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About M-Bounded Topological Groups

Ulukbek A. Saktanov and Bekbolot E. Kanetov

ABSTRACT: Although the theory of uniform spaces is independent, it is closely related to the theory of
topological groups and there is a profound analogy between them. Therefore, research into the theory of
topological groups using uniform structures is relevant. In this paper some important properties of the M-
bounded topological group using uniform structures are investigated. In particular, it is established that
under precompact continuous homomorphism, the M-bounded property is preserved both in the image and
the preimage direction.
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1. Introduction

For covers a and 8 of a set X , we have: a A = {ANB: A€ a,B € . Let M subset of X.
Then a(M) = USt(a, M), St(a, M) = {A €a: ANM # (. Let x € X be an arbitrary point. Then
a(z) = USt(a, z), St(a,z) ={A€a:A>z}.

The symbol a >  means that the cover « is a refinement of the cover 3, i.e., for any A € « there
exists B € f such that ACB. The symbol ar>f means that the cover « is a star refinement of the cover
B, i.e., for any x € X there exists B € § such that «(z)CB and, the symbol ax > 5 means that the cover
a is a strongly star refinement of the cover , i.e., for any A€« there exists B € 3 such that a(A)CB.

A uniformity on a set X # () is a family U of covers of X which satisfies the following axioms:

(Ul) f « € U and « > B, then 3 € U;

(U2) If a, B € U, then there exists v € U such that v > a and v > f;

(U3) If « € U, then there exists 8 € U such that 8* = «;

(U4) For any two points x,y € X, x # y there is an « € U such that no member of o contains both
v and g, (1], [4], [6], [7)

The pair (X, U) is called a uniform space.

Recall that a uniform space (X, U) is called:

(1) precompact if the uniformity U has a base consisting of finite covers [1];

(2) totally bounded, if each « € U has a finite set M C X such that a(M) = X [1], [7], [22];

(3) w -bounded, if the uniformity U has a base consisting of countable cover [1], [7];

(4) has the uniform Menger property, if for each sequence (ay,|n € N)CU there is a sequence (5,|n €
N) such that for each n € N, 3, is a finite subset of a,, and ngNﬁn is a cover of X [7], [21].

A mapping f : (X,U) — (Y, V) of the uniform space (X,U) to the uniform space (Y, V) is called a
uniformly continuous mapping, if every 8 € U there is « € U such that fa > g [7], [12].

The mapping f is called precompact, if for each o € U there exist a uniform cover 5 € U and a finite
uniform cove v € U such that f713 A~ = o [22].

A topological group G is said to be:

(a) totally bounded if for each neighborhood D of neutral element e there exists a finite set ACG
such that A- D = G, [1], [12];
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(b) w-bounded if for each neighborhood D of neutral element e there exists a countable set ACG such
that A- D = G, [1], [12];

(¢) M-bounded, if each sequence (Uy,|n € N) of neighborhoods of neutral element e in G there exists
a sequence (A,|n € N) of finite subsets of G such that ngNAn -Up =G, [9];

(d) o-totally bounded, if it can be represented as the union of countable many totally bounded
subgroups, [1], [12].

A filter F in a uniform space (X, U) is said to be a Cauchy filter, if aN # & for all a € U, [15].

A point x € X is said to be an adherent point of a filter F' in (X,U), if x € N{[M] : M € F} or
equivalently, € X is an adherent point of each element M € F in (X, 7y) [15].

A point & € X is said to be a limit of a filter F' , if a filter F is finer than the filter F} of neighborhoods
of the point z € X, [1], [15].

Let X be the set of all minimal Cauchy filters in the uniform space (X,U). For each uniform cover
o€ U we denote @ = {A: A€ a} where A= {F € X : Ac F}. The family of covers B={a:a € U}
forms a base of some uniformity U on X,[12], [15], [22].

For any uniform space (X, U) there exists a unique (with respect to uniform isomorphism) complete
uniform space (X,U) such that for some everywhere-dense subset ¥ C X the uniform space (X,U) is
uniformly isomorphic to the space (X, (7;,) . And w(ﬁ;,) =w(U) [1].

The uniform space (X,U) is called a completion of the uniform space (X, U) [1].

Many terminology and known results are used by the authors from the works [1]-[36].

2. About M-Bounded Topological Groups

Let G be a topological group.

Proposition 1. A topological group G is M-bounded, if and only if the uniform space (G, U;) is
uniformly Menger, where U is the left uniformity on G.

Proof: Let G be a M-bounded topological group and (aiqn\n € N)CU be an arbitrary sequence of
uniform covers, afy = {z-H, : x € G}, H, € B(e), B(e) is the base of neighborhoods of the neutral
element e. Since G is M-bounded, then for a countable system (H,,|n € N) of neighborhoods of a neutral
element e€G there exists a sequence (A,| n € N) of finite subsets G such that G = UA,, - H,. Let
{e-H,: ze Ay} =y . Since A, is finite for any n € N, then 8}, is a finite subsystem of the cover
ok . Tt is easy to see that nLGJNqun = G. Thus, (G, U;) is uniformly Menger space.

Conversely, let (G,U;) be a uniformly Menger space. We will show that topological group G is a
M-bounded. Let (H,|n € N) be an arbitrary sequence of neighborhoods of the neutral element e. Put
oby ={x-H,: z€A,}, Hy € B(e). Itis clear that of; € U;. Then {al; : n € N}CU is a sequence of
uniform covers. Since (G,U;) is a uniformly Menger space, there exists a sequence (4 |n € N) of finite
subfamilies such that qunCOlen7 nnggn =G, 'yfqn ={xy-Hy,...,z, - Hy}. For each i <n from z; - H;

we select one element y; and put A%{ ={y; :i=1,2,...,n}. It is easy to see that U A -H, =G.

neEN VHn
Hence, G is a M-bounded.

Proposition 2. The topological group G is w-bounded if and only if the uniform space (G,U;) is a
w-bounded, where U; is the left uniformity on G.

Proof: Let G be a w-bounded topological group. We will show the uniform space (G,U;) is w-
bounded. Let ol; € U; be an arbitrary uniform cover. Choose a neighborhood M € B(e) of the neutral
element e such that M CH. Since G is w-bounded, there exists a countable set ACG such that A-M = G.
Put by, = {z; M : 2; € A}. Since A- M = G, then Ua}, = G. Tt is easy to see that ol,; = al; and of,-
countable uniform cover. Hence, (G, U;) is w-bounded uniform space.

Conversely, let be H € B(e) an arbitrary neighborhood of the neutral element e. Then there exists
M, L € B(e), such that M - M~'-MCLand L-L~'-LCH. Since (G,U)) is w-bounded uniform space,
then a uniform cover o, contains a countable subcover &, = {x; - M : i € N}. For each x; - M € &},
choose one element z,,.pr€x; - M. Denote S = {z,.ar : @ € N} is w-bounded uniform space, then a
uniform cover o, contains a countable subcover &}, = {x; - M : i € N}. Take an arbitrary element

x;- M € &Y, and y€x; - M. Then there is x,,.ns € S such that y € ol (z; - M). There is z - L € o}, such
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that z; - M € o), (y)Cab,(x;- M)Cx - L. Tt follows from this, that ol (z; - M)Ca} (z; - M). For x,, u
choose one x; - H € ol such that o} (z,,.01) C (v - H)up oa

Put &4y = {(x - H)a,, ,, 14 € N}. Then oy = &y ie. a4y € Up. Hence, (G, U;) is a w-bounded.

Proposition 3. Any precompact topological group G is a M-bounded.

Proof: Let G be a precompact topological group. Then (G,U;) is precompact. Take an arbitrary
sequence (abﬁ\n € N)CU;.Then, for any n € N the cover alUn contains a finite subcover ézanalUn,

where U, is a neighborhood of neutral element e in G. It is easy to see that nLgJNézbn = G . Hence, G is
M-bounded.

Proposition 4. Any M-bounded topological group G is w-bounded.

Proof: Let U € B(e) be an arbitrary neighborhood of neutral element e in G.

Put U, = U for any n € N.Then, for the sequence (O‘%JJ“ € N)cU,, where U, = U, n € N, there
is a sequence (ﬂlUn |n € N) of finite subfamilies such that for any n € N, BlUn is a subfamily of the cover

ab and U BlU = @. For each Bﬁz ) € Bn, m=1,2,....k, n € N, by selecting one element AB -

U m

from , we obtain &}, Caj, and @ is a finite. Then U aU is a countable subfamily of the cover
neN

o = . Since ngNﬁU" = @, then ngNabn = G. Hence, (G,U)) is w-bounded i.e. topological group G is

w-bounded.
Corollary 1. Any compact topological group G is M-bounded.
Proposition 5. Any o-precompact topological group is M-bounded.
Proof:Let (U,|n € N) be an arbitrary sequence of neighborhoods of neutral element e and G = ngNG”

, where G, is precompact For each n € N, the cover alU NGL} = alUG of G,, contains a finite subcover

Aéjcn. Put 5Ucn UG” .Then, for each n € N, /BUGn = G.

Thus, (G,U;) is a uniformly Menger space i.e. G is M-bounded.

Theorem 1. If a topological group G’ is a continuous homomorphism image of a M-bounded topo-
logical group G, then G’ is also M-bounded.

Proof: Let f : G — G’ be a continuous homomorphism of the M-bounded topological group G to
the topological group G’. Since every continuous homomorphism is uniformly continuous, then homo-
morphism f : (G,U;) — (G', V) is uniformly continuous. Let ('yV |[n € N) be an arbitrary sequence of V7,
where V}, is neighborhoods of neutral element ¢’ in G’. Put f~! 'yv = ag-1y,,n € N. It is easy to see that
of V,, is a neighborhood of neutral element ¢’ in G’ then f~'V,, is a neighborhood of neutral element e in G.
Then there exists a sequence of finite subfamilies (& Gy, |n € N) such that for any n € N ég-1y, Cap-1y,
and U OAllf—lvn = (. Denote fdlf_lvn = B%,ﬂ’, n€eN. This implies f(ngNdlf‘an) = ngNﬂA@n =G',neN.

neN

Hence, (G',V;) is uniformly Menger. Therefore, G’ is M-bounded.

Continuous homomorphism f : G — G’ of a topological group G onto a topological group G’ said to
be precompact, if the mapping f : (G,U;) — (G',V}) of a uniform space (G, U;) to uniform space (G',V})
is precompact.

Theorem 2. Let f : G — G’ be a precompact homomorphism. If topological group G’ is M-bounded,
then a topological group G is also M-bounded.

Proof: Let f: G — G’ be a precompact homomorphism of a topological group G onto a topological
group G'. Take an arbitrary sequence (af, |[n € N)CU; of covers. Since f is a precompact, then there
exists 7y, € U and B}, € Vi, such that f~'8l, A4}, > af, . The space (G',V}) has a uniformly

is a finite subset of o/ UG and UNﬁUGn

Menger property, then there exists a sequence (B%, |n € N) of finite subfamilies such that UNﬂV =
n neN’ Va
G'. For each n € N the family f~'8l, A~f, is finite and U{f 8L, A~f } = Uf Y8l . For any
Y {Vam -y y€GN N {Upm -z : © € G} € f_lﬁA%,n A~k choose {x - Upn,, @ @ € G} such that
Ty Vam vy € GV {z - Unym 12 € GYC{x - Upm 1w € G} Put &y ={z-Un1,2-Upas .oy @ Unie},
where k is the cardinality of f~'4, A+l . It is easy to see that UNollU = @. Thus, G is a M-bounded.
n n ne n

Proposition 6. The additive group of real numbers (R, +,7) is a M-bounded.
Proof: Let (U,|n € N) be an arbitrary sequence of neighborhoods of neutral element e in G. Then
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(af; In € N)CU; is a sequence of covers. Let B(0) = {(—n,n) : n € N} be a base of 0-neighborhoods.
Consider the following construction. For n = 1, from the cover «; select a finite subsystem évl(]1CaU1
such that (—1,1)C[—1,1]C U dy,, for n = 2, from the cover ay select a finite subsystem a}; Cay, such
that (—2,2)C[—2,2]CUdy,, for m < n, from the cover a,, select a finite subsystem &{; Cay,, such that
(=m,m)C[—m,m|C UdlUm, etc. Continuing process, we have a sequence (&, [n€N) of finite subsystems.
Since an, U,€B(0) is a cover of the group (R, +,7), the system ngNdb" is also a cover of the group G.
Hence, G is M-bounded.

Theorem 3. A locally compact topological group G is M-bounded if and only if it is a w-bounded.

Proof: Necessity. Let G be an M-bounded topological group. Then from the Proposition 2, G is a
w-bounded.

Sufficiency. Let G be a locally compact and w-bounded topological group. Let (abn |n € N)CU; be an
arbitrary sequence of covers. Then there exists a countable uniform cover 5&, ={z, W :n € N}, where
W is a compact 0-neighborhood, consisting of compact subsets. For each n € IV, due to the compactness
of x,, - W, there exists a finite subsystem dlUn Cay,, such that x, - WCdlUn.

Since UB{,V = @, then UNoAzb = @. Consequently, G is M-bounded.
ne n

Theorem 4.The completion of an M-bounded topological group is M-bounded. s
Proof: Let GG be a M-bounded topological group, then (G, Uy) is uniformly Menger space. Let (G, Uy)
be the completion of (G, Uy).Take an arbitrary sequence (&}, [n € N)CUy of covers. Put of, = &, A{G},

al, ={z- Un:2z€G}, U, ={F:U, € F}, where F is a Cauchy filter in (G, U;). From the definition
of completion of uniform spaces we have (af, |n € N)CU;. Then there exists a sequence (8, |n € N)
of finite subsystems, such that for each n € N, 6%] CalU and UNﬁb = G. Then, there is a sequence
" " ne "
(B, In € N) of finite subsystems, such that for ecach n € N, 8}, cal, and 8}, A{G} = g}, for any
n € N. It is easy to see that UNBb =G, Bb ={&-U,:5€G}, U, ={F:U, € F} . % is minimal
ne " "

Cauchy filter and f~1(%) = F,, F; is the filter neighborhood of the point z, f : G — G - homomorphism.
Hence, G is M-bounded.

Acknowledgments

The corrections and excellent suggestions of the anonymous reviewer are qrate fulle acknowledget.

References
1. A.A. Borubaev, Uniform Topology and its Applications, Bishkek: Ilim, 2021.

2. A. A. Borubaev, B. E. Kanetov, A. M. Baidzhanova, T. Z. Zhumaliev, and A. Bekbolsunova, On the R-compactification
of uniform spaces, AIP Conference Proceedings Sixth International Conference of Mathematical Sciences (2022), p.
020001.

3. L. Babinkostova, Lj. Kocinac, M. Scheepers, Combinatorics of open covers (XI): Menger- and Rothberger-bounded
groups, Topology Appl., 154 (2007), no. 7, 1269-1280.

R. Engelking, General Topology. Berlin: Heldermann, 1989.
W. Hurewicz, UbereineVerallgemeinerung des Borelschen Theorems, Math. Z. 24 (1925), 401421.
J. Isbell, Uniform space. Providence, 1964.

Lj.D.R. Kocinac, Selection principles in uniform spaces, Note di Mathematica22 (2003), 127139.

® N o ot

Lj.D.R. Kocinac, M. Scheepers, Function spaces and a property of Reznichenko, Function spaces and a property of
Reznichenko, Topology Appl., 123 (2002), 135-143.

9. Lj.D.R. Kocinac, Some covering properties in topological and uniform spaces. Proceedings of the Steklov Institute of
Mathematics. 2006, Vol. 252, pp. 122- 137.

10. H.-P.A. Kunzi, M. Mrsevic, I.L. Reilly, M.K. Vamanamurthy, Pre-Lindelof quasi-pseudo-metric, quasi-uniform spaces,
Mat. Vesnik, 46 (1994), 131-135.

11. B.E. Kanetov, D.E., Kanetova and M.K. Beknazarova, About uniform analogues of strongly paracompact and Lindelof
spaces, Transactions issue mathematics National academy of sciences of Azerbaijan. Series of physical-technical and
mathematics science. 44(2024), 117 - 127. https://doi.org/10.30546/2617-7900.44.1.2024.117.



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

ABoOUT M-BOUNDED TOPOLOGICAL GROUPS 5

B.E. Kanetov, Some classes of uniform spaces an uniformly continuous mappings. Bishkek, KNU named after J. Bal-
asagyn, 2013.

B.E. Kanetov, A.M. Baidzhuranova, B.A. Almazbekova, About weakly uniformly paracompact spaces. AIP Conference
Proc. 2022, Vol. 2483, pp. 020004-020009.

B.E. Kanetov, U.A. Saktanov, D.E. Kanetova, Some remainders properties of uniform spaces and uniformly continuous
mappings. AIP Conference Proc. 2019, Vol. 2183, pp. 030011-030015.

B.E. Kanetov, D.E. Kanetova, M.O. Zhanakunova, On some completeness properties of uniform spaces. AIP Conference
Proc. 2019, Vol. 2183, pp. 030010-030014.

B.E. Kanetov, N.A. Baigazieva, N.I. Altybaev, About uniformly p-paracompactspaces. International J. of Appl. Math.
2021, Vol. 34, pp. 353-362.

B.E. Kanetov, A.M. Baidzhuranova, Paracompact-type mappings. Bull. of the Karaganda Univ. 2021, Vol. 2, pp. 62-66.
B. Kanetov, N. Baigazieva, Strong uniform paracompactness. AIP Conference Proc.2018, Vol. 1997, pp. 020085-020089.

B.E. Kanetov, A.M. Baidzhuranova, On a uniform analogue of paracompact spaces. AIP Conference Proc. 2019, Vol.
2183, 030009-030013.

B.E. Kanetov, D.E. Kanetova, N.I. Altybaev, On countably uniformly paracompact spaces. AIP Conference Proc. 2020,
Vol. 2334, pp. 020011- 020015.

B. Kanetov, D.E. Kanetova, A.M. Baidzhuranova, About uniformly Menger Spaces. Mathematica Moravika. 2024, Vol.
28, No 1, pp. 53-61.

B.E. Kanetov, U.A. Saktanov, A.M. Baidzhuranova, Totally bounded remainders of uniform spaces and samuelcom-
pactification of uniformly continuous mappings. AIP Conference Proc. 2021, Vol. 2334, pp. 020013- 020016.

B. E. Kanetov, U. A. Saktanov, E. N. Zhusupbekova, Altybaev N. A. About u-uniformly plume spaces. AIP Conference
Proc. 2025, Vol. 3431, pp. 020010- 020014.https://doi.org/10.1063/5.0290446

B. Kanetov and M. Zhanakunova, On uniformly Lindelof spaces, AIP Conference Proceedings International Conference
on Analysis and Applied Mathematics (2020), p. 020055.

B. E. Kanetov, D. E. Kanetova, and N. A. Baigazieva, Uniformly locally compact and close to them spaces, AIP
Conference Proceedings Fourth International Conference of Mathematical Sciences (202012), p. 2020.

B. E. Kanetov and D. E. Kanetova, Characterization of Some Types of Compactness and a Construction of Index
Compactness Extensions by Means of Uniform Structures, AIP Conference Proceedings International Conference on
Analysis and Applied Mathematics (2018), p. 020023.

B. Kanetov and N. N. Baigazieva, On one property of uniform spaces, AIP Conference Proceedings International
Conference Functional Analysis in Interdisciplinary Applications (2017), p. 030016.

M. Menger, EinigeUberdeckungssatze der Punktmengenlehre, Sitzungsberischte Abt. 2a, Mathematik, Astronomie,
Physik, Meteorolgie und Mechanik (vienerAkademie, Wien), 133 (1924), 421-444.

M. Machura, S. Shelah, B. Tsaban, Squares of Menger-bounded groups, Trans. Amer. Math. Soc., 362 (2010), no. 4,
1751-1764. https://doi.org/10.1090/S0002-9947-09-05169-1.

A.V. Osipov, The functional characterizations of the Rothberger and Menger properties, Topology Appl., 243 (2018),
146-152. https://doi.org/10.1016/j.topol.2018.05.009.

F. Rothberger, EineVerscharfung der Eigenscafts, Fund. Math.,30 (1938), V. 50-55.

M. Sakai, Property C and function spaces, Proc. Amer. Math. Soc., 104 (1988), 917-919.
https://doi.org/10.2307/2046816.

M. Scheepers, Combinatorics of open covers I: Ramsey theory, Topology Appl, 69 (1996), 31-62.
https://doi.org/10.1016/0166-8641(95)00067-4.

U. A. Saktanov, E. N. Zhusupbekova, B. E. Kanetov, Selection principles in topological vector spaces. Kragujevac
Journal of Mathematics. 2026,Vol. 50(10) , pp. 1621-1626.

B. Tsaban, Selection principles and special sets of reals, In: E. Pearl (ed.), Open Problems in Topology II, Elsevier
Science, (2007), 91-108. https://doi.org/10.1016/B978-044452208-5/500090.

M. Zhanakunova and B. Kanetov, On strongly uniformly paracompact spaces and mappings, in AIP Conference Pro-
ceedings International Conference on Analysis and Applied Mathematics (2020), p. 020030.



6 U. A. SAKTANOV AND B. E. KANETOV

Ulukbek A. Saktanov,

Institute of Mathematics, Physics, Engineering and Information Technologies,
Osh State University,

Kyrgyzstan.

E-mail address: ulukbeksaktanov73@gmail.com

and

Bekbolot E. Kanetov,

Head of the Department of Algebra, Geometry, Topology and Teaching
of Higher Mathematics named after academician A. A. Borubaev of the
Kyrgyz National University named after Jusup Balasagyn,

Kyrgyzstan.

E-mail address: bek2108730@gmail.com



	Introduction
	About M-Bounded Topological Groups

