Bol. Soc. Paran. Mat. (3s.) v. 2026 (44) 5: 1-14.
©SPM - E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm do0i:10.5269/bspm.81104

On Fixed Point Results for Hybrid-Interpolative Reich-Istratescu-Type Contractions
within the Framework of Soft Metric Spaces

Hande Posul, Cigdem Aras Giindiiz, Arzu Erdem Coskun and Sadi Bayramov

ABSTRACT: In this study, we extend the class of hybrid-interpolative Reich-Istratescu-type contractions,
recently introduced by Karapinar et al. (2022), to the framework of soft metric spaces—a generalized structure
that integrates soft set theory with classical metric spaces to model uncertainty. We rigorously define these
contractions within soft metric spaces, leveraging the concepts of soft points and soft mappings. A series
of fixed point theorems are established under these generalized contractive conditions, demonstrating the
existence and uniqueness of fixed points. Novel analytical techniques are employed to validate the theoretical
results, and illustrative examples further highlight their practical applicability. These findings advance fixed
point theory in soft metric spaces and offer new perspectives for applications in optimization, control theory,
and computational mathematics where uncertainty is inherent.
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1. Introduction

Classical mathematical frameworks, though robust, often fall short in capturing the inherent uncer-
tainties and vagueness of real-world problems. To address these limitations, several generalized mathe-
matical structures have been proposed, including fuzzy sets, intuitionistic fuzzy sets, and rough sets. In
this context, Molodtsov (1999) [16] introduced the concept of soft sets as a novel mathematical tool to
effectively manage uncertainties, circumventing the restrictions posed by membership functions in fuzzy
set theory and lower and upper approximations in rough set theory. Ali et al. [2] expanded upon this by
developing new operations within soft set theory, laying the groundwork for defining soft metric concepts.

Building upon this foundation, researchers have extended classical mathematical structures to their
soft counterparts, thereby incorporating the flexibility and parametric adaptability inherent in soft set
theory. Among these extensions, the notion of soft metric spaces has emerged as a particularly significant
advancement. A soft metric space generalizes the classical metric space by incorporating soft sets, enabling
the measurement of ”soft distances” between elements. In this framework, the classical axioms of a
metric—non-negativity, identity of indiscernibles, symmetry, and the triangle inequality—are adapted to
ensure consistency and applicability within the soft set context. Das and Samanta [8] laid the initial
groundwork by introducing soft metric spaces and investigating concepts such as soft open and closed
sets, soft balls, and convergence in this setting. Subsequently, numerous researchers have significantly
contributed to the advancement of soft metric space theory. For instance, Bayramov et al. [6] introduced
the concept of bipolar soft metric spaces, while recent works have explored various hybrid structures such
as soft G-metric spaces [9], soft D-metric spaces [10], soft cone metric spaces [22], soft S-metric spaces
[3], parametric soft S-metric spaces [1], dislocated soft metric spaces [4], and soft A-metric spaces [19].

Zhang and Zhang [24] extended fixed point theorems to soft metric spaces, demonstrating their
relevance to nonlinear analysis and iterative schemes. In particular, their results, which echo the classical
Banach contraction principle, confirm that iterative methods retain convergence properties even in the
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presence of parameter-based distance structures. To further accommodate the complexity of real-world
applications, researchers have introduced several generalizations of soft metric spaces, each accompanied
by corresponding fixed point results. For instance, fixed point theorems in soft b-metric spaces have
extended the Banach contraction principle to this more relaxed setting, broadening its applicability to
systems where distance measures are not strictly linear [20]. Similarly, Yiiksel et al. [23] developed fixed
point theorems for soft partial metric spaces, showing that such spaces can model iterative processes in
computational environments with partial information. Additional studies have explored various variants
and generalizations of fixed point theorems in soft metric spaces, including those in parametric soft S-
metric spaces [11], soft parametric metric spaces [12], soft G-metric spaces [13], and soft B-metric spaces
[17].

Recent research has also focused on hybrid fixed point theorems, such as the Reich—Istratescu-type
contractions. Karapmar et al. (2022) [18] introduced a new class of contractive mappings—hybrid-
interpolative Reich—Istratescu-type contractions—which are characterized by their dependence on mul-
tiple parameters. This formulation provides a unifying framework that generalizes several well-known
contractive mappings, thereby offering potential applications across various generalized metric settings,
including soft metric spaces.

This paper aims to extend the applicability of hybrid-interpolative Reich—Istratescu-type contractions
by formulating and analyzing them within the framework of soft metric spaces. To this end, we first
provide a rigorous definition of these contractions in the context of soft metric spaces, incorporating the
notions of soft points and soft mappings. Subsequently, we establish a series of fixed point theorems
under these generalized contractive conditions. Existence and uniqueness results are derived using novel
analytical techniques specifically tailored to the soft metric setting.

The findings of this study make a significant contribution to the growing body of literature on fixed
point theory in generalized metric spaces. By extending hybrid-interpolative contractions to soft metric
spaces, we enrich the theoretical foundation of soft analysis and open new avenues for future research in
non-classical metric structures. The results presented herein are expected to have implications in various
fields that necessitate uncertainty modeling and decision-making under vagueness, including optimization,
control theory, and computational mathematics.

2. Preliminaries

We begin by presenting the essential definitions and fundamental concepts necessary for the develop-
ment of the subsequent results in this manuscript. Further elaboration on these topics can be found in
the cited references.

Definition 2.1 [16] A pair (p,Q) is claimed to be soft set on the universe X if and only if p is set
valued mapping on Q taking values in P (X). A soft set (p,§2) can be accepted as a parametrized family
of subsets of the set X. The set p(a) in X is called a—approzimate element of the soft set (p,2), for
each a in €.

Definition 2.2 [15] A soft set (p, Q) over X is called to be a null soft set if p(a) =0 for all a € Q and
denoted by ().

Definition 2.3 ~[15] A soft set (p, Q) over X is called to be an absolute soft set if p(a) = X for all a €
and denoted by X.

Definition 2.4 [21] A collection T of soft sets over X is called to be a soft topology on X if
(1) 0, X are included in 7;

(2) the union of any number of soft sets in T is included in 7;

(8) the intersection of any two soft sets in T is included in T.

The triplet (X,7,8) is claimed to be a soft topological space over X.

Definition 2.5 [21] Members of T are said to be a soft open sets in X, where (X, T,Q) is a soft topological
space over X.
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Definition 2.6 [21] A soft set (p,2) over X is called to be a soft closed set whenever its complement
(p, Q)€ is included in T, where (X, T,Q) is a soft topological space over X.

Proposition 2.1 [21] For each a € Q, the collection 7, = {p(a) : (p,Q) € T} defines a topology on X,
where (X, 7,Q) is a soft topological space over X.

Definition 2.7 [5,7] Z, is called a soft point on the soft set (p, ) over X if (p,Q) is defined as

e - ({257

It is clear that each soft set can be denoted as a union of soft points. Therefore, when we have the
family of all soft sets on X it is suitable to give only soft points on X.

Definition 2.8 [7] A soft set (p,Y) defined by p: Q2 — B (R) is said to be a soft real set, where R is the
set of all real numbers, B (R) is the collection of all non-empty bounded subsets of R. When a soft real
set (p,Q) is a singleton soft set, it is called a soft real number and denoted by T, 5,t. Besides the constant
soft real numbers are denoted by T,3,t. It is clear that 0 (a) =0, 1(a) = 1, for all a € Q.

Definition 2.9 [7] The collection of non-negative soft real numbers is denoted by R (Q)* and the pair

(R Q)" S) is a partially ordered set such that for v,s as two soft real numbers. Then,
(i) 7 < 3, if 7(a) <3 (a) for all a € Q,

(i) 7 > 3, if 7 (a) > 5 (a) for alla € Q,

(iii) 7 < 3, if 7 (a) < 3 (a) for all a € Q,

(iv) ¥ > 5, if 7 (a) > 3 (a) for all a € Q.

Definition 2.10 [5,7] Two soft points Ta, Yu are called to be equal when a = o' and x = y. Thus Ty # Yar
if and only if v £y ora # a'.

Let SP (X) denote the family of all soft points of the universe X.

Definition 2.11 /8] Let d:Sp (X)x SP(X) = R(Q)" be a function satisfying the following conditions
fOT a;ll 5augaz?gaa € SP(X)v

(1) d (Fa s Gaz) S0,

(2) d(ZTay,Pa,) = 0 if and only if To, = Yas,,

(2> %(50,1 b gaz) :~d£§a27 *%(h) ’ .

(3) d(ZaysZa) < dN(zanyaQ)er(yawzas)- B

Then the function d is called a soft metric on X and the triplet (X, d, Q) is referred to as a soft metric
space.

Definition 2.12 /8] Let {Z } be a sequence in the soft metric space (X,(?7 Q) . The sequence {Z7 } is
said to converge to a soft point T, € SP(X) if

Jim d (7, %) =0

Moreover, the sequence {55’3} is called a soft Cauchy sequence in (X, 67, Q) if, for every >0, there exists
a natural number m € N such that

g(%’ 7 )25, foralli,j > m.

a;’ > a;

Definition 2.13 [8] A soft metric space (X,J,Q) is said to be complete if every soft Cauchy sequence
i X converges to a soft element of X.
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Proposition 2.2 [14] Let C € [0,1], and let {z"} C R be a sequence satisfying the recursive inequality:
2"? < C'max {x",x"“} ,Vn € N.
Define K = max {xo, xl} . Then, for all m > 1, the following inequalities hold:
2 < C"K
2"t < C" K.
3. Reich—Istratescu-type contractions

Definition 3.1 Let a : SP(X) x SP(X) — R(Q)* be a soft function. A self mapping (f,¢) :
(X,c?, Q) — (X,J7 Q) is termed soft a—orbital admissible if, for every Ty € SP (X),

@ (@0, (£.9) (20) 3T = a ((1.¢) (70) . (£, )" (@0)) ZT.

Definition 3.2 Let a: SP(X) x SP(X) — R ()" be a given function. The set X is said to be reqular
with respect to « if and only if the following condition holds:
For every sequence {EZH} C SP(X) satisfying

«@ <5” ! ) >1 for alln €N,

an? " an41
and

lim J(Egn,ia) =0, for some T, € SP (X)),

n— 00

it follows that R
o (z; ,Tq) =1, for alln € N.

Lemma 3.1 Let {Egn} be a sequence in the soft metric space (X7 (z Q) . Suppose there exists a constant
Ce (6, T) such that the following inequality holds for alln € N :

d (5"“ 5"+3) gc.max{i (3?" 5"“),5 (5"“ 5”“)}.

An42? " An43 An? " An41 An+17 " Ant2

Then the sequence {527} s a soft Cauchy sequence in the soft metric space (X, c?, Q) .

Proof: Consider the sequence {27 } C SP (X) defined by

o J(gz" G+l ) VneN.

an An? " an41

By the hypothesis, the sequence satisfies the inequality

d (’f"“ ’f"+3)§c.max{c7 (5" gz"“),c? (5"“ 35"+2)}.

An42? " An43 Apn? 7 An41 An417 " An42

where C € (0,1). Hence, by Proposition 2.2, it follows that for all n € N

T(2n ~2n+1 _  22n Zm
d (mazn ’ xa2n+l) = Zag, SC K
T ~2n+1 ~2n+2 _ 2n+l1 Zm
d (ma2n+1 ’ xa2n+2> - lezn+1 SC ’K’
where K = max {z ,Z. }. In particular, we obtain

d (52" F2n+1 ) +d (52”“ 52"“) 290" K, Vn € N.

A2n? 7 A2n41 A2n 417 A2n42
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If C =0or K =0, then {5{;}02 becomes constant from a certain index onward. Therefore, in this

case, the sequence is trivially a soft Cauchy sequence. Now, assume that C> 0 and K> 0. To establish
that {Z7 } is a soft Cauchy sequence, let £>0 be arbitrary. Since 57>0 and C € (0,1), there exists a
natural number ng € N such that

In particular, for all p € N with p > ng, we have
p [e’e}
2K Y C'<2K ) CU<E,
i:no i:no

Let m,n € N with m > n > 2ng, and let p € N be such that p > ng + 1 and 2p > m. Then, using the
triangle inequality, we estimate:

m—1 2p—1
T(zn 7m )2 (57 i1\ 2 T i+l
d (xan,xam) < Z d (maj,xajﬂ) < Z d (a:aj,xaHl)
Jj=n Jj=2ng
p—1
_ T(~27 2541 T (52541 ~=2j+2
B Z [d (xajzj’xajsz) +d (xajzjﬂ’xajzwz)}
Jj=no
p—1 00
= > 209K2K Y CIZE,
Jj=no Jj=no
which proves that the sequence {%g} is a soft Cauchy sequence in (X , cz Q) . O

The following proposition has been established on soft points, similarly to Proposition 8 in the work
of Jiddah [14].

Proposition 3.1 Let C € [O,T] ,0 € (6, T) , and let {EZH} be a sequence satisfying the recursive inequal-
ity

~n4+2 = ~n  ~n+1 J

T, 7, <Cmax {man,xan+l} ,Vn € N.

Define K = max {520,5}11} . Then, for all m > 1, the following estimates hold:

oy~ T 2, ., sn—1 n
xz;zﬂ §01+5+6 +--+48 K(S ,

~2n+41 gci+6+62+m+6”*1K6"

agn+1—
Therefore, it follows that

~ 1
. ~n .
lim supz, <CT-5.

n—oo

Corollary 3.1 Let {fgn} be a sequence in the soft metric space (X, J, Q) . Suppose there exist constants
C € [0,1] and 0,n € (0,1) with 0 + n=1 such that
d (e ) 2od (a, a) d ()|

An42? " An43 n? W an41 An41? " An42

for alln € N. Then {EZH} is a soft Cauchy sequence in the soft metric space (X, d: Q) .
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Proof: Observe that for all n € N,

~ 6 n
~n+2 ~n-+3 = n+1 ~n+1 ~n+2
d (xa'rL+2 ? xan+3) S cd ( An? a +1) d (man+1 ? xan+2)
~ 0
= +1 ~n+1 ~n+2
< comax{d(@p @) d(F w2 ) |

~ n
~n-+1 ~n+1 ~n+2
max { (.T an? an+1) ? (xa71+1 ? xan+2) }

= (C.max {d (x" ke ) .d (55n+1 Fn+2 )}9“7

an? an+1 An41? " An42

- C.max{d (gn Gl ),J(%”“ 5”“)}.

an? Y ant1 An+4+1? " Ant2

Consequently, by invoking Lemma 3.1, we conclude that {EZW} is a soft Cauchy sequence in the soft

metric space (X, c?, Q) . O

Definition 3.3 Let (X,czQ) be a soft metric space, and let a : SP(X) x SP(X) — R(Q)" be a

given function. A soft mapping (f,¢) : (X JQ) — (X JQ) is called hybrid-interpolative Reich—

Istratescu-type (soft-a — ) contraction if there exists a constant ¢ € R(Q)" such that for some pu €
( ) 6>0, and non-negative constants \;>0 for i = 1,2,3,4,5, the following condition holds for all

xzuyb € X\\FZ:E ((fa ))
& ar i) ((£,9)° @), (£, (B0)) SN (s ) (3.1)

where N (Zo,Yo) is defined as follows:

~ [A]l/q, for all ¢> 0 with Y27_, \i + 0<1
N @arbo) = { B, for ¢ = 0 with Zf Ai+d=1
A = Alg(iaayb) +)‘2 (xaa(fa )( )) +)‘3 (yb’(fa )( ))q
A (f,0) Fa)  (F,0) @) + 25 ((129) (Fa) , (20)* (F))|

+0d (1,0 @) (1) @)
~ AL [~ A2 [~ Az
B = [d@0i)] [0 (f0) @) A (f0) G))]
[(0) @) (00 @] [1((0) Go) (10 )]
() @) (10 )]
Here, the set of fized points of the mapping (f, ) is denoted by
Fiz ((f,¢)) = {Fa € SP(X) : (/) (#a) = Fa}

Theorem 3.1 Let (X,CZQ) be a complete soft metric space, and let (f, ) : (X,CZQ) — (X,CZQ) be

a hybrid-interpolative Reich—Istratescu-type (soft-cc — ) contraction satisfying the following conditions:
(1) (f,¢) is a soft a—orbital admissible,

(#3) (f, ) is continuous,

(iii) There exists an element T € SP(X) such that o (23, (f,¢) (27)) > 1.

Then (f, ) admits at least one fized point in X.
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Proof: Let 20 € SP (X) be such that a (20, (f,¢) (29)) > 1. Since (f, @) is assumed to be soft a—orbital
admissible, it follows by induction that

a ((f, ©) (29), (f, ©)? (Eg)) > 1 forall n € N.

Define a sequence {7 } in SP (X) by setting z% = (f,¢)" (z9) for each n € N. If there exists m € N
such that (f, ) (~mm) =gmtl = z,' , then z7 is trivially a fixed point of (f, ). Suppose now that

Am+1

aptl #27 for all n € N. By the contractlve condltlon (3.1), we obtain:

a(gzg ;chfl) ((f, o) @) (f,9) (Z;Tl))
MN( Ztll)- 32

[A

d (5"“ G+ )

An42? " An43

A

We distinguish two cases based on the value of g;
Case 1: For ¢>0. By the definition of N (5Zn,52:+11), and substituting via the recursive structure of

the sequence, we have:

N (7 at) = ad(Fn, @) ed @, (f) @2,)) 4 ded (Tl (Fe) (3051,))°
+xad ((£9) @2, (o) (7o) +2sd ((10) @) (192 @5, )
+od (1) (7at],)  (ho)? (7r)))) /e
- [Ald( N ) +,\2d( an,zgﬂl) +>\3d( gﬂlﬁgﬁz) +>\4d( g+j1,zg:f2)q

txsd (Tl at2,) " od (72, @ntd, ) )

an+1’ Apn 42 an+2: ani3
= [+ d (30, 75 )+ e+ e+ as)d (@] 2, ) ad (@02, autE ) e

An+41 An+1’"An42 An+4+2’ 7 aAn43

<[ 20+ 2g + Aa + As) max {d (75, 70! )q (7l a2} +ed (3 g+f2,zg:jg)q]l/q.

yVan41 an+1° an+2

Using (3.2), we derive:

5(5"“ Fn s )q Zua [(Al T A2+ A3 4+ Mg+ As) max {E(ggn,wﬂ )q ,J(gnﬂ Fn 2 ) } +6d ( n+2  Zntd )q] e

An+42° 7 an43 An 41 An+41° 7 an42 An42° " an43
So that,
(T—wio)d (742, 7002,)" 2wt [On+de +de + X+ xs) max {d (72, 70r], )" d (7t 702,) "} Ve
< it (T-oymax{d (7, @) d (@, 7))

impliyng that for all n € N|

I(z2 7 ) 2D fa (an, ) (a ) ).

ant2’Yanys (1 — Mq(S) an? Y ant1 An+17 Y ant2
Setting
- 1/q
_ [ (T-9) -
C((l—uq5)> € (0,7),
we obtain:

d(ar §"+3)q§0max{ (72 ~”+1) A (m )

An427 " An43 An41 An4+17 " An42

Thus, by Lemma 3.1, {EZTL} is a soft Cauchy in (X J Q)
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Case 2: ¢ = 0. In this case, N ( Ty, s xgjjl) is defined via a multiplicative form:

N (wm. ) = (@ z:;ti)]h 2@, o @] (1@ e )]
(1.0 @) (o) (m )] [ (oo @) (e @)
(. (ﬂ:::l) (.0 (700)]
(w1 me)]” [d @ me)]”
4(

(@

d

|
L
) g

=
8

A4 [~ A5 [~ )
~n+1 ~n+2 ~n+1 ~n+2 ~n+2 ~n+3
Apn41? an+2)i| [d (xan+1 ? xan+2>j| [d (‘Tan+2 ! xan+3>:|

~n+1 ArtAz J ~n+1 ~n-+2 AzFAatAs (;lv ~n+2 ~n+3 g
La,,» z xan+2,xan+3 :

= d

an an+1 a 417 T An 42

From (3.2), we then obtain:

;Z(zn+2 E”+3) iftpi(zgn,§”+1)}xl+k2[J(§“+1 %”+2)]A3+A4+A5[8(5“+2 5”+3)}5 (3.3)

An427 " An43 An41 An41? " an42 An427 " An43
Assuming § = 1 leads to a contradiction since then:

0<d( Fn+2 %n+3)<ud( ~n+2 5,/:n+3)

An427 YV Ant3 An+27 " An43

and 0<p<T. Therefore, §<1, and 30 A; = T — §>0. Let

A+ Ao A3+ A+ A5

9: — = —
T_s " T_6

, with 0 4+n=1.

Then (3.3) becomes

J(§n+2 %n+3 )1*5 ;IM [J(%n 5n+1 )} A1+A2 [J(in“'l %n+2 ):|)\3+)\4+)\5

An42? " An43 [ ¢ o | An41? " An42

so that

A1tAo A3+Ag+As

T (mn+2 sn+3 > % T (=n omtl 1-3 T (mn+l nt2 1-9
d (xan+27 xan+3) S Mt ¢ |:d (xan’ xan+1):| |:d (man+1 ’ xan+2>]
T ~ 0~
fls d(z" En-‘rl d Z‘fn+1 %n+2 n
K an? ¥ an41 An41? ¥ an42

for all n € N. Noting that p € (0,1), we have

e e 1 T~
0<1l —6<1 = 1<ﬁ = ;ﬂiégu<1.

Since quﬁ <1, t follows by Corollary 3.1 that the sequence {5:}”} is soft Cauchy in (X , cz Q) .

In both cases, the sequence{iﬁn} is soft Cauchy. By completeness of the soft metric space (X ,c?, Q) ,
there exists a point ¢; € X such that

lim z} = ¢.

n—oo
Moreover, since (f, ) is continuous, we have:

(9 @) = Jim () (75,) = Jim o), =G

n—oo

Therefore, ¢ is a fixed point of (f, ), completing the proof. O
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Theorem 3.2 Let (X,cZQ) be a complete soft metric space, and let (f, ) : (X,J,Q) — (X,CZQ) be

a hybrid-interpolative Reich—Istratescu-type (soft-a — u) contraction satisfying the following conditions:
(7) (f, ) is a soft a—orbital admissible, N
(ii) There exists an element 79 € SP (X) such that « ( o, (f, ) ( )) >1.

(iii) (f,)? is continuous and o (Zq, (f,¢) (Ta)) =1 for all T, € Fix ((f7 (p)2)
Then (f, ) admits at least one fized point in X.

Proof: Let 20 € SP (X) be arbitrary, and define the sequence {Z7 } in SP (X) by 20 = (f,¢)" (z% ).
From Theorem 3.1, it follows that this sequence converges to a point g, € SP (X), i.e.,

T, — Ypasn —r 0o.

Since (f,¢)? is continuous, we have
(£,0)* @) = lim_ (f,0)* (75,) =5 (3.4)

which implies that g is a fixed point of (f, @)2 yi.e., gp € Fix ((f, 90)2) . Moreover, by the definition of

composition,
(£,0)* (@) = (£.) () (3.5)

To show that ¥, is also a fixed point of (f,¢), suppose to the contrary that (f,¢) (gs) # ¥p. Then,
(f,¢) (i) can not be a fixed point of (f, ), because

(F,0)° @) = (fo0) @) # B = (£, 9)° (B)

which contradicts the uniqueness of the fixed point under convergence. We now apply the contractive
condition (3.1) at the point g, yielding:

d (@, (£,0) @) < o @or (f.0) @) d @. (£, ) ()
=l () @) ((£9)° @) (F.9)° @)
)

< N G (fr0) () - (3.6)
Case 1: ¢>0. We compute:
N @, (f,0) @) = [Mad @, (f,0) (B)7 + Ao (Gs (f. ) (B))"
5 ((£,0) @) (0 @)+ Mad ((£,0) @) (£ 0)° @)

a5 ((120) @) (£, @) +ad(<f,w> @) (f:0)° @) 11
= d @, (£,0) @)+ dad G, (£,) @))"

a0d (£ @)+ (£.) @)+ Mad (1,90 @) (129) ()

5 (1, @) (£:0) @)+ 04 ((£,0)° @) () @) ) 1/

= [ad @ (F:9) (B)7 + dad (s, (f.0) (@)
s (T, () (@) + Nad (@, (f0) (B0))°
+)\5 (yba(fa )( b)) +5d(yb7(fa )(yb))q]l/q

1/q
(ZA +6> @, (f,) (U ))‘I]

d (ybv (fa 90) (yb)) .

A
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Substituting into (3.6), we obtain:

0<d s, (f+0) @) < ud (o, (f, 0) (b))

which is a contradiction since 0<u<1. Hence, it must be that (f, ) (7s) = -
Case 2: ¢ = 0. Then N (4, (f, ) (¥p)) is given by:

N (gbv (fa 90) (gb))

G, (1.0) @] [T
().
)0/
Yb
b
b

G
4(c
(
(3
(
(
r

@ @
d @ @

&EI "

(o) [d

d

(
(

[
[
[
d((f,

)
)
s
@) @) (f
@) ) (1,9)
@ (£0) )] |

G, (1.0) @] [T
G (10 @) |

4 (@, (1) @)

¥
¥

7 @)]
Y @)

) @)

A2

(@ (%) (@)

223

.AS

(07 @)
@ (. 0) )]

T3~ 9
() @)

TA5 [~

((F:9) @) (F0) @)
5
(5.9 @)

A4

o))

since all distances involved reduce to d (Ub, (f, ) (p)) . Thus, equation (3.6) becomes:

0<d (§os (f, ) (@) ped G, () (b))

again yielding a contradiction. Therefore, (f, @) (¥») = ¥p». Consequently, in either case, g3 is a fixed point
of (f, ). This completes the proof.

Theorem 3.3 Suppose that all the hypotheses of Theorem 5.2 hold.

o (Za, o) =1 for any Ta, 9o € Fiz ((f, ). Then the fired point of (f,¢) is unique.

O

Additionally, assume that

Proof: Assume, for the sake of contradiction, that (f,¢) admits two distinct fixed points u.,vq €
SP(X), and u. # v4. Invoking the contractive condition provided in Equation (3.1) , and utilizing
the additional hypothesis a (Z4,%5) >1, we obtain

d (ﬂc, 5,1) <

= a(@, ) d((f
,U'N (ﬂc, :Jd)

A

o (i, 0g) d (Tie, Dg)
d

o) (@), (f ) ()

(3.7)
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Substituting these into the expression for N (u.,74), and using Case 1, we have:

N (@) = d (@7 + dod (@, (1, ) (3c))°
s (Ta, (£, 0) @)+ Mad ((f9) (@) , (£ 0) (F))"
s ((1,0) @) (o) @) 00 ((£.0) (). (1 0)* @) 0
= [\d (U, 00)" + Aad (e, e)? + Nad (g, Ba)? + Nad (T, Bg)
s (T, Tie) T + 0d (T4, Ta) ]/
= [+ 20 dG)
(A1 + )9 d (1, T)

d (am 5d)
Substituting this back into inequality (3.7), we obtain:
0<d (Tie, D) <pd (T, Ug)

which leads to a contradiction. Therefore, our initial assumption must be false, and we conclude that
U. = V4. Hence, the fixed point of (f,¢) is unique. O

Theorem 3.4 Let (X,J,Q) be a complete soft metric space, and let (f, ) : (X,(ZQ) — (X,J,Q) be

a hybrid-interpolative Reich-Istratescu-type (soft-a — ) contraction for ¢ = 0 such that A1, Ao, As>0.
Suppose that

(1) (f,¢) is a soft a—orbital admissible,

(ii) There exists an element 20 € SP (X) such that o (20, (f,¢) (20)) >T.

(4i7) (X, c?, Q) is reqular with respect to .
Then (f, ) admits a fized point in X.

Proof: By Theorem 3.1, the sequence {%g} constructed by the iterative process converges in the soft
metric space (X , c?, Q) . Since the space is complete, the sequence {:?ZW} is soft Cauchy and thus converges

to a point u. in SP(X), i.e., ¥, — U. as n — oo. We aim to show that . is a fixed point of (f, ).
Suppose, for contradiction, that

(fs ) (Ue) # e
Assume that the sequence {%Zn} consists of distinct elements, i.e., z;; # ;' whenever n # m, and that
none of the points z7; or u. belongs to Fiz ((f,¢)) for n > ng, where ng € N. We shall demonstrate that
U, is in fact a fixed point of (f, 30)2 . For n > ng by the contraction condition, we have:

A

a(@, i) d ((f,9)° @), (f,9)° (Ue))
uN (%, )

= pld@,. ] [d@, e @)
[, (5.0) @] [0 @) () @]
(A5 0) @) 0 @) [T @) (9 @)
= wld@, 0] [dE, w0 [iE e @]

~ é

(@ (o) @] [a@ w)] ™ [d((e) @) (9 @)

d(T2,. (1 0)* (@)

A

A2
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Since A1, Aa, A5 >0 and the sequence {ffjn } converges to U, all terms tend to zero as n — oco. Consequently,
we deduce that

an+2’

(’L+2 (f,¢)° (C)>—>6asn—>oo,

which implies

(f,0)* () = T
However, since (f, @) is assumed to be a-orbital admissible and (X, [1: Q) is regular with respect to «, it
follows by conditions (3.4) and (3.5), that

(f,0)? (@) = e = (f, ) (W) = e

which contradicts our initial assumption. Thus, we conclude that (f, ¢) (u.) = U., and hence . is a fixed
point of (f, ). O

Corollary 3.2 Let (X,J,Q) be a complete soft metric space, and let (f,p) : (X7c779> — (X7czQ> be
a continuous self-mapping. Suppose there exist constants 7y, € (6, T) such that v + < 1 and

A((f:0) @), (1 0) () 294 s o) + BA((F. ) () (£,) ()

for all T,y € SP (X). Then, (f,¢) admits a unique fixed point.

Proof: Define 1 = v + 3, so that p € (0,1). Consider Definition 3.3 and choose: a (Zq, %) = 1,9 = 1,
M= A= M,)\Q A3 = Ay =3 = 0. Then for all Z,,7, € SP(X), we have
~ 5 2~ 2~ - ~ =
& @as§) d (£, @) (£.9) @) S W (i)
- ~ ~ - _ 1/q
S 0 MA@ )+ Md (£.0) @) s (£.9) ()]

|

BI(F.0) @) () @b»]

= 'Yd (Jfa, yb) + /Bd((fv 90) (ia) ) (fv 90) (gb))

which verifies that inequality (3.1) holds for all Za, 7, € X\ Fiz ((f,¢)). Let 2 € SP(X) be an
arbitrary initial point, and define a sequence {EZH} in SP (X) recursively by:

= (f.9)" (a5,) -

= B Pd(%,yb) +
]

By inequality (3.5), it follows that:

J(gn+2 Fn+3 )

An427 " An43

A

n+1 n+1l ~n+2
,yd ( an? lln+1) + Bd ( an+17xan+2)
T{~n ~n+1 T(~n+1 ~n+2
~ max {d (man,xanH) ,d (xan+1,xan+2)}
T({~n ~n+1 T {~n+1 ~n+2
4+ max {d (xan , xan+1) . d (:L'an+1 , xan+2) }
_ T (~n  ~n+l T(~n+1 ~n+2
- (’y + /8) max {d (xa'n,’ xan«i»l) ? d (xan«i»l ? xan+2) }
— pmax {Ei(a" o+l ) J(E"*l Fn? )}
= M an’Yany1 )0 Apt1? " Ant2 .

This recursive inequality satisfies the conditions of Lemma 3.1, implying that the sequence {E’aln} is soft

A

Cauchy in the complete soft metric space (X , c?, Q) . Hence, there exists a point ¢ € SP (X) such that

Ty — ¢ as n — o00. Since (f, @) is continous, then ¢ is a fixed point of (f,¢). O
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4. Conclusion

In this study, we have extended the framework of hybrid-interpolative Reich—Istratescu-type contrac-
tions to the setting of soft metric spaces. By integrating the concepts of soft sets and soft points, we
rigorously formulated generalized contractive mappings and established several fixed point results, in-
cluding existence and uniqueness theorems under various contractive conditions. The main contributions
include the adaptation of interpolative-type inequalities to soft metric structures, the development of new
analytical techniques specific to soft mappings, and the validation of these results through illustrative
constructions.

Our findings demonstrate that hybrid-interpolative Reich-Istratescu-type contractions preserve fixed
point properties within soft metric spaces, a class of structures well-suited for modeling uncertainty and
parametric variability. These results not only generalize several classical fixed point theorems but also
provide a solid theoretical foundation for further exploration in nonlinear analysis and applied mathe-
matics.

This work contributes to the broader field of soft topology and soft analysis by offering novel tools
for handling imprecise and vague data structures, with potential applications in optimization, control
systems, decision theory, and computational modeling. Future investigations may focus on extending
these results to other generalized soft structures such as soft cone metric spaces, soft partial metric
spaces, and soft probabilistic metric spaces, or exploring their algorithmic implementations in complex
decision-making environments.
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