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Some Special Vector Fields in Mixed Quasi-Einstein Weyl Manifolds

lhan Giil

ABSTRACT: In this paper, we introduce the notion of a mixed quasi-Einstein Weyl manifold, which extends
the classical concept of quasi-Einstein Weyl manifolds. We provide an explicit example to demonstrate their
existence. Moreover, we investigate mixed quasi-Einstein Weyl manifolds that admit certain special vector
fields and derive several related structural results.
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1. Introduction

A Riemannian manifold M,, (n > 2) with metric g is an Einstein manifold if its Ricci tensor Ric is of
the form ,
Ric(X,Y) = —g(X,Y) (1.1)
n

where r is the scalar curvature of M, [1].
A non-Einstein Riemannian manifold M,, (n > 2) is called a quasi-Einstein manifold if its Ricci tensor
Ric of type (0,2) is not identically zero and is of the form

Ric(X,Y) =ag(X,Y) + bA(X)A(Y), (1.2)

where a,b are functions and A is a non-zero 1-form defined by A(X) = ¢g(X,U) for all vector fields X
and a unit vector field U. A is called the associated 1-form and U is called the generator of the manifold
[2].

The notion of quasi-Einstein manifolds was generalized in different ways such as generalized quasi-
Einstein manifolds ([3],[4], [5]), nearly quasi-Einstein manifolds [6], generalized Einstein manifolds [7],
super quasi-Einstein manifolds [8], pseudo quasi-Einstein manifolds [9], extended quasi-Einstein manifolds
[10], N(k)-mixed quasi-Einstein manifolds [11], mixed generalized quasi-Einstein manifolds [12], etc.

A non-flat Riemannian manifold M,, (n > 2) is called a mixed quasi-Einstein manifold if its Ricci
tensor Ric of type (0,2) is not identically zero and is of the form

Ric(X,Y) = ag(X,Y) + b(A(X)B(Y) + B(X)A(Y)), (1.3)

where a, b are certain nonzero functions and A, B are two non-zero 1-forms. The unit vector fields U and
V' corresponding to 1-forms A and B respectively defined by

9(X,U) = A(X), ¢(X.V)=B(X), g(U,V)=0.

The vector fields U and V are called the generators of the manifold [13]. If b = 0, then the manifold
becomes an Einstein manifold. If A = B, then the manifold reduces to a quasi-Einstein manifold.
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The aim of this paper is to introduce a mixed quasi-Einstein Weyl manifold, extending the concept
of a quasi-Einstein Weyl manifold.

A Weyl manifold is a conformal manifold endowed with a torsion-free connection that preserves its
conformal structure. It is called an Einstein-Weyl manifold if the symmetric part of the Ricci tensor of
the Weyl connection is proportional to the conformal metric. This condition represents a generalization
of classical Einstein-Weyl manifolds.

Einstein-Weyl manifolds have been studied by Folland [14], Tod [15], Pedersen and Tod [16], and
many others. Quasi-Einstein Weyl manifolds were defined and studied by Giil and Canfes [17].

In the present work, we define mixed quasi-Einstein Weyl manifolds and provide an example of their
existence. Then, we examine some specific properties of these manifolds and special vector fields in mixed
quasi-Einstein Weyl manifolds.

2. Preliminaries

A differentiable manifold of dimension n having a conformal class C' of metrics and a torsion-free
connection D preserving the conformal class C' is called a Weyl manifold, denoted by W, (g,w), where
g € C and w is a 1-form satisfying the so-called compatibility condition (see [18,19,20])

Dg=2(g®w). (2.1)

Under the conformal change
g=Xg, A>0 (2.2)

of the representative metric tensor g, the 1-form w changes by the law
w=w+dlnA (2.3)

Assume that M, (g,w) is a Weyl manifold of class C*°, covered by a system of coordinate neighbor-
hoods (U, z"). Then, Eq. (2.1) can be written in local coordinates by

Drgi; = 2wigij- (2.4)

We note that, throughout the paper, we will use Einstein summation convention over the repeated indices.
The curvature tensor, the covariant curvature tensor, the Ricci tensor, and the scalar curvature of
M, (g,w) are defined, respectively, as follows (see [21]):

Ujopkl = (Dle — Dle)Up, (25)
Whike = gnpWis (2.6)
Wi = WP =g" Whij, (2.7)
From (2.5) it follows that
Wi = 0% — O, + T, T = Th T, (2.9)
where Oy = ok and I'}; are the coefficients of the Weyl connection D given by
o= {kl} — 9" (gmrwr + gmiWr — GriWm), (2.10)
in which kZl are the coefficients of the Levi-Civita connection.

By straightforward calculations it is easy to see that the antisymmetric part of W;; has the property

where brackets indicate antisymmetrization [21].
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Definition 2.1 A tensor field A is called a satellite of g with weight p if it admits a transformation of
the form

A= puPA, (2.12)

under the change (2.2) of the metric tensor g, following [18].

From (2.7), (2.8), (2.9) and (2.10), it is easy to see that the Ricci tensor, the curvature tensor and
Weyl connection coefficients are satellites of g with weight 0, and the scalar curvature s is a satellite of
g with weight —2.

Definition 2.2 The prolonged derivative of a satellite A of g with weight p is defined as in [18] by
5kA = 6kA - pka. (213)

Definition 2.3 The prolonged covariant derivative of a satellite A of g with weight p is introduced in
[18] as
DkA = DkA — pka. (214)

We note that the prolonged covariant derivative and the prolonged derivative preserve the weights of
the tensors.
From (2.2), (2.4) and (2.14) it follows that

Dygij = 0. (2.15)

Moreover, since 5kgij = Or9ij — 2wiGij, it follows from (2.10) that

1 . ) .
k= 59“” <5k91m + O1Grm — 3mgkz> - (2.16)

A satellite of g is said to be prolonged covariantly constant if its prolonged covariant derivative is
zero.

3. Mixed Quasi-Einstein Weyl Manifolds
A Weyl manifold M, (g,w) is called a mixed quasi-Einstein Weyl manifold if
Sij = agij + b(AiBj + A;B;), (3.1)

where a, b are functions of weight —2, S;; is not identically zero and denotes the symmetric part of the
Ricci tensor Wj; of weight 0, and A;, B; are non-zero 1-forms of weight 1 satisfying

g9 AA; =1, ¢"B;Bj =1, g?A;B;=0. (3.2)

In this case, A; and B; are called associated 1-forms, and a,b are called associated scalar functions. If
b =0, then M, (g,w) is called Einstein-Weyl manifold. If A = B, then M, (g,w) is called quasi-Einstein
Weyl manifold [17].

Multiplying (3.1) by g%/, we get
s = an, (3.3)

which is the scalar curvature of a mixed quasi-Einstein Weyl manifold.

Theorem 3.1 The vector fields dual to the associated 1-forms for a a mized quasi- Finstein Weyl manifold
M, (g,w) can not be parallel vector fields.
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Proof: Suppose that the vector field A* dual to the associated 1-form A; is parallel for a mixed quasi-
Einstein Weyl manifold then, we have V;A7 = 0. Using (2.5) and (2.7), we get

AW, = 0. (3.4)
Using (3.1) and (3.4) we obtain
0 = AWy = A'(Si; + Wyy)
= A'(agi; +b(AiBj + A;B;)) + AWy

= aA; +bB; + AWy, (3.5)
Contracting (3.5) with A7 and then with B’ we get
a=0 (3.6)
and o
b=—A"B" Wy, (3.7)
respectively. Using (3.6) and (3.7) in (3.1), we get
Sij = Wi, (3:8)

which is not possible, since S;; is not identically zero. Hence the vector field A® dual to the associated
1-form A; can not be parallel. The proof is similar for the case B*. O

Theorem 3.2 If the associated scalar function a of mized quasi-Einstein Weyl manifold M,(g,w) is
prolonged covariantly constant, then M, (g,w) is conformal to a mized quasi-Einstein manifold.

Proof: Assume that M, (g,w) is a mixed quasi-Einstein Weyl manifold. The prolonged covariant deriva-
tive of (3.3) is _ . _

Dy.s = Dy(an) = nDya. (3.9)
If the associated scalar function «a is prolonged covariantly constant, and since the weight of s is —2, then
from (3.9) we find

Dys = Dgs + 2wis = 0. (3.10)
Hence, we have
Dks
= —— 3.11
Wk 25 ) ( )
from which it follows that wy is locally a gradient which completes the proof. O

It is easy to see that contracting (3.1) with A*A7, B*BJ, and A*B’ yields

ATAIS,; = a, (3.12)
B'BiS;; = a, (3.13)
A'BIS;; = b (3.14)

Example 3.1 We consider a 3—dimensional Weyl manifold M3(g,w) endowed with a metric by ds* =

x /2
gijdzidr? = e~ (dz')2 + e (da?)? + (d2®)? and a 1-form w = wida’ = —da' + %dxg. The nonzero

Weyl connection coefficients are

1 e 1 .

Fil B 5’ F%S - \/§ ’ 1—%2 - _ia 1—%3 = —e” 3
1

1 z /2
F%Q = -, ]_—%3 = _6 ,

2 \@

: e . ee 52

o= - Iy =1, Tf="° Ty =2 (3.15)
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A direct computation yields the following nonzero components of the Ricci tensor:

36x1/2
22’

Moreover, the nonzero components of symmetric parts of the Ricci tensor Si; and the scalar curvature s
are

W11 = 1, W13 = W22 = 17 W33 = ewl. (316)

363"1/2 1 1
—= S»=1 Sp=e", s=3e". (3.17)
4v2

If the associated scalar functions are given by

Si1=1, Siz=

a=¢e", b=— (3.18)

and the associated 1-forms are A = A;dx’ = e=*'/2dz'| B = Bydz' = da® then, (3.1) and (3.2) are
satisfied. Therefore, M3(g,w) is a mized quasi-Einstein Weyl manifold.

4. Some Special Vector Fields in Mixed Quasi-Einstein Weyl Manifolds

In this section, we define some special vector fields on a Weyl manifold and then present the results
related to a mixed quasi-Einstein Weyl manifold.
A vector field ¢ in a Riemannian manifold M is called torse-forming if it satisfies the condition

Vi¢h = a(slh + ¢h%‘7

where « is a smooth function, ¢" and v; are the components of the vector field ¢ and 1-form ~, respectively,
and 6! is the Kronecker symbol [22]. For details, see [23, p. 168].
If @ = 0, then the torse-forming vector field is called recurrent vector field, that is, the vector field ¢
satisfies
Vi = ¢"v;.
If v = 0, then the torse-forming vector field is called concircular vector field, that is, the vector field
¢ satisfies
Vo = adl.

A p(Ric)-vector field is a vector field ¢ on a Riemannian manifold M satisfying
Vig" = BRY, (4.1)

where " and R! are the components of the vector field ¢ and the Ricci tensor of the Riemannian
manifold M, respectively, and § is a constant [24]. Equation (4.1) can also be expressed in index-lowered
form as
Vipj = fRij,

where R;; is the Ricci tensor of the Riemannian manifold. We note that generalized ¢(Ric)-vector fields
are also defined by taking /3 as a function [25]. A comprehensive study of these equations on (pseudo)-
Riemannian spaces can be found in [26]. The present work follows the method introduced therein.

Now, we define these vector fields by using prolonged covariant derivative on a Weyl manifold.

A vector field ¢ of weight p in a Weyl manifold M, (g,w) is called generalized torse-forming vector
field if it satisfies the condition

Di¢" = ad} + ¢y, (4.2)

where « is a smooth function of weight p, ¢" and ; are the components of the vector field ¢ and 1-form
~ of weights p and 0, respectively.

If a = 0, then the generalized torse-forming vector field is called generalized recurrent vector field,
that is, the vector field ¢ satisfies
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If v = 0, then the generalized torse-forming vector field is called generalized concircular vector field,
that is, the vector field ¢ satisfies )

Dio" = adl. (4.4)

Since, the Ricci tensor W;; of a Weyl manifold M, (g,w) is not symmetric, we define generalized

(Ric)-vector fields by taking symmetric part of the Ricci tensor S;.

Definition 4.1 A generalized ¢(Ric)-vector field of weight p is a vector field ¢ on a Weyl manifold
M, (g,w) satisfying '

Dip" = BSt, (4.5)
where ©" are the components of the vector field p, S is defined SI' = g"iS;; with weight —2, and B is a
smooth function of weight p + 2.

Equation (4.5) can also be written index-lowered form as

Dip; = BSij, (4.6)
where ¢; = p"gy;, which is of weight p + 2.

Theorem 4.1 The vector fields dual to the associated 1-forms cannot be generalized A(Ric) and B(Ric)
vector fields in a mized quasi-Einstein Weyl manifold.

Proof: Suppose that the vector fields dual to the associated 1-forms are generalized A(Ric) and B(Ric)
vector fields on a mixed quasi-Einstein Weyl manifold. Then, by (4.6), we have

Di4; = Sy, (4.7)
DiB; = fS,
where A; and B; are the components of the associated 1-forms of weight 1, 5 and B are nonzero scalar
functions of weight 1, and S;; denotes the components of the symmetric part of the Ricci tensor of the
Weyl manifold, which has weight 0.
Multiplying (4.7) and (4.8) by A7 and BY, respectively, we get
0 = pASy, (4.9)
0 = JBBS, (4.10)
where we used the facts A7D;A; = 0 and B/D;Bj = 0.
Multiplying (4.9) and (4.10) again by A’ and using Equations (3.12) and (3.13), we get
— aB, (4.11)
0 = bb. (4.12)

From (4.11) and (4.12), since 8 and 3 are nonzero scalar functions, we obtain a = b = 0 which is not
possible since we assume that S;; is not identically zero. Hence the theorem is proved. O

Theorem 4.2 If M,(g,w) is a mized quasi-Finstein Weyl manifold, then both of the vector fields dual
to the associated 1-forms cannot be generalized torse-forming vector fields.

Proof: Assume that the vector fields dual to the associated 1-forms are both generalized torse-forming
vector fields on a mixed quasi-Einstein Weyl manifold. Then, from (4.2) we have:

D;AM = adh + Al (4.13)
D;B" = &" + B"3;. (4.14)
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Multiplying (4.13) and (4.14) by gp;, we obtain:
Did; = agij+ A, (4.15)
DiBj = agij + Bj%i, (4.16)
where A; and Bj are the components of the associated 1-forms of weight 1, o and & are nonzero scalar

functions of weight —1, +; and %; are 1-forms of weight 0. Contracting (4.15) and (4.16) with A7 and B7,
respectively, we get

= &B; + i, (4.18)
since A7D;A; = BPD;B; = 0 and A7A; = B B; = 1. Hence we obtain
W = —ad, (4.19)
Y, = —4&B;. (4.20)
Using Egs. (4.19) and (4.20) in (4.15) and (4.16), we get
DiA; = al(gy—Ai4y), (4.21)
From (3.2), we have A’B; = 0. Taking prolonged covariant derivative this equation and using (4.21)

and (4.22), we obtain . 4 N o
0=Dy (AlBi) = A'DyB; + B; D A* = 6¢A + aBy,. (4.23)

Contracting (4.23) with A* and B, respectively, we get a = & = 0, which contradicts the assumption
that o and & are nonzero scalar functions. Therefore, both of the vector fields dual to the associated
1-forms cannot be generalized torse-forming vector fields in a mixed quasi-Einstein Weyl manifold. O

Theorem 4.3 If the vector fields dual to the associated 1-forms are generalized concircular vector fields
on a mized quasi-Finstein Weyl manifold, then the associated 1-forms are prolonged covariantly constant.

Proof: Assume that the vector fields dual to the associated 1-forms are generalized concircular vector
fields on a mixed quasi-Einstein Weyl manifold. Then, by (4.4), we have

D; A" = b, (4.24)

D;B" = &l (4.25)
from which it follows that

DzA] = agij7 (426)

D;Bj = dgy;, (4.27)

where A; and B; are the components of the associated 1-forms of weight 1, o and & are scalar functions
of weight —1. Multiplying (4.26) and (4.27) by A’ and B, respectively, we get

0=ad,, (4.28)
0=aB;, (4.29)
since A7D;A; = 0 and BYD;B; = 0. Multiplying (4.28) and (4.29) by A7 and B, respectively, we obtain
a =& = 0. Therefore, by (4.26) and (4.27), the result follows. O

Theorem 4.4 If the vector fields dual to the associated 1-forms are generalized recurrent vector fields on
a mized quasi-Einstein Weyl manifold, then the associated 1-forms are prolonged covariantly constant.
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Proof: Assume that the vector fields dual to the associated 1-forms are generalized recurrent vector
fields on a mixed quasi-Einstein Weyl manifold. Then, by (4.3), we have

D;B" = B"%;, (4.31)
from which it follows that

DiA; = Ay, (4.32)

D;B; = Bj%i, (4.33)

where A; and B; are the components of the associated 1-forms of weight 1, 7; and ¥; are components of
the 1-forms v and % of weight 0.

Multiplying (4.32) and (4.33) by A7 and B, respectively, we get v; = ¥; = 0, since AjDiAj =0 and
BjDiBj = 0. Hence, the theorem is proved. O

Theorem 4.5 If a mized quasi-Finstein Weyl manifold satisfies the Codazzi type condition on the sym-
metric part of the Ricci tensor and one of the vector fields dual to the associated 1-forms is concircular,
then the manifold reduces to an Finstein—Weyl manifold.

Proof: If a mixed quasi-Einstein Weyl manifold satisfies the Codazzi type condition on the symmetric
part of the Ricci tensor, then we have

ViSij = ViSi;. (4.34)
Using (3.1), we get
VkSij = Vk(agij +b(A;B; + A;jB;))
= ijVia+ (A;Bj + A;B)Vib + bV (A; B + A;By). (4.35)
Multiplying (4.35) by A*B7, we obtain
A'BIVSi; = Vib. (4.36)
Similarly, we have
ViSk; = Vilagy; +b(AxBj + A;By))
= grjVia+ (AxB; + A;BR)Vib + bV (AxB; + A;By) (4.37)
and multiplying (4.37) by A?B?, we obtain
A'BIN,Skj = BrA'Via + AR A'Vib + b(A'V, Ay, + BLA BV, A;). (4.38)
Using (4.34), (4.36) and (4.38), we obtain
Vib = BrA'Via + AL AV b + b(A'V; Ay + BLA'BIV, A;). (4.39)

Suppose that the vector field dual to the associated the 1-form A; is generalized concircular. Then, using
(4.3), we have

Vid; =74, (4.40)

where ; is the component of a 1-form 7 of weight 0. Using (4.40) in (4.39) and then contracting (4.39)
by A*, we get

ARVb =0+ A'V,b + b(Aly; 4 0), (4.41)

from which we conclude that b = 0. Hence the manifold reduces to an Einstein-Weyl manifold.
Similarly, multipliying (4.35) by A7B* and contracting the result by B* under the assumption the

vector field dual to the associated the 1-form B; is generalized concircular, we obtain b = 0, which proves

the theorem. i
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