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Ideal (A, p) —Statistical Convergence of Order o with Respect to Seminorm ¢

Rabia SAVAS

ABSTRACT: In this paper, we introduce a new convergence concept of Ideal (A, u) -Statistical Convergence of
order o with respect to seminorm g. Our main objective is to improve and generalize several existing results
related to sequence spaces. Furthermore, we establish detailed inclusion relations among the newly defined
sequence spaces and the existing ones. Finally, a fruitful open problem is presented for future research.
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1. Introduction

One of the most important research areas of Summability Theory is examining the notion of statistical
convergent sequences. The important of this area came to prominent after the examination of Fridy and
Saldt in [12] and [23], respectively. Additionally, Statistical convergence has important applications in
several areas of mathematical analysis. It is widely used in summability theory to study sequences and
series that fail to converge in the classical sense but exhibit regular behavior on average. The relationship
between the summability theory and statistical convergence has been introduced by Schoenberg [37].
The natural density of the set U, where U C N has been given by

1
0 (U) = limﬁ Hk <n:|keUl}

where |.| used for the order of an enclosed set. Moreover, sequence = (xj) statistically convergent to
the number z, if for arbitrary € > 0,

U(e)={keN:|zy — x| > e}

has zero natural density in [11]. In this case we write if U C N is finite set, then § (U) = 0 and for any
set U CN, 60U =1-6(U). It is represented symbolically S, the set of all statistically convergent
sequences.

The concept has been extended to functional analysis, particularly in normed and Banach spaces, to
analyze sequences of functions and operators under generalized convergence notions in [4]. Moreover,
statistical convergence is related to probability theory in [7], especially to convergence in probability, and
has been further generalized to settings such as ideal convergence and fuzzy normed spaces in [32].

Afterward, the concept of A—statistically convergent sequences was defined by Mursaleen [17]. More-
over, the definition of [V, A] —summability was extended by Leindler [15]. On the other hand, in [5] and
[6] a different direction were given to the study of statistical convergence where the notion of statistical
convergence of order o, 0 < a < 1 was introduced by replacing n by n® in the denominator in the
definition of statistical convergence, also [1] for related works.

In other respects, in numerous fields of science and engineering, we often deal with double sequences,
such as sequences of matrices. There are certainly cases where the concept of classical convergence is
inadequate, or the structure of the underlying space does not meet our requirements. To address these
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challenges, it becomes necessary to develop alternative notions of convergence or new measurement tools
that offer a more effective and suitable framework for analysis.

Now let us present the definition of convergent in Prinsgheim sense [22] which is as follows: A double
sequence = = (xy,;) of real numbers is said to be convergent to L € R in Pringsheim sense if for ¢ > 0,
there exists N, € N such that |xy; — L| < e, whenever k,I > N.. In this case, we denote such limit as
follow:

P Jim o=

The Pringsheim limit plays a central role in the theory of double sequences and serves as a basis
for defining generalized convergence concepts, including statistical convergence and ideal convergence for
double sequences.

Definition 1.1 Let K C N x N be a two-dimensional set of positive integers. The double natural density
of K is defined by
1
02(K):=P— lim — |{(m,n) e NxN:(m,n)e€ K}|.

m,n—oo0 N

A double sequence x = (x1,) of real numbers is statistically convergent to L if for each € > 0,

1
P— lim —|{(k,))eNxN:k<m, I<n:|z —L|>e}|=0.

m,n—o00 mn

In this case, we write So —limx = L and denote the set of all statistically convergent double sequences
with Sy [16].

Recently, Mursaleen et al. in [18] studied generalized statistical convergence and statistical core of
double sequences. Let A = (A,,) and u = (i) are two non-decreasing sequences of positive real numbers
such that each tending to oo with A1 < Ay + 1, A1 = 1 and pp41 < p, + 1, 3 = 1. The collection of
such sequences (A, ) will be denoted by A.

Let K C N x N be a two-dimensional set of positive integers then the (A, i) density of K is defined as

5.5 (K)=P— lim

m,n— 00 )\m’u,n

m—>An+1<k<m;
n—p,+1<i<n:(kl)eK

provided that the limit exists, where I,,, = [m — A, +1,m] and J,, = [n — p, + 1,n] and A\, = A in
in [18].

Throughout this paper, we shall denote (k € I,,,1 € J,,) by (k,l) € I, ,. We remark that for I,,, =
m and I, = n, the above density reduces to the double natural density. We say that x = (xy,;) is
(Au) —statistically convergent to the number L if, for every ¢ > 0,

1
P— lim —— |{(k,0) € Ly :|zry — L| >} = 0.

m,n—00 Ay p

We denote this by Sy, —limz = L.

Before establishing to the main results of this paper, one way to generalize the original definition of sta-
tistical convergence is to define statistical convergence with respect to an ideal of subsets. Sequential con-
vergence with respect to an ideal was introduced by Kostyrko, Salat and Wilczyniski [14]. Later it was fur-
ther studied by Dem [10], Das, Savas, and Ghosal in [8], Savas ([26], [27], [28], [29], [30], [31]), Savas and
Gumus [33], and many others. More applications of ideals can be found in [9]. An admissible ideal of NxN
is called strongly admissible if {i} x N and N x {i} belong to for each i € N. It is clear to see that a strongly
admissible ideal is also admissible. Let Zp = {A CNXxN: (Im(A) e N) (4,5 > m(A) = (i,j) ¢ A)}.
Then Z; is a proper strongly admissible ideal and Zs is admissible if and only if Zy C Zs.

Now let Zy be a proper admissible ideal in NxN. A double sequence x = (zy,;) of real numbers is said to
be convergent to L with respect to the ideal Zs, if for every e > 0, A(e) = {(k,1) e Nx N: |xp; — L| > €} €

Z5. In this case, we write Zy — lim zp; = L.
kl—ooo
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Note that if Z5 is the ideal Zy, then Zs—convergence coincides with the convergence in Prinsheim sense
and if we take Z; = {A C N x N : §3(A4) = 0}, then Zy—convergence becomes statistical convergence for
double sequences.

Recently, the ideas of Z—statistical convergence and Z — \—statistical convergence, which are more
general than statistical convergence and A—statistical convergence. Following these works, Balcerzak and
Dems in [2] introduced the notion of Z—convergence in measure which is more general than convergence.
In [24] Savas and Das presented the notions of Z—statistical convergence and 7, —statistically, and many
researchers studied this concept. (see [13], [19], [20], [25]). Additionally, Belen and Yildirim in [3]
defined some methods of summability by unifying the notions of statistical convergence, (Au) —statistical
convergence, and ideal convergence for double sequences.

In this paper, we shall consider the following definitions to get some new summability methods and
examine the relationship betwen them.

As discussed by Schaefer and Wolff [36], let X be a vector space over the field K = R or C. A function
q: X — [0,00) is called a seminorm if it satisfies the following properties for all z,y € X and all scalars
a € K; (i) q(az) = |a| ¢(z) and (i1) q(z,y) < q(z) +q(y). A topological vector space X is locally convex
if and only if its topology can be generated by a family of continuous seminorms ¢. In this case, (xg)
converges o € X if and only if ¢ (zx — z¢) — 0.

2. Main Results
We begin this section with the following definitions which will be used in establishing the main results

of this paper.

Definition 2.1 Let X be a locally convex Hausdorff topological linear space whose topology is determined
by a set U of continuous seminorms q and (x;) € U. Let a double sequence x = (x,) is said to be
double To—statistically convergent of order « to xg, where 0 < o < 1, if for every given € >0 and § > 0

{(m,n)eNxN: |k§m,l§n:q(xk7l—xo)25|2(5}EIg.

(mn)®

We say that o sequence x = (i) is double To—statistically convergent of order o to zo or

S%(Z2) (q) —convergent to xo, where 0 < o < 1, it is represented symbolically by xy L g (Z2) (q).
The set of all double—Iy—statistically convergent of order « sequences will be presented by S (Z2) (q) .

Remark 2.1 If we consider To = I (fin) , then S (Z3) (q) —convergence coincides with double statistical
convergence of order o with respect to seminorm q. For an arbitrary ideal I and for a =1, it coincides
with double Ty—statistical convergence. When Io = Iy (fin), and o = 1 it is only double statistical
convergence with respect to seminorm q.

Definition 2.2 Let the sequence v = (zy,). If for a given € >0 and 6 > 0,

1
{(m,n) ENXN:)\T\{(k,Z) €Lnn:q(zrg —xo) > e} 25} €I

m,n

We say that all these types of sequences will represent by SY , (Z2) (q) —statistically convergent of order
P
o Or Ty — To (Siu (Z») (q)) )

Remark 2.2 If we consider Iy = I (fin), S5, (I2) (q) —convergence reduces S (I2) (q) —statistical
convergence of order .. For an arbitrary ideal Iy and for oo = 1, it coincides with S, (I2) (q) —statistically
convergence. Finally for Iy = Iy (fin) and o = 1 it becomes Sy, (q) —statistical convergence. Also, if
we consider A\, =n and p,, = m, we have definition 2.1 from definition 2.3.
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Definition 2.3 Let X be a locally convexr Hausdorff topological linear space whose topology is determined

by a set U of continuous seminorms q and (xp;) € U. Let A\,u € A,« € (0,1] be any real number. If
there is a real number o such that

(m,n) € N:

= Z q(xpy—x0) >¢€p €Iy
M (ke 1)E L m

then we call that a double sequence x = (zx,) is [V, A\, q]™ (Z2) —summable to xo.
Remark 2.3 If we take Zo = Io (fin), then [V, Au, q]* (Z2) —summability reduce to [V, Au, ¢|* —summability.

Theorem 2.1 Suppose 0 < a < 8 < 1. Then we obtain S, (I2) (q) C Sf,u (Z2) () -

Proof: If 0 < o < 8 <1, then

[{(k, D) € Imm : q (@i —@0) Z e}  [{k,D) € T g (@h2 — 20) 2 e}

)\gn,n )‘%,n

and for any ¢ > 0,

: — >
{(m,n) eNxN: [{(k,1) € Inm /\g (wht = 20) 2 €} > 6}

{(k, 1) € L - g (wh1 — T0) > €} > 5}.

a
>‘m,n

C {(m,n)eNxN:

Thus, if the set on the right-hand side belongs to the ideal Zy then the set on the left-hand side also
belongs to Zs. This shows that

S, (T2) (q) € S5, (T2) (q) -
O

Corollary 2.1 If a double sequence is I;‘”—double statistically convergent of order a to xg for some
0 < o <1, then it is Ty" —double statistically convergent to x, i.e., S, (Z2) (q) C Sxu(Z2) (9)-

Similaary, we can prove the following theorem

Theorem 2.2 Suppose 0 < o < 8 < 1. Then

(i) S*(Z2) (a) € 87 (Z2) ()
(iii) In particular S (Z3) (q) C S (Z2) (q)-

Theorem 2.3 5% (1) (q) C S, (Z2) (¢) if P — liminf Ann_ S ().

m,n— 00 (mn)>
Proof: For any € > 0,
1
) {k<m, 1 <n:q(rg;—x0) >e}] > ()" H{(k, 1) € I+ g (xp0 — 20) > €}
A0, 1
(mn)a o ‘{(k»l) € Im,n : q(xk,l - 1’0) > 5}| .

If

«
: : mn
lim inf 5 = U,
m,n—00 (m’n,)
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«
>‘m
n

(m

then we obtain {(m,n) eNxN: b < %} is finite. For ¢ > 0,

1
{(m»n) ENxN: -3 {(k,1) € Iy = q(@hy — w0) > €} 25}
m,n
- {(m7n) €ENXN: (mn o ‘{kgmvlén:q(xk,l —1'0) 25}‘ 2 ;5}

U{(m,n) €ENxN: (;n’;a < ;}

The set on the right-hand side belongs to Zs. O

Theorem 2.4 Suppose a, 0 < a < 1 and if (Amn) € A be such that P — lim% =0, then we
obtain S5 , (Z2) (q) C S*(Z2) (q) -

Am.n)®
(mn)>

Proof: Suppose § > 0. We know that P — lim

n

= 0, so we can select (r,s) € N x N such that

(m=Am)(n—pn) ¢, for all m > r and n > s. We write for given € > 0,

(mn)®
1
g [k <m, 1 <n:q(zr —20) > e}
(mn) ’
1
= 7a|{kgm_Anulgn_,un:Q(mkl_xO)Zg}‘
(mn) ’
1
Wk D) E Ly —z) >
+(mn)a H(k,1) € Lnn = q(wp0 — 20) > €}
(m — Am) (0 — ptn) 1
< k,l S — >
< (mn)® + (mn)° (k1) € Inn = q (21,0 — 20) > €}
1) 1
< -+ a {(k, 1) € I q (210 — 20) > €},
2 (mn)

for all m > r and n > s. Thus,

1
{(m,n)ENxN:(mn)a|{k§m,l§n:q(mk7l—xo)2£}|26}
1
Aa

m,n

5
c {(man) € NxN: {(k,1) € L q (20 — 20) > €} > 2} U B,

where B is the union of the first mg and the first ng columns of the double sequence. If SY (Z2) (¢) —
P —limx = g, then the set on the right-hand side belongs to Z>. Hence, the set on the left-hand side
also belongs to Z. This shows that x = (z1,) is S* (Z2) (¢) —statistically convergent to xg. O

Theorem 2.5 Suppose (Am.n) € A, Then xi; — xo [V, A\, q)" (Z2) = zp1 — x0o (Sj'\"u (Z) (q))

Proof: Suppose € > 0 and zy; — 2o [V, A, ¢]” (Z2). We obtain

> q@ki—w0) > > q(Tpp—x0) > €
(k) €Lm.n (kvl) € Im,n
&q(zpp—0) > €

el{(k,1) € Ium = q (w0 — 20) > €}

Y]
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Then for a given § > 0,

1
(mn)® H(k, D) € Imn : q(Thy — w0) > €} > 0
1
= Z q(xp; —x0) >
M (kD)€L n

that is

{(m,n) ENxN: ! H(k, 1) € Inm : q(xpy —x0) > €} > (5}

oY
>‘m,n

1
C (m,n) e NxN:

Z q(xpy—x0) p > €0

[
(kD) €L, n

We know that @y, — xo [V, A, ¢]* (Z2), so the right hand side belongs to Zs, so xx,; — o (Siu (Z2) (q)) .
O

3. Conclusion

We have developed a comprehensive framework for double Z,-statistical convergence of order « in
locally convex Hausdorff topological vector spaces equipped with a family of continuous seminorms. Our
results generalize classical notions of statistical convergence and summability, showing how various types
of double statistical convergence. This framework provides a unified approach to analyze the statistical
behavior of double sequences in topological vector spaces, highlighting the role of seminorms in capturing
convergence patterns. In particular, the inclusion relations and parameter-dependent results demonstrate
that lower-order double statistical convergence implies higher-order convergence, and that summability
methods imply statistical convergence in the double sequence context. Overall, these findings extend the
classical theory of statistical convergence to double sequences in locally convex spaces, offering a flexible
and robust toolset for future research in functional analysis, sequence spaces, and convergence methods in
topological vector spaces. This work opens new avenues for studying statistical convergence phenomena
in higher-dimensional or double-indexed sequences, as well as their applications in analysis and applied
mathematics.
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