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Regularization of Nonlinear Volterra Integral Equations of the First Kind in a
Generalized Sense

Alybaev Anarbek and Bekbolot Kanetov

ABSTRACT: This paper investigates an ill-posed nonlinear Volterra integral equation of the first kind. In order
to study the original integral equation and to prove its regularizability in the class of generalized functions,
the method of integral operators with the use of auxiliary functions is applied, as well as an asymptotic
regularization algorithm containing a singular function with respect to a small parameter. It should be noted
that the considered Volterra integral equation of the first kind degenerates in inverse problems arising in the
theory of moisture transfer, hereditary media, and other applied fields, which determines the actuality of this

paper.
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1. Introduction

It is known that in the theory of constructing singular solutions of linear and nonlinear VIE-1, there
exist a number of works [1,5, 7], where the regularizability of these equations is proved in certain functional
spaces related to generalized functions. However, depending on the solution of a VIE-1, the introduced
spaces may differ, and therefore the proposed variants of the RM may also vary.

In this regard, the present paper investigates an ill-posed nonlinear VIE-1, namely:

/K(t, 5)03(s)ds = F(t) (1.1)
0

subject to the conditions:
a) K (t,s) € C(Dy) N Lip(t|Lg ),0 < Lg = const; 0 < K (t,t), K(0,0) # 0; | K(.)| < Co1,
Dy ={(t,s): 0< s <t < T},
b) F(t) € C[0,T] N Lip(t |Lr),0 < Lp; F(t) > a > 0,|F(t)| < Coe, ¥t € [0,T].

2. Regularizability of the VIE-1

To prove the regularizability of equation (1.1) in the generalized sense, we first transform this VIE-1
into the form:

th(T)ede — (@0)(1) + F (1),

, (2.1)
dh = tho(T)G(T)(JG)(T)dT — (JO)(¢t),
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where the following conditions are assumed:
h(t) = [y + 2u®]F(t) > m > 0,(1 <y = const); ho(t) = v + Fu(t),
0 < p(t) € LY(0,T); ho(t) < a™th(t); Fo(t) = F(t) — F(0), (Fo(0) = 0),
)= [ b+ En(IF(dr = [ h(r)de

|[Fo(t) — Fo(7)| < L, Mo(¢o(t) — éo(7)), (T < )iy > 15 Mo = =,
0 < max Co; = Co,(y =1,2); t€(0,T]:

t= ()" < (4o(t))?, (A(t) = so)it < Mi(go(1)”, (My = sup (¢o(t))

[0,7]

(2.2)

(M

)-

Based on these conditions along with equation (2.1), we obtain a VIE-1 with a small parameter:

0.(t) + fthmosmm — (@0.)(1) + Fu(0),
o, (2.3)
(Pob:)(t) = [ h(1)0:(7)dT — (PO.)(1),
0

and seek its solution according to the rule:

0. (t) = éHs (t) +uv (t) + & (t) s (2 4)
. (0) = F(0), v(0) =0, & (0) = 0. '
As a result, with respect to the unknown functions, we obtain the system:
L

IL (t) = —2 of s)ds + F (0),

t

Jh(s)v(s)ds = (Pv) (t) + Fy (), (2.5)

0

65& (t) + f h (3) gs (5) ds = ((I)[%Ha +v+ 58])(t) - ((I’U)(t) - Ev(t) + Fs(t) - F(t),

0

Taking into account the parameterized equation:

dus (t) + / h(s)vs(s)ds = (Pus) (t) + Fo (t) (2.6)
0

and the resolvent:

R= —éh(s)exp (— é/h(n) dn) (2.7)

we formulate the following lemma;

Lemma 2.1 Under conditions (a,b) and (2.2), the following statements hold for system (2.5):

1)
T (8)] < Coexp (—i% <t>) 28)

2) The solution of the parameterized equation (2.6) converges uniformly to the solution of the second
equation of system (2.5) as § — 0, since this IE has a solution in C[0,T] ;

3) The function &.(t), as the unique solution of the third equation of system (6) in C[0,T], and
converges uniformly to zero as € — 0.
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Proof: 1) Taking into account the resolvent (2.7) of the first equation of system (2.7), we obtain:
1
I, (t) = F (0) exp (— - /h (s)ds) (2.9)
which implies estimate (9), where |F(0)| < Cp.

2) Equation (2.6), under condition (2.2), can be rewritten in the form:

T

v =~ [ ) exp(~k(0u(t) — () ([ ha(Phs (7) [ K (7, 7)o () e~
d

+ [ K(t,7)v (7)d7}dT + §{Ofth0(7)v(; (1) OfK(T, 7)v3 (7) drdr—

J (2.10)
t
— [ K(t, g (1) dr} exp(—%gzﬁo(t)) + Ay (Fy,8) = (Prvs) (),
0
t
A1(Fo,0) = =55 [ h(s) exp(—5(do(t) — ¢o(s)){Fo(s) — Fo(t)}ds+
0
+5Fo(t) exp(—5o(1))-
Assuming conditions
|A1(F(), 5)| < LFO[aL’y =+ 22672M1(ﬂ < L()7
[ e ?zdz = 1;p = §60(t); x(p) = p" exp(—p);sup x(p) = k* exp(—k),
0 p=0 (2.11)
p=0:x(0)=0;p—00:x—0,(k=12), '
0 < Lp, = Co[6riMo+ 18737 + 3riLx MoT < 1,
Py :S,.,(0) = S, (0) ={vs (t) € C[0,T] : |vs (t)] <r,Vt€[0,T]},
from (2.10) we obtain the estimate:
los (W)l < (1= Lp) " A1 (Fo, )]l < (1= Lp,) " Lo =11, (2.12)

where Lp, — is the Lipschitz constant of the operator P;, Under condition (2.11), the Banach fixed-
point principle applies, and equation (2.10) has a unique solution in C[0,T].

Using the substitution

vs (£) = v (8) + 75 (1 (2.13)

and the resolvent (2.7), we obtain the IE:
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[}

— [ ho(s")u(s") ZK(S/’ 8)[3(v(5))"ns(5) + 30(8)(115(3))” + (15(5)) | dsdls’ }ds+ (2.14)

Ot—

Rl () TG 8)05) (305! + [ ol o) 1.5
52 + 3”(5)(775(5)t) + (15(5))°)dsds'} + A(v, 6) = (Pans) (2),
Av,8) = -3 ‘of h(s)exp(—% [ h(s")ds')(—v(s) 4+ v(t))ds — v(t) exp(—%

15 (t) € 57, (0) = {ns () : |ns ()| < 71,V € [0, TT}.

h(s")ds),

o o

—~ @

1A (v,8) ]l < 3]lv (1)l exp ( _ B) +ws(67),(0< B <1) (2.15)

where wy (55) = Sup{|’u ((bo_l (t )) —v (gbo )| it — 2| < 53} — is the modulus of continuity and
$o ! (t) — is the inverse function to ¢ (¢ f h (s) ds Taking estimate (2.15) into account, the following
inequality holds:
t
a1) | 5 exp(=F0(0){— [ K(t,s)[B(v(s") ns(s") + 3v(s") (ns(s")* + (ms(s'))*]ds"+
0
t s’ t s’
+ [ ho(s"ns(s') [ K(s',5)(0(5) +ns(8)) dsds’ + [ ho(s")o(s') [ K(s',5)x
0 0 0 0
X [3(v(5))*n5(5) + 3v(8)(15(5))* + (15())"|dsds'} | < {Coe™*[(r1 +71)* + i+
+ri(r + 71)](Mo + 2mT) + 2CoT(r1 + 1) Hinsll e < dallmslles (7 < 1),

and a similar inequality is also valid:

’

®_ o

+fho s (s zK ((5)+775(5))3d§d8/+fsho(S’)U(S')ZK(S'E)[3(U(§))2776(5)+
_|_

(n5(5))°)dsds’ —fho ns(s") [ K(s',8)(v(8) +n5(5)) dsds'~

[}

—fho(S’)v(S’)ZK(s 8)[3(0(8)) 15 (5) + 3v(8)(15(5))* + (n5(5))’|dsds Yds | < da|nsllc

Estimation of the equation (2.14) gives:
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— 0,

{Ilns (e < (1= Le) " Bllo @llg exp (~52) +wp (7)) — 16)

LP2:d1+d2<1,

Moreover, the function 7s is uniquely determined in C[0,T]. Therefore, based on (2.13), as § — 0, it
follows that vs (t) — v (¢),Vt € [0,T]. This proves the second statement of Lemma 2.1.

3) Since the function & (t), is determined from the third IE of system (2.5), taking into account the
resolvent (2.7) and partially inverting this IE, we obtain:

€ = & [ h(s)exp(—2 [ (s)d) (= [ K5, [ L) + (&) +

)+ 3u(s!) () +3(0 ()LL) + 30 (L)
s') +35E(s") (I (s"))” + 620(s")& (") (s")|ds'+

(s
+ [ K (t, )5 (T(5)” + (6(5)” +3(u(s))*E(s') + 3u(s) (€ ()" +
+3(u(s"))* HIL(s' +3€%v(8’)(ﬂe(8’))2 3L(¢(s))’I (s )+ 35 E(s) ()" +
8’)]d8’+fho ")(ns(s") + 211 st 5)(v(s) +ns(5)+

+L1L(8))°dsds’ + [ ho(s')u(s O}K s 8)[ (I (5))° + (£:(5))° + 3(v(8)) %6 (5) +
)+

+30(5) (& <§>>2+3f (5))*211.(5) + 3% 0(5) (I (5))* + 3L (£.(5)) T (5)+ (2.17)
FBE)IL(3))” + 6 L0()6e (3L (3))dsds'ds + 1 exp(— Lo (1)) x
x{— fK(, N (L) + (&) + 3w () () + 3u(s') (&(s'))*+
B(0()PLIL () 1 3 L o(s )L (s )2+ *(SE(S’))QHE,(S’)+3§€e(8’)(ﬂs(8’))2+
+6Lo(s")¢. ()T (s")]ds’ +fho< 1s(s) + LI () [ K, 5)(0(5) + m5(3)+
+111.(5))* dsds’ +fho f L(L(5)* + (6(9))° + 3(v(5))%-(5)+
+30(5) (£ (5))? +3< (s ))“n (5) +3%v(s ><H (8))” + 31(€.(5)) 1L (5)+
+35£.(5)(I1.(5))% + 6u(3)e. ()T ()]dsds'}+Az<F Fe)+ Au(v.2) = (&) (1),
where
As(v,e) = —ijh s) exp( —fft h(s")ds" ) (—v(s) +v(t))ds — v(t) cxp(—%gbg(t)),
€ (1) € 57 (0) = (& ()16 ()] < 7 we[o T}}
Ao(F., Fe) = —2% [h(s)(exp(—1 [ h(s) (Fe(s) — F(s))ds + L(F.(t) — F(t)),
0 s (2.18)
1A (©,2) e < 3llv (B)llg exp (— =) +wo (eﬂ) (0<B<1),
. (1) = F(t)] < Dole), ¥t € 0,7, (EAg(e) —0),
Ao(Fe Fe)| < ;zofthm exp(— L (d0(t) — o)) Do()dr + LAo(e) < 2A(e).
Estimating equation (2.17), we obtain:
e e < (1= L) ™ [280() + A (0,9)l] = As(e) = 0, (2Ag(e) — 0),
0<Lp, <1, (2.19)
Ps: 57,(0) = S7,(0).
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Here, in deriving estimate (2.19), the following facts concerning the terms containing the function
& (t), are taken into account, for example:

|- %zfth(s)exp(—éfth( )ds)[f g 5) L (11.(3))*d5ds]ds | <

9

pze”Pdp]x

9
2

0
o t

< 1CH([ e 7z2dz) [ & exp(~30(8))dillécll < LCI33VER((D)7e % +
0 0

x|élle = 2C3372VE(5) e + G2 VAlllécll o = W Vel

2)| 513eXp(—ldﬁo(t))JK(t,S)(Hs(S)) €(s)ds | < CF Ftexp(—26o(t))[IE:llc <

(2.20)

< C3VE(Lo0(1)F exp(—Loo (1) &l < VD e Bl = mvElelle
10 = 2C8sH(3) e %+9§§5xﬂ% Ci(3)Ee s p=Lan(t)ix(p) = pF exp(—p),

sggx(p) =kFexp(—k),(k=1,..,2);p=0:x(0)=0;p— c0: x = 0.
p>

Similar regularity estimates with respect to the small parameter are obtained for the remaining terms
containing the function & ().

In addition, analogous estimates can be given for the terms that do not contain the function & (),
for example:

t

3| - % bfh(S) exp(—éfth(S’)dS')[f ho(5) 11 (3) OfSK(i 5) % (I1(3))*dsds]ds | <

< 3C(] e ) [ drexp(- Lon(e)ds < 203 EVEID) et + Toberan =
tem 95 /7] = avE, (12 = 2CF373((9)
4>|;exp<—;¢o<t>>0ff(<t )(IL())*ds | < Cv/a(Lo0(t) exp(—Loo(t)) <
< CiVER) e =1V (1 = CE(D Fed),

m\m
+

and so on.

On the other hand, it follows from (2.19) that the Banach conditions are satisfied for IE (2.17).
Consequently, equation (2.17) is uniquely solvable in C[0, T], and, moreover, the function &, (¢) converges
to zero as 7;0 for any ¢t € [0,T]. Lemma 2.1 is proved. O

Remark 2.1 The results obtained in the above statements do mot provide a complete proof of the regu-
larizability of the VIE-1. Therefore, we prove the following theorem which establishes reqularizability in
the generalized sense in Z3(0,T).

Theorem 2.1 Under the conditions of Lemma 2.1, the following statements hold:

1.
1
el 25 0,7y < vae8, (74 = Co[3% (2€)~ L LT ), (2.21)
HQenzx(o,T) < ’746%,
2.
Y Y 1
162 = vllz0m) < Mo(e), (Wo(e) = 2AAa(e) VT + ), (222)
|0c]|z3(0,1) < 74 = const, -
3.

1(@062) (8) — F (8)]| ya0.my < M (&), (Mo (€), M (s) > 0 e — o) . (2.23)
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Proof: Consider inequality (2.8) of Lemma 1. Raising it to the third power and integrating with respect
to the variable ¢, we obtain:

t

/ L () Pdr < €3 / exp(~ o (r))dr = Gflr exp(~ () [§ +

0
t 9
3 3 3 _9 9,3 2
rexp(— 2 oo () Cao(r)] = Ciltexp(—2o0(0) + [ 3-8 Coo(r) "«
0 0
9
2 4 _9 4
x exp(~2o0(r)d(Coo(r))] < O3~ ((9) e 8 + T2 VA = Gl 2e) 7 + T2V
€ € 2 32 32
or, in terms of the norm Z3(0,T), we arrive at the estimate:
16 — vl zs < 2[A3(e) VT + yae2] = My(e),
16c] 25 0.7y < AVT(r + As(e)) +rue?] < 7o, (0] <7,V € [0,T]).
This implies that inequality (2.22) is satisfied.
Finally, to prove (2.23), we first take into account the estimate:
|(@06:)(t) — F(t)] = |e6: + (Pobe)(t) — Fe(t) — (0 — v +v) + F.(t) — F(¢)], (2.24)

where the operator (®o0.)(t) is defined by (2.3). Passing from (2.24) to the norm Z3(0,T'), we obtain:

1(@062) () = F ()l g3 0.1y < 4IF= (8) = F ()]l s + €ll6= (£) = v (t)l| yo + e VT] <
< 4[Ao(e) VT + eMy (¢) + erV/T) = M (¢) —=0.
Q.E.D. |

Statement 2.1. Under the conditions of Theorem 2.1, VIE-1 (1.1) is regularizable in Z3(0,T). in
the generalized sense.

3. Conclusion

The results obtained in this work make it possible to carry out an analysis of VIE-1 in the space
7Z3(0,T), when the original IE is transformed into form (2.2). Therefore, the investigation of such IEs
and their regularization methods in the generalized sense is of scientific interest and is necessary for
understanding many important issues related to ill-posed nonlinear VIE-1 that degenerate in inverse
problems of mathematical physics, which determines the relevance of the results obtained in this paper.
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