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Local Criteria for u-S-flat Modules

Mohammed Amassmir and Mohamed Aqalmoun

abstract: Let R be a commutative ring and S a multiplicative subset of R. Following Zhang’s notion of
uniformly S-flat modules, we investigate local and homological properties of flatness in this relative setting.
We first establish finite local criteria for uniformly S-flat modules under the assumption that a finite family
(f1, . . . , fp) of elements of R meets S. In particular, we show that an R-module M is uniformly S-flat if and
only if its localizations Mfi are uniformly Sfi -flat. We also obtain characterizations in terms of prime ideals
disjoint from S. In the second part, we study the uniformly S-flat dimension of modules and the uniformly
S-weak global dimension of rings. Using the above finite local techniques, we establish prime ideal formulas
and finite local characterizations for these dimensions, extending classical results on weak global dimension to
the uniformly S-flat framework.

Keywords: Commutative ring, modules, u-S-flat modules, u-S-flat dimension, u-S-weak global di-
mension.
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1. Introduction

Throughout this paper, R denotes a commutative ring with identity and S ⊆ R denotes a fixed
multiplicative subset, that is, 1 ∈ S and s1s2 ∈ S for all s1, s2 ∈ S. Homological and finiteness conditions
relative to such a subset S have played an important role in commutative algebra, especially in the study
of localization, torsion theories and various S-analogues of classical notions.

Recall that an R-module M is called an S-torsion module if for every m ∈ M there exists s ∈ S
such that sm = 0. This notion naturally leads to the hereditary torsion theory generated by S-torsion
modules. Several finiteness conditions relative to S have been introduced and studied over the years. In
particular, Anderson and Dumitrescu in [3] introduced the notion of S-finite modules, namely R-modules
M such that sM is contained in a finitely generated submodule of M for some s ∈ S. Although this
definition does not explicitly involve uniformity, it already suggests that a single element of S may control
global properties of a module.

Motivated by this observation, Zhang introduced in [1] the notion of uniformly S-torsion modules. An
R-module T is said to be uniformly S-torsion (or u-S-torsion) if there exists a single element s ∈ S such
that sT = 0. This condition is strictly stronger than ordinary S-torsion and captures a genuine uniformity
phenomenon. Based on this idea, Zhang further defined u-S-exact sequences and uniformly S-flat mod-
ules. An R-module M is called u-S-flat if for every R-module N , the module TorR1 (N,M) is uniformly
S-torsion. Equivalently, there exists an element s ∈ S (depending on N) such that sTorR1 (N,M) = 0.

The notion of u-S-flatness provides a natural weakening of classical flatness, allowing controlled torsion
governed by elements of S. It has been shown in [2] that this class of modules exhibits behaviors that are
markedly different from those of flat modules: for instance, u-S-flat modules need not be closed under
direct sums or direct limits, and the flatness of the localization MS does not imply that M is u-S-flat.

The first aim of this paper is to develop new local and homological characterizations of u-S-flat
modules. Our approach relies on localization techniques and on the behavior of the functor TorR1 (−,−).
In particular, we show that if (f1, . . . , fp) is a finite family of elements of R whose generated ideal meets
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S, then the u-S-flatness of a module can be detected either through suitable uniform annihilators of the
form sifi or through localizations at the elements fi. This leads to characterizations of u-S-flatness in
terms of prime ideals disjoint from S.

The second aim of the paper is to investigate homological dimensions adapted to this uniform setting.
Following the ideas developed in [2], we consider the u-S-flat dimension of a module, defined as the
least integer n such that TorRn+1(N,M) is uniformly S-torsion for all R-modules N . This naturally gives
rise to the notion of u-S-weak global dimension of a ring. We establish prime ideal formulas for these
invariants and show that they can be computed as suprema of classical flat or weak global dimensions of
localizations RP with P ∩ S = ∅.

The paper is organized as follows. In Section 2, we study uniformly S-flat modules and provide several
equivalent characterizations based on localization and annihilation properties. Section 3 is devoted to
the study of u-S-flat dimensions and the u-S-weak global dimension, together with their fundamental
properties and local descriptions.

2. u-S-Flat Modules and Localization

Lemma 2.1 Let R be a commutative ring, S ⊆ R a multiplicative subset, and f1, . . . , fp ∈ R such that
(f1, . . . , fp) ∩ S ̸= ∅. Let s1, . . . , sp ∈ S and n1, . . . , np ∈ N. Then S ∩ (s1f

n1
1 , . . . , spf

np
p ) ̸= ∅.

Proof: Assume, by contradiction, that S ∩ (s1f
n1
1 , . . . , spf

np
p ) = ∅. Then there exists a prime ideal P of

R such that (s1f
n1
1 , . . . , spf

np
p ) ⊆ P and P ∩ S = ∅. Since sif

ni
i ∈ P and si ∈ S while P ∩ S = ∅,

it follows that fni
i ∈ P , hence fi ∈ P for all i = 1, . . . , p. Therefore (f1, . . . , fp) ⊆ P , which implies

(f1, . . . , fp) ∩ S ⊆ P ∩ S = ∅, a contradiction with the hypothesis. 2

Proposition 2.1 Let M be an R-module and let f1, . . . , fp ∈ R be such that (f1, . . . , fp) = R Then M
is flat if and only if M is u-fi-flat for every i ∈ {1, . . . , p}.

Proof: If M is flat, then TorR1 (N,M) = 0 for every R-module N . Hence TorR1 (N,M) is annihilated by
fi for each i, and M is u-fi-flat.

Conversely, assume that M is u-fi-flat for every i ∈ {1, . . . , p}. Let N be an R-module and set
T := TorR1 (N,M). For each i, since M is u-fi-flat, there exists an integer ni ≥ 1 such that f ni

i T = 0.
Let S be a multiplicative subset of R containing all invertible elements of R. Since (f1, . . . , fp) = R,

we have (f1, . . . , fp) ∩ S ̸= ∅. By Lemma 2.1, there exists an element s ∈ S such that sT = 0. As s is
invertible in R, this implies that T = 0. Hence TorR1 (N,M) = 0 for all R-modules N, and therefore M
is flat.

2

Theorem 2.1 Let R be a commutative ring, S ⊆ R a multiplicative subset, and f1, . . . , fp ∈ R such that
(f1, . . . , fp) ∩ S ̸= ∅. Let M be an R-module and, for each i, let Sfi denote the image of S in Rfi . Then
the following conditions are equivalent:

(i) M is u-S-flat as an R-module;

(ii) for each i = 1, . . . , p, the localization Mfi is u-Sfi-flat as an Rfi-module.

Proof:

(i) ⇒ (ii). Assume that M is u-S-flat. Fix i ∈ {1, . . . , p} and let N ′ be any Rfi-module. By restriction of
scalars, N ′ is also an R-module. By Zhang’s criterion, there exists s ∈ S such that s · TorR1 (N ′,M) = 0.

Localizing at fi gives s · (TorR1 (N ′,M))fi = 0.
(
TorR1 (N

′,M)
)
fi

∼= Tor
Rfi
1 (N ′,Mfi). Thus the image

of s in Sfi ⊆ Rfi annihilates Tor
Rfi
1 (N ′,Mfi). Since N ′ was arbitrary, it follows again from Zhang’s

characterization (applied over Rfi with the multiplicative set Sfi) that Mfi is u-Sfi-flat as an Rfi-module.
This holds for every i, hence (ii).
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(ii) ⇒ (i). Assume now that Mfi is u-Sfi-flat as an Rfi-module for each i = 1, . . . , p. We want to show
that M is u-S-flat. By Zhang’s criterion, it suffices to prove that for every R-module N , the module
T = TorR1 (N,M) is u-S-torsion. Fix an R-module N . For each i, consider the Rfi-module Nfi . By the

u-Sfi-flatness of Mfi over Rfi , there exists si ∈ S whose image in Sfi annihilates Tor
Rfi
1 (Nfi ,Mfi). or

Tor
Rfi
1 (Nfi ,Mfi)

∼=
(
TorR1 (N,M)

)
fi

= Tfi . Thus si annihilates Tfi for each i. Concretely, this means

that for every i, there exists an integer ni ≥ 0 such that f ni
i siT = 0. Since (f1, . . . , fp) ∩ S ̸= ∅, the

lemma 2.1 proved above implies S ∩ (s1f
n1
1 , . . . , spf

np
p ) ̸= ∅. Hence there exists an element s ∈ S such

that s ∈ (s1f
n1
1 , . . . , spf

np
p ). Therefore sT = 0 Since the same argument works for every x ∈ T , we see

that T is u-S-torsion. By Zhang’s criterion, M is u-S-flat.

2

Theorem 2.2 Let R be a commutative ring and S ⊆ R a multiplicative subset. For an R-module M ,
the following assertions are equivalent:

(i) M is u-S-flat;

(ii) MP is flat over RP for every prime ideal P such that P ∩ S = ∅;

Proof: (⇒) Assume that M is u-S-flat. Let P be a prime ideal such that P ∩S = ∅. For any R-module
N , the u-S-flatness of M implies that there exists s ∈ S such that s · TorR1 (N,M) = 0. Localizing at P ,
and using the flatness of localization, we obtain TorRP

1 (NP ,MP ) ∼=
(
TorR1 (N,M)

)
P
. Since s /∈ P , it

becomes invertible in RP , hence TorRP
1 (NP ,MP ) = 0. Thus MP is flat over RP .

(⇐) Conversely, assume that MP is flat for every prime ideal P such that P ∩ S = ∅. Let N be
any R-module and set T = TorR1 (N,M). We claim that T is u-S-torsion. Suppose by contradiction
that T is not u-S-torsion. Then Ann(T ) ∩ S = ∅. Hence there exists a prime ideal P of R such that
Ann(T ) ⊆ P and P ∩ S = ∅. Localizing at P , we get TP = TorRP

1 (NP ,MP ). But MP is flat by
assumption, so TorRP

1 (NP ,MP ) = 0, hence TP = 0. This implies that there exists r ∈ R \ P such that
rT = 0, i.e. r ∈ Ann(T ), contradicting Ann(T ) ⊆ P .Therefore Ann(T )∩S ̸= ∅, and so T is u-S-torsion.
Since N was arbitrary, M is u-S-flat. 2

3. u-S-Flat Dimension and u-S-Weak Global Dimension

The u-S-flat dimension of an R-module M , introduced in [2], is defined as the smallest integer n (if
it exists) such that the higher Tor modules TorRn+1(N,M) are uniformly S-torsion for all R-modules N .

In the same spirit, the u-S-weak global dimension of the ring R is defined as the supremum of
the u-S-flat dimensions taken over all R-modules. That is, u-S-w.gl.dim(R) = sup{u-S-fdR(M) |
M is an R-module }.

Proposition 3.1 Let R be a commutative ring, S ⊆ R a multiplicative subset, and let f ∈ R. For every
R-module M , u-Sf -fdRf

(Mf ) ≤ u-S-fdR(M), where Sf denotes the image of S in Rf .

Proof: Let n = u-S-fdR(M). By definition, for every R-module N we have TorRn+1(N,M) is u-S-torsion.

Localizing at f and using the flatness of Rf gives Tor
Rf

n+1(Nf ,Mf ) ∼=
(
TorRn+1(N,M)

)
f
. Since an element

of S annihilates TorRn+1(N,M), its image in Sf annihilates
(
TorRn+1(N,M)

)
f
. Thus Tor

Rf

n+1(Nf ,Mf ) is

u-Sf -torsion for all Nf , showing that u-Sf -fdRf
(Mf ) ≤ n. 2

Theorem 3.1 Let R be a commutative ring, S ⊆ R a multiplicative subset, and let f1, . . . , fp ∈ R such
that (f1, . . . , fp)∩S ̸= ∅. Then, for any R-module M , one has u-S-fdR(M) = sup1≤i≤p

(
u-Sfi-fdRfi

(Mfi)
)
,

where Sfi denotes the image of S in the localization Rfi .
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Proof: We prove the two inequalities separately.

“≥”. For each i ∈ {1, . . . , p}, localization at fi is a flat base change. Hence, for every R-module M , we
have u-Sfi-fdRfi

(Mfi) ≤ u-S-fdR(M). Taking the supremum over all i yields
sup1≤i≤p u-Sfi-fdRfi

(Mfi) ≤ u-S-fdR(M).

“≤”. Set n := sup1≤i≤p u-Sfi-fdRfi
(Mfi), and let N be any R-module. By definition of the u-Sfi -

flat dimension, for each i the module Tor
Rfi
n+1(Nfi ,Mfi) is uniformly Sfi-torsion. Using the localization

isomorphism for Tor, we obtain Tor
Rfi
n+1(Nfi ,Mfi)

∼=
(
TorRn+1(N,M)

)
fi
. Thus, for each i, there exists

an element si ∈ S such that (sif
ni
i ) · TorRn+1(N,M) = 0.

Since (f1, . . . , fp)∩S ̸= ∅, the argument used in the proof of the local criterion for u-S-flatness applies
verbatim: there exists an element s ∈ S annihilating TorRn+1(N,M). Hence TorRn+1(N,M) is uniformly
S-torsion.

As N was arbitrary, this shows that u-S-fdR(M) ≤ n, and the proof is complete. 2

The next theorem gives a precise relationship between the u-S-flat dimension of M and the ordinary
flat dimensions of the localizations MP at prime ideals disjoint from S.

Theorem 3.2 Let R be a commutative ring, S ⊆ R a multiplicative subset, and M an R-module. Then

u-S-fdR(M) = sup
{
fdRP

(MP )
∣∣∣ P ∈ Spec(R), P ∩ S = ∅

}
.

Proof: Assume that u-S-fdR(M) = n < ∞. By definition, for every R-module N , the module
TorRn+1(N,M) is u-S-torsion. Hence there exists an element s ∈ S such that s · TorRn+1(N,M) = 0.
Let P ∈ Spec(R) be a prime ideal such that P ∩ S = ∅. Then s /∈ P , so s becomes invertible in the
localization RP . Localizing the above equality at P yields

(
TorRn+1(N,M)

)
P

= 0. Using the compat-

ibility of the functor Tor with localization, we obtain TorRP
n+1(NP ,MP ) = 0 for all RP -modules NP .

Therefore, fdRP
(MP ) ≤ n. Since this holds for all prime ideals P with P ∩ S = ∅, we conclude

supP∈Spec(R)
P∩S=∅

fdRP
(MP ) ≤ u-S-fdR(M). Conversely, assume that there exists an integer n ≥ 0 such

that fdRP
(MP ) ≤ n for all P ∈ Spec(R) with P ∩ S = ∅. We must show that u-S-fdR(M) ≤ n.

Let N be an arbitrary R-module and set T := TorRn+1(N,M).
Suppose, for a contradiction, that S ∩ AnnR(T ) = ∅, where AnnR(T ) denotes the annihilator of

T . By standard properties of multiplicative sets, there exists a prime ideal P ∈ Spec(R) such that
AnnR(T ) ⊆ P and P ∩ S = ∅.

Localizing at P , we obtain TP =
(
TorRn+1(N,M)

)
P

∼= TorRP
n+1(NP ,MP ). By the assumption

fdRP
(MP ) ≤ n, the right-hand side is zero. Thus TP = 0.

However, since AnnR(T ) ⊆ P , the localization TP cannot vanish unless T = 0, which contradicts the
assumption S ∩AnnR(T ) = ∅. Therefore, S ∩AnnR(T ) ̸= ∅. Hence there exists an element s ∈ S such
that s · T = 0.

Since N was arbitrary, this shows that TorRn+1(N,M) is u-S-torsion for all R-modules N . By def-
inition, this means u-S-fdR(M) ≤ n. Combining both inequalities, we conclude that u-S-fdR(M) =
supP∈Spec(R)

P∩S=∅
fdRP

(MP ). 2

Theorem 3.3 Let R be a commutative ring, S ⊆ R a multiplicative subset, and f1, . . . , fp ∈ R such
that (f1, . . . , fp)∩S ̸= ∅. Then u-S-w.gl.dim(R) = sup1≤i≤p

(
u-Sfi-w.gl.dim(Rfi)

)
, where Sfi denotes the

image of S in Rfi .

Proof: We prove the equality by comparing both sides.

First inequality. Let M be any R-module and fix i ∈ {1, . . . , p}. By Proposition 3.1, localization does not
increase the uniform flat dimension, hence u-Sfi-fdRfi

(Mfi) ≤ u-S-fdR(M). Taking the supremum over
all R-modules M gives u-Sfi-w.gl.dim(Rfi) ≤ u-S-w.gl.dim(R). Since this holds for every i, we obtain
sup1≤i≤p u-Sfi-w.gl.dim(Rfi) ≤ u-S-w.gl.dim(R).



Local Criteria for u-S-flat Modules 5

Set n := sup1≤i≤p u-Sfi -w.gl.dim(Rfi). Let M be any R-module. By definition of n, for each i we have
u-Sfi-fdRfi

(Mfi) ≤ n. Applying the finite local criterion for the u-S-flat dimension (Theorem 2.1), we
deduce that u-S-fdR(M) ≤ n. Since this inequality holds for every R-module M , taking the supremum
over all M yields u-S-w.gl.dim(R) ≤ n.

Combining the two inequalities proves the desired equality. 2

Theorem 3.4 Let R be a commutative ring and S ⊆ R a multiplicative subset. Then u-S-w.gl.dim(R) =
supP∈Spec(R)

P∩S=∅
w. gl.dim(RP ).

Proof: Let M be any R-module and let P be a prime ideal such that P ∩S = ∅. , we have fdRP
(MP ) ≤

u-S-fdR(M). Taking the supremum over all R-modules M yields w. gl. dim(RP ) ≤ u-S-w.gl.dim(R).
Since this holds for every prime ideal P with P ∩ S = ∅, we obtain supP∈Spec(R)

P∩S=∅
w. gl. dim(RP ) ≤

u-S-w.gl.dim(R).
Set n := supP∈Spec(R)

P∩S=∅
w. gl.dim(RP ). Let M be an arbitrary R-module. By definition of n, for every

prime ideal P with P ∩ S = ∅ we have fdRP
(MP ) ≤ n. Applying again Theorem 3.2, we deduce that

u-S-fdR(M) ≤ n. Since this inequality holds for all R-modules M , taking the supremum over M gives
u-S-w.gl.dim(R) ≤ n.

Combining both inequalities proves the desired equality. 2

Acknowledgments

We would like to express our sincere thanks to the anonymous reviewers for their valuable comments
which greatly improved this paper.

References

1. X. L. Zhang, Characterizing S-flat modules and S-von Neumann regular rings by unifor mity, to appear in Bull. Korean
Math. Soc. https://arxiv.org/abs/2105.07941.

2. Wang, Fanggui and Qiao, Lei. (2015). The w-weak global dimension of commutative rings. Bulletin of the Korean
Mathematical Society. 52. 1327-1338. 10.4134/BKMS.2015.52.4.1327.

3. D. D. Anderson and T. Dumitrescu, S-Noetherian rings, Comm. Algebra 30 (2002), no. 9, 4407–4416.
https://doi.org/10.1081/AGB-120013328

4. H. Kim, M. O. Kim, and J. W. Lim, On S-strong Mori domains, J. Algebra 416 (2014), 314–332.
https://doi.org/10.1016/j.jalgebra.2014.06.015

5. J. W. Lim and D. Y. Oh, S-Noetherian properties on amalgamated algebras along an ideal, J. Pure Appl. Algebra 218
(2014), no. 6, 1075–1080. https://doi.org/10.1016/ j.jpaa.2013.11.003

6. S. Bazzoni and L. Positselski, S-almost perfect commutative rings, J. Algebra 532 (2019), 323–356.
https://doi.org/10.1016/j.jalgebra.2019.05.018

7. I. Kaplansky, Commutative Rings, Allyn and Bacon, Inc., Boston, MA, 1970.

8. F. Wang and H. Kim, Foundations of commutative rings and their modules, Algebra and Applications, 22, Springer,
Singapore, 2016. https://doi.org/10.1007/978-981 10-3337-7

Mohammed Amassmir,

Department of Mathematics,

Higher Normal School,

Sidi Mohamed Ben Abdellah University

Fez, Morocco.,

E-mail address: mohammed.amassmir@usmba.ac.ma

and

Mohamed Aqalmoun,



6 M. Amassmir and M. Aqalmoun

Department of Mathematics,

Higher Normal School,

Sidi Mohamed Ben Abdellah University

Fez, Morocco.,

E-mail address: maqalmoun@yahoo.fr


	Introduction
	u-S-Flat Modules and Localization
	u-S-Flat Dimension and u-S-Weak Global Dimension

