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About Pre-Lindelöf Mappings
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abstract: A space can be regarded as a special case of a mapping by identifying the given space with its
mapping to a point. This viewpoint leads to the idea of extending to mappings the notions and results estab-
lished for spaces, which makes it possible to generalize certain results. In this paper, pre-Lindelöf mappings
are introduced and studied. In particular, it is shown that if the mapping is pre-Lindelöf, then pre-Lindelöf
property converse both to direction of image and to one of preimage.

Keywords:Uniform space, uniformly continuous mapping, pre-Lindelöf space, pre-Lindelöf map-
ping, uniform cover, topological group, homomorphism.

Contents

1 Introduction 1

2 About Pre-Lindelöf Mappings 2

1. Introduction

Throughout this paper all uniform spaces are assumed to be Hausdorff and mappings are uniformly
continuous.

For systems α and β of a set X, we have: α ∧ β = {A
⋂

B : A ∈ α,B ∈ β}. α(x) =
⋃

St(α, x),
St(α, x) = {A ∈ α : A ϶ x}, x ∈ X, α(H) =

⋃
St(α,H), St(α,H) = {A ∈ α : A

⋂
H ̸= ∅}, H ⊂ X. For

systems α and β of the set X, the symbol α ≻ β means that the system α is a refinement of the system β,
i.e. for any A ∈ α there exists B ∈ β such that A ⊂ B and, the symbol α∗ ≻ β means that the system α
is a strongly star refinement of the system β, i.e. for any A ∈ α there exists B ∈ β such that α(A) ⊂ B.

A uniformity on a nonempty set X is a family U of covers of X which satisfies the following conditions:
U1. If α ∈ U and if β is a cover of X such that α ≻ β, then β ∈ U .
U2. If α1, α2 ∈ U , then there exists α ∈ U such that α ≻ α1 and α ≻ α2.
U3. If α ∈ U , then there exists β ∈ U such that β∗ ≻ α.
U4. For any two distinct points x, y ∈ X there is an α ∈ U such that no member of α contains both

x and y, [1], [3].
The covers from U are called uniform covers, and the pair (X,U) a uniform space. If conditions

U1-U3 are met, then U is called preuniformity [1], [3].
The topology on X generated by U , denoted τU = {O ⊂ X : ∀x ∈ O∃α ∈ U : α(x) ⊂ O}.
A uniform space (X,U) is called precompact if it has a base consisting of finite covers [1], [3]; a

uniform space (X,U) is called pre-Lindelöf if it has a base consisting of countable covers [1], [3].
A mapping f : (X,U) → (Y, V ) of uniform space (X,U) onto uniform space (Y, V ) is called a uniformly

continuous, if for any β ∈ U there exists α ∈ U such that fα ≻ β [1]; a preuniformity Uf ⊂ U , is called a
base of a uniformly continuous mapping f , if for each uniform cover α ∈ U there exist β ∈ V and γ ∈ Uf

such that f−1β∧γ ≻ α [1]; a uniformly continuous mapping f : (X,U) → (Y, V ) of uniform space (X,U)
onto uniform space (Y, V ) is called a perfect, if it is closed and f−1 is compact for any y ∈ Y [1]; a
uniformly continuous mapping f : (X,U) → (Y, V ) of uniform space (X,U) onto a uniform space (Y, V )
is called a precompact, if for each α ∈ U there exists a uniform cover β ∈ V and finite uniform cover
γ ∈ U , such that f−1β∧γ ≻ α [1]; a uniformly continuous mapping f : (X,U) → (Y, V ) of uniform space
(X,U) onto a uniform space (Y, V ) is called a uniformly perfect, if it is both precompact and perfect [1].

If U and V are two uniformities on a set X and U ⊂ V , then we say that the uniformity V is finer
than the uniformity and U .
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2. About Pre-Lindelöf Mappings

Let f : (X,U) → (Y, V ) be a uniformly continuous mapping of a uniform space (X,U) to a uniform
space (Y, V ).

Definition 2.1 A uniformly continuous mapping f is called a pre-Lindelöf mapping if for any uniform
cover α ∈ U there exists a uniform cover β ∈ V and a countable uniform cover γ ∈ U such that
f−1β ∧ γ ≻ α. In other words, the mapping f : (X,U) → (Y, V ) has a base Uf consisting of countable
covers.

Any precompact mapping is pre-Lindelöf.

Proposition 2.1 If a uniformly continuous mapping f : (X,U) → (Y, V ) of a uniform space (X,U) to a
uniform space (Y, V ) and a uniformly continuous mapping g : (Y, V ) → (Z,W ) of a uniform space (Y, V )
to a uniform space (Z,W ) are both pre-Lindelöf mappings, then their composition g◦f : (X,U) → (Z,W )
is also a pre-Lindelöf mapping.

Proof: Let f : (X,U) → (Y, V ) and g : (Y, V ) → (Z,W ) be a pre-Lindelöf uniformly continuous
mappings and α ∈ U be an arbitrary uniform cover. Then there exists a countable uniform cover γ ∈ U
and uniform cover β ∈ V such that f−1β ∧ γ ≻ α. Then there exists a countable uniform cover η ∈ V
and uniform cover µ ∈ W such that g−1µ∧ η ≻ β. Hence, f−1(g−1µ∧ η)∧ γ ≻ f−1β ∧ γ, where f−1η∧ γ
is a countable uniform cover. Therefore, g ◦ f : (X,U) → (Z,W ) is a pre-Lindelöf mapping. 2

Corollary 2.1 If a uniformly continuous mapping f : (X,U) → (Y, V ) of a uniform space (X,U) to a
uniform space (Y, V ) and a uniformly continuous mapping g : (Y, V ) → (Z,W ) of a uniform space (Y, V )
to a uniform space (Z,W ) are both precompact mappings, then their composition g ◦ f : (X,U) → (Z,W )
is also a precompact mapping.

It is easily proved the following proposition.

Proposition 2.2 Let f : (X,U) → (Y, V ) and g : (Y, V ) → (Z,W ) be a uniformly continuous mappings.
If composition g ◦ f : (X,U) → (Z,W ) is pre-Lindelöf, then f : (X,U) → (Y, V ) is pre-Lindelöf.

Corollary 2.2 Let f : (X,U) → (Y, V ) and g : (Y, V ) → (Z,W ) be a uniformly continuous mappings.
If composition g ◦ f : (X,U) → (Z,W ) is precompact, then f : (X,U) → (Y, V ) is precompact.

Proposition 2.3 Any uniformly continuous mapping f : (X,U) → (Y, V ) of a pre-Lindelöf uniform
space (X,U) onto a uniform space (Y, V ) is a pre-Lindelöf mapping.

Proof: Let f : (X,U) → (Y, V ) be a uniformly continuous mapping of a pre-Lindelöf uniform space
(X,U) onto a uniform space (Y, V ). Take an arbitrary uniform cover α ∈ U . Then, by the pre-Lindelöfness
of the space (X,U), there exists a countable uniform cover γ ∈ U such that γ ≻ α. Due to the uniformly
continuity of the mapping f : (X,U) → (Y, V ), the preimage f−1β of the uniform cover β ∈ V is also a
uniform cover. It is easy to see that f−1β ∧ γ ≻ α. Hence, f is pre-Lindelöf. 2

Corollary 2.3 Any uniformly continuous mapping f : (X,U) → (Y, V ) of a precompact uniform space
(X,U) onto a uniform space (Y, V ) is a precompact mapping.

Theorem 2.1 Let f : (X,U) → (Y, V ) be a pre-Lindelöf mapping of a uniform space (X,U) onto a
uniform space (Y, V ). Then pre-Lindelöfness converse both to direction of image and to one of preimage.

Proof: Let β ∈ V be an arbitrary uniform cover. Then f−1β ∈ U . Put α = f−1β. By virtue of the
pre-Lindelöf property of the space (X,U), the uniform cover α contains a countable subcover α0. It
follows that fα0 = {fA1 = B1, ..., fAn = Bn} . Then fα0 = β0 = {B1, ..., Bn} is a countable subcover
of β . Consequently, (X,U) is pre-Lindelöf.
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Now, let us prove the preservation of this property in the direction of the preimage. Let (Y, V ) and
f be pre-Lindelöf. Let α ∈ U be an arbitrary uniform cover. Then there exists a uniform cover γ ∈ U
and a countable uniform cover β ∈ V such that f−1β ∧ γ ≻ α. Since the uniform cover β ∈ V contains
a countable subcover β0, it follows that the countable uniform cover f−1β0 ∧ γ. will be refined into the
uniform cover α ∈ U . Thus, the uniform space (X,U) is pre-Lindelöf. 2

Corollary 2.4 Let f : (X,U) → (Y, V ) be a precompact mapping of a uniform space (X,U) onto a
uniform space (Y, V ). Then precompactness converse both to direction of image and to one of preimage.

Proposition 2.4 If f is a pre-Lindelöf mapping and Y = {y}, then (X,U) is pre-Lindelöf.

Proof: Let α ∈ U be an arbitrary uniform cover. Then there exists a countable uniform cover γ ∈ U
and a uniform cover β ∈ V such that f−1β ∧ γ ≻ α. Clearly, f−1β ∧ γ = γ. Therefore, the uniform space
(X,U) is pre-Lindelöf. 2

Corollary 2.5 If f is a precompact mapping and Y = {y}, then (X,U) is precompact.

Proposition 2.5 Let (X,U) be an arbitrary uniform space and (Y, V ) be a pre-Lindelöf space. Then the
projection π : (X,U)× (Y, V ) → (X,U) is a pre-Lindelöf mapping.

Proof: Let α ∈ X × Y be an arbitrary uniform cover. Define πY : (X,U) × (Y, V ) → (Y, V ). Then
there exists β ∈ U and λ ∈ V such that π−1

X β ≻ α and π−1
Y λ ≻ α. Since the uniform space (Y, V ) is pre-

Lindelöf, it is easy to see that the cover π−1
Y λ ∈ U × V is countable. Thus, π : (X,U)× (Y, V ) → (X,U)

is a pre-Lindelöf mapping 2

Corollary 2.6 Let (X,U) be an arbitrary uniform space and (Y, V ) be a precompact space. Then the
projection π : (X,U)× (Y, V ) → (X,U) is a precompact mapping.

Proposition 2.6 If f : (X,U) → (Y, V ) is a pre-Lindelöf mapping, then for any uniform subspace
(M,UM ) of the uniform space (X,U) and any uniform subspace (N,VN ) of the uniform space (Y, V ), the
restrictions f |M : (M,UM ) → (fM, VfM ) and fN : (f−1N,Uf−1N ) → (N,VN ) are pre-Lindelöf.

Proof: Let αM ∈ UM be an arbitrary uniform cover. Then there exists a uniform cover α ∈ U such
that α ∧ {M} = αM . Since the mapping f : (X,U) → (Y, V ) is pre-Lindelöf, there exists a uniform
cover β ∈ V and a countable uniform cover γ ∈ U such that f−1β ∧ γ ≻ α. It is easy to see that
f−1|MβM ∧ γM ≻ αM , where βM = β ∧ {M}, γM = γ ∧ {M}. The pre-Lindelöfness of the mapping
fN : (f−1N,Uf−1N ) → (N,VN ) is proved analogously. 2

Corollary 2.7 If f : (X,U) → (Y, V ) is a precompact mapping, then for any uniform subspace (M,UM )
of the uniform space (X,U) and any uniform subspace (N,VN ) of the uniform space (Y, V ), the restrictions
f |M : (M,UM ) → (fM, VfM ) and fN : (f−1N,Uf−1N ) → (N,VN ) are precompact.

Theorem 2.2 The Cartesian product f =
∏

a∈M

fa, where fa : (Xa, Ua) → (Ya, Va), a ∈ M is pre-Lindelöf

if and only if all mappings fa are pre-Lindelöf.

Proof: Necessity. Let the Cartesian product f =
∏

a∈M

fa, where fa : (Xa, Ua) → (Ya, Va), a ∈ M ,

be pre-Lindelöf. Then, from Proposition 2.6. follows that all mappings fa : (Xa, Ua) → (Ya, Va) are
pre-Lindelöf.

Sufficiency. Let all mappings fa : (Xa, Ua) → (Ya, Va) be pre-Lindelöf. We show that the product
f =

∏
a∈M

fa of pre-Lindelöf mappings is pre-Lindelöf. Let Ufa be a pre-Lindelöf base of the mapping
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Ufa . Then the uniformity Uf =
∏

a∈M

Ufa is pre-Lindelöf. We proof that Uf =
∏

a∈M

Ufa is a base for the

mapping f =
∏

a∈M

fa. Let α ∈
∏

a∈M

Ua. It is clear that the covers
n
∧
i=1

π−1
ai

αai , αai ∈ Uai , i = 1, 2, ..., n

form a base for the uniformity
∏

a∈M

Ua. Therefore, we assume that α =
n
∧
i=1

π−1
ai

αai . Since Ufa is a pre-

Lindelöf base for the mapping fa : (Xa, Ua) → (Ya, Va), there exists a uniform cover γai from Ufai
and

a countable uniform cover βai
from Vai

such that f−1
ai

βai
∧ γai

≻ αai
, i = 1, 2, ..., n.Let γ =

n
∧
i=1

π−1
ai

γai
,

β =
n
∧
i=1

P−1
ai

βai , πai :
∏

a∈M

Xa → Xai , Pai :
∏

a∈M

Ya → Yai
. By the definition of uniformity, γ ∈

∏
a∈M

Ufa

and β ∈
∏

a∈M

Va. Consequently, f
−1β ∧ γ ≻ α. Thus, the product f =

∏
a∈M

fa is pre-Lindelöf.

2

Corollary 2.8 The Cartesian product f =
∏

a∈M

fa, where fa : (Xa, Ua) → (Ya, Va), a ∈ M is precompact

if and only if all mappings fa are precompact.

Proposition 2.7 Let {fa}a∈M be a system of uniformly continuous mappings fa : (X,U)→(Ya, Va).
If there exists a0 ∈ M such that fa0 : (X,U)→(Ya0 , Va0) is pre-Lindelöf, then the diagonal product
f = ∆ {fa : a ∈ M} is pre-Lindelöf.

Proof: Let fa0
: (X,U)→(Ya0

, Va0
) be pre-Lindelöf and let πa0

:
∏

a∈M

(Ya, Va) → (Ya0
, Va0

) be the

projection. Then fa0 = πa0 ◦ f , where f = ∆
a∈M

fa is the diagonal product. Consequently, by Proposition

2, the mapping f is pre-Lindelöf. 2

Corollary 2.9 Let {fa}a∈M be a system of uniformly continuous mappings fa : (X,U)→(Ya, Va). If
there exists a0 ∈ M such that fa0

: (X,U)→(Ya0
, Va0

) is precompact, then the diagonal product f =
∆ {fa : a ∈ M} is precompact.

Theorem 2.3 For a uniformly continuous mapping the following conditions are equivalent:

1. f : (X,U) → (Y, V ) is pre-Lindelöf;

2. The completion f̂ : (X̂, Û) → (Y, V ) is pre-Lindelöf.

Proof: 1) ⇒ 2). Let f : (X,U) → (Y, V ) be a pre-Lindelöf mapping and α̂ ∈ Û be an arbitrary uniform
cover. Let α = α̂ ∧ {X}. By virtue of the pre-Lindelöf property of the mapping f : (X,U) → (Y, V ),
there exists a uniform cover γ ∈ U and a countable uniform cover β ∈ V , such that f−1β ∧ γ ≻ α. Then
there exists a countable uniform cover γ̂ ∈ Û , such that γ = γ̂ ∧{X}. It is easy to see that f̂−1β ∧ γ̂ ≻ α̂.

2) ⇒ 1) This follows easily from Proposition 2.5. 2

Corollary 2.10 For a uniformly continuous mapping the following conditions are equivalent:

1. f : (X,U) → (Y, V ) is precompact;

2. The completion f̂ : (X̂, Û) → (Y, V ) is uniformly perfect.

Let G and H be topological groups, and let UT and VT be their two-sided uniformities, respectively.
Suppose that (G, ·, U) and (H, ·, V ) are arbitrary uniform groups.
A uniformly continuous homomorphism f : (G, ·, U) → (H, ·, V ) of a uniform group (G, ·, U) onto

a uniform group (H, ·, V ) is called a pre-Lindelöf homomorphism if the uniformly continuous mapping
f : (G,U) → (H,V ) of the uniform space (G,U) onto the uniform space (H,V ) is pre-Lindelöf.

We note some properties of pre-Lindelöf homomorphisms of uniform groups:
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1. The product of any family of pre-Lindelöf homomorphisms of uniform groups is pre-Lindelöf.

2. The restriction of a pre-Lindelöf homomorphism to any uniform subgroup is a pre-Lindelöf homo-
morphism.

3. The composition of two pre-Lindelöf homomorphisms of uniform groups is also a pre-Lindelöf ho-
momorphism.

4. The completion of a pre-Lindelöf homomorphism of a uniform group is pre-Lindelöf.

5. The preimage of a pre-Lindelöf uniform group under a pre-Lindelöf homomorphism is pre-Lindelöf.
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