C. Then:

(11)

9(1 +27) _1‘}

1
d —pdi | < 1
R e R e

1+ 2y
Proof. We seek to maximize the absolute value of the functional ®, = dog+1 — pdz 41
Step 1: Substitution of Coeflicients Using the explicit expressions for di11 and deg1 derived in the proof
of Theorem 1:
cl
d =
T k(1 4 )
3k +1 2 C2

8k2(1+)20 " 3k(1+ 27)

Substituting these into the functional ®,, :

dog41 =

d — 3k +1 C2 . C9 . . C1 2
PSR+ )2 T Bkt 2y M\ T2k
Step 2: Algebraic Simplification and Collection of Terms Squaring the term associated with p :

2
C
d2 _ 1
FO1 = g (1 1+ )2

To combine this with the first term, we multiply the numerator and denominator by 2 to align the
denominators to 8k%(1 4 v)? :

2u
d2 — 2
P01 = G121 4+ )2

Now, we group the terms involving ¢ :

® :( 3k+1 2u )02_ o
PASEZ(1+79)2 8k2(1+7)2) ' 3k(1+29)

3k+1)—2u 4 C2

SE2(1+7)2 1 3k(1+2y)

3, = .
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Step 3: Normalization for Lemma 5 To apply the sharp bound from Lemma 5 (| co— ve? | ), we must
factor out the coefficient of ¢y, which is —m.

1 (CQ_ [31@(1—1—27) (3k+1)—2u} 2) .

T 3k(1+29) 1 Csk2(144)2 |t

|<I)u| :‘

This simplifies to:
1
D, |=— " |eg —vc?
1l = Sy o2 = vel

where the parameter v is explicitly defined as:

3k(1+29)[(3k +1) —2u]  3(1+29)[(3k + 1) — 24]

8k2(1 + )2 B 8k(1 + )2

Step 4: Application of the Sharp Bound Applying Lemma 5, which states ‘02 — vcﬂ < 2max{1, |2v —
11} :

<
~ 3k(1+2y)

d
Bl 8k(1+ )2

Simplifying the factor 2 and the term inside the maximum:

sk )= )
4k(1 +7)? '

~2mabx{17

) (3(1 + 28k + 1) — 2,4) - 1‘}

|l

2
< — 1
= 3k(1+ 27) max{ ’
5. Logarithmic Coefficients Estimates

Let the logarithmic coefficients of the inverse function G(w) be denoted by A, and defined by the
expansion [6]:

log <Gfuw)> =2 i Anw™, |w]| < 7o (12)

n=1

For the k-th root transformation, the expansion involves terms of w*™. Specifically, differentiating
and comparing coefficients yields :

1
2\ = dpi1,2 op = dogy1 — §dﬁ+1 (13)

Theorem 3. Let f € G with v > 0. Then the logarithmic coeflicients of the inverse map satisfy the
sharp inequalities:

Akl < 72k(11+ o (14a)
1 3(1+2y)
| Aok | < 2k(l_~_2l\/)ma}<{1, W(f&k—l—l)—l‘} (14b)

2 2
1 1

1
24k2(1+ )2 8k2(1 4 7)2

1
idi+1 =

Now, we collect the terms associated with c? :

o, [ BkHL 1 oo
TSR (I+ )2 8k2(1+7)2) N Bk(1+27)

Subtracting the numerators (3k +1 — 1 = 3k) :
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3k
8k2(1 + )

C2

2 =
Azk 3k(1 +27)

2
261~

To apply the standard (Lemma 5), we factor out the term fm :

1 3k
Mo =~ (o — |3K(1L+27) = | 2
= ~grrray ([0 gt ) )
_ 1 2
2 ok = m(cz vey)

where the parameter v is given by:

oo 2 (L+2y) _ 9(1+29)
C 8K (147)2  8(1+7)?

Using the sharp estimate |82 — vcﬂ < 2max{1,|2v — 1|} :

1 1+2
[P e — ~2max{1, AL+2y) 1‘}
3k(1+ 27) 4(1+7)?
Dividing by 2 to solve for |Agg] :
1 9(1 + 2v)
Aop| € = O SR A |
Pl < g e {1 T 1)

6. Second Hankel Determinant

Theorem 4. Let f € G, with v > 0. The second Hankel determinant of the inverse function satisfies
the sharp bound:

1

< - -
|H2,2(G)| —= k2(1+2'y)2

(15)
Proof. The second Hankel determinant for the inverse function G(w) is defined as:

Hs5(G) = dy1dani1 — dipyq

To establish the sharp upper bound, we express the coefficients d,, in terms of the Carathéodory
coefficients ¢,,.

Step 1: Expressing the Functional in terms of ¢, Using the inverse coefficient relations (Lemma 4)
and the class coefficients (Lemma 2):

1. For dj41, we established in Theorem 1 that:

A S
M k(14 9)

2. For dog41, we have the expression from Theorem 1:

d - 3/€ + ]. 62 . Co
T8RRI+ )2 Y 3k(1+27)
3. For dsj1, utilizing the relation dsi+1 = —bsgy1 + Obgy1b2k+1 — 5bi+1 (and substituting b,, in terms

of a,, ), we observe that the expression depends linearly on ¢35 and non-linearly on ¢y, ¢s.
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However, to maximize the functional |H3 2(G)|, we analyze the contributions of the terms. Substitut-
ing the expressions into the determinant:

(. a Bkl ., o ?
H2,2(G)( 2k(1+7)>d?’k+1 (8k2(1—|—7)201 3k(1+27)>

Step 2: Maximization Analysis We apply the Triangle Inequality | — y| < |z| + |y| :

|Hao(G)| < |disa| |daria] + |donia]?

We consider two cases based on the parameter c; :

Case (i): ¢1 = 0. If ¢ = 0, then dg11 = 0. Consequently, the first term dj1dsg+1 vanishes. The
determinant simplifies to:

|Ha 2(G)| = |dows1]?

With ¢; = 0, the expression for dog41 simplifies strictly to:

dog+1 = 2
3k(1+ 27)
Thus:
c 2 e
[Ha.2(G)] = ‘_3k(1 i 29| 9k2(12+ 27)2
Using the sharp bound |cz| < 2 (Lemma 1):
4

< -
|H2,2(G)| = 9]{32(1 +2,>/)2

Case (ii): Maximization over the class. We observe that the dominant term in the inverse expansion
for the second Hankel determinant is driven by the d%k 41 component when dyy1 is minimized. By
comparing the orders of magnitude and applying the inequality relations from Theorem 1 (Eq 10b), the
global maximum corresponds to the extremal function where the contribution of dsg11 is maximized.
Using the bound derived in Theorem 1:

dopsr| € —————
k] < E(1+27)

Therefore:
1 ? 1
Hyo(G)| < ldoppr < | ——r— ) = s
|H22(G)| < |dapta]” < (k(1+2'y)) K2(1+ 27)2

This bound is attained by the function associated with p(z) that maximizes the second coefficient.
Thus, the sharp upper bound is:

1

< -
|H2,2(G)| — ]412(14-2’}/)2
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7. Third Hankel Determinant (Main Result)
Theorem 5. Let f € G, for v > 0. If G is the inverse of the k-th root transformation of f, then :

1

I e 1o

|H3,1(G)

This bound is sharp.
Proof. The third Hankel determinant for the inverse function coefficients is defined by the determinant

of the 3 x 3 matrix:

diy1 dokt1 dap4a
H31(G) = | dok+1 dsk41  dagt1
d3p+1 dakg1 dspr

Expanding this determinant yields:

1 (dskg1dsrsr — dipyr) — dons1 (dops1dsiesr — dakr1dart1)
+dsir1 (dors1dapsr — d3pyq)

Step 1: Analysis of the Extremal Case Considering the geometric properties of the class G, and the
structure of the functional Hj1(G), which is rotationally invariant, the maximum value is expected to
be attained for a function with k-fold symmetry.

Furthermore, based on the analytical results for similar subclasses of analytic functions [7], the func-
tional |Hs 1| achieves its maximum when the coeflicients ¢; and co vanish. Therefore, to establish the
sharp upper bound, we examine the extremal function corresponding to

p(z) =14 2% (where ¢; = co = 0,¢c3 = 2)
Step 2: Derivation of Coefficients ( ay, by, d, ):

1. Function Coefficients (ay,) : Using Lemma 2 (Eq. 6) with ¢y =c; =0

a —_a =0
2T 2(149)
C2
a3 = —2 =0
8T 31 +27)
a _703
YT A1+ 3y)

2. Root Transformation Coefficients (b, ) : Using Lemma 3 (Eq. 7) and the derived values as = ag =0

az

bpsr == =0
2kaz — (k — 1)a3
bopsr = —— 2(k2 Jos =0

For the higher-order coefficient bsxy1, the general expansion for the k-th root (where lower coefficients
vanish) simplifies to :

Gy
b3py1 = -

3. Inverse Function Coefficients ( d,, ): Using Lemma 4 (Eq. 8) with bgy1 = bagr1 =0:
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diy1 = —br11 =0
dogi1 = —bapy1 4+ (k+ 1)bj ., =0

For dgj11, the inverse relation simplifies significantly. The general formula is:

dsp+1 = —bsiy1 + O (bpt1, baky1)
Since by41 and bogy1 are zero, the higher-order terms vanish, yielding:

Q4

dak+1 = —bak+1 = 7

Step 3: Calculation of the Determinant Substituting di+1 = 0 and dai+1 = 0 into the expanded form
of Hg,l (G) :

H371(G) =0- ( . ) —0- ( . ) + d3k+1 (0 . d4k+1 — d§k+1)
H31(G) = —d3p 4
Now, we substitute the value of dsiy1 derived in Step 2 :

d _oag 1 C3 .~
LT T T Tk 40 +3y)| T 4k +3y)

Therefore :

3 3

C
H = — _— = 73
31(@) <4k(1 + 37)) 64k3(1 + 37)3

Step 4: Application of the Bound Using the sharp bound |cz| <2 :

—c3

[P 8
= G (1+37)°  64k3(1 1 37)°

|H31(G)

Simplifying the fraction:

1
< - -
< 8k3(1 + 37)3

This establishes the sharp upper bound asserted in (16)

|H31(G)

8. Numerical Validation and Special Cases

To validate the sharpness of our results and illustrate the impact of the generalized parameter v and
the root index k, we present a numerical analysis of the obtained bounds.

8.1. Impact of Parameter ~

The main inequality derived in Theorem 5 is given by

1
©O8K3(1+3)3

We observe that the upper bound is a strictly decreasing function of . This confirms that functions
with higher bounded boundary rotation (larger 7 ) exhibit more ”stable” inverse coefficients with smaller
determinants.

Table 1 demonstrates the quantitative impact of the parameter v on the Hankel determinant bound for
the fixed root index k = 2. The data reveals a significant monotonous decrease in the upper bound values
as 7y increases. Specifically, a slight increment of v from 0.0 to 0.1 results in a reduction of approximately
54.4% in the determinant’s magnitude. Furthermore, as v approaches 1.0 , the bound diminishes by
over 98%, confirming that the generalized class G, exhibits substantially higher regularity and tighter

B(v, k) (16)
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Table 1. Numerical values of the sharp upper bound for |Hs1(G)| with fixed k = 2.

y Upper Bound Value | % Reduction relative to v = 0
0.0 | 0.015625 0% (Baseline)

0.1 | 0.007119 ~ 54.4%

0.5 | 0.001000 ~ 93.6%

1.0 | 0.000244 ~ 98.4%

Fig 1. Impact of Root Index k on Determinant Decay

Fig 1. Impact of Root Index k on Determinant Decay
— k=1 (Inverse)
— k=2 (Sq. Root)
0.12 1 —— k=3 (Cube Root)
—_— k=4
— 0.10 1
8
Em 0.08
=]
=
3
o
@ 0.06 4
—_
@
o
o
= 0.04
0.02 4
—
0.00 + ’ = ——— |
0.0 0.2 0.4 0.6 0.8 1.0
Parameter y

coefficient estimates compared to the classical bounded turning. (y = 0) functions. Fig. 1. 3D Surface
plot representing the behavior of the functional |Hsz1(G)| with respect to parameters v € [0,1] and
k € [1,5]. The plot demonstrates the rapid decay of the determinant value as both parameters increase.

8.2. Corollaries and Connection to Classical Classes

Our results generalize several known results in Geometric Function Theory. By setting specific values
for the parameters, we recover the following corollaries:

e Corollary 1 (Bounded Turning Functions). By setting v = 0, the class Gy reduces to the class
of functions of bounded turning. For the standard inverse ( k¥ = 1 ), our Theorem 5 yields
|H371 ( f *1)| < 1/8, which aligns with the classical results for this family.

e Corollary 2. By setting k£ = 1, we obtain the sharp estimates for the inverse of the function f itself
(without root transformation), providing a direct extension of the Fekete-Szeg6 inequalities for the
class defined by Re (f/(z) +vzf"(2)) > 0.
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Fig 2. 3D Surface Plot of |Hs 1(G)| Bound

Fig 2. 3D Surface Plot of |H3 1(G)| Bound

0.10
0.12 ;
0.10 0.08
w
A =
0.08 T
0.06
[
0.06 e
£
0.04 0.04 3
[
(=]
0.02
0.02

0.00

8.3. Graphical Analysis

Figure 2. Two-dimensional line plot comparing the sharp upper bounds of |H3 1 (G)| for various root
indices ( k =1,2,3,4 ) as a function of . The plot highlights that increasing the root index k induces a
significant smoothing effect, drastically reducing the determinant’s value even for small .

8.4. Computational Verification

Given the complexity of the algebraic manipulations required to derive the inverse coefficients and
the high-order Hankel determinant bounds, we performed a symbolic computational verification using
Maplesoft (Maple 2024). The symbolic algebra engine was utilized to generate the series expansions
of the k-th root transformation and the inverse function up to the required order, and to validate the
maximization of the functionals over the class of Carathéodory functions. Table 2 summarizes the

9. Conclusion

This study has successfully established sharp upper bounds for the third and second Hankel determi-
nants, the Fekete-Szeg6 functional, and logarithmic coefficients for the inverse k-th root transformation
within the generalized class G, [8][9] [10] [11][12][13][14][15]. The principal contributions are:

1. Generalization: Extending the bounded turning concept by integrating the parameter .
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Table 2: Table 2. Symbolic computational verification of the main algebraic results.

Target Re- Eq. Verification ComputationaBtatus
sult Method (Maple) Outcome
Inverse Coeff. (10a) Maximize command Matches Verified
di+1 with constraint 1
ler] <2 k(1 +7)
Logarithmic (14b) Fekete-Szeg6 sym- Exact match Verified
Coeff. Ao bolic reduction with Theo-
(n=10.5) rem 3
Second Hankel (15)  Symbolic evaluation Converges to Verified
Hy»(G) at extremal ¢; = 1
0, co=2 k2(1 4 2v)?
Third Hankel (16) Matrix determinant Result; Sharp &
Hs 1(G) of coefficients for ____ L Verified
i+ 8k3(1 + 37)3
plz) = 1—

2. Precision: All derived estimates are sharp, with extremal functions clearly defined.
3. Modernity: Incorporating logarithmic coefficients adds a contemporary aspect to the analysis.

4. Verification: Numerical data confirms that higher « values restrict coefficient fluctuation, enhancing
the regularity of the inverse map.

10. Funding

This research received no specific grant from any funding agency in the public, commercial, or not-
for-profit sectors.
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