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About R-Bounded Topological Groups
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ABSTRACT: Selection principles in topological groups have been developing intensively in recent years. In
topological group theory, there are so-called left, right, two-sided, and universal uniform structures. In this
article, we use these uniform structures to study R-bounded topological groups.
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1. Introduction

A mapping f: X -X — X is said to be a binary operation on a set X. Such operation maps any
ordered pair (z,y) of elements of the set X to an element z = f(x,y) of the same set. As usually, a
binary operation is denoted by a certain sign, for example ” -7, and such sign is used in infix form, for
example z = z - y. If such operation is associative on the set X, i.e. (x-y)-z=x-(y-2) for all z,y,z€X
then the pair (X ) is said to be a semigroup. A semigroup (G, ) is said to be a group, if the following
conditions are relized. There exists such neutral element e€G that z-e = e-x = z for all z€G and each
element z€G has the inverse one, i.e. such element 2 '€G that 2 - 27! = 27! - 2 = 2. The main binary
operation in a group is frequently denoted with the symbol ” +” and is said to be addition. A group
equipped with addition is said to be additive.

For covers o and S of a set X , we have: a A ={ANB: A€ a,B e . Let M subset of X.
Then a(M) = USt(a, M), St(a, M) ={A € a: ANM # (}. Let x € X be an arbitrary point. Then
a(z) =USt(a, z), St(a,z) ={A€a: A>3z}

The symbol a > 8 means that the cover « is a refinement of the cover 3, i.e., for any A € « there
exists B € 8 such that ACB. The symbol ar>f means that the cover « is a star refinement of the cover
B, i.e., for any x € X there exists B € [ such that a(x)CB and, the symbol ax >~ 3 means that the cover
a is a strongly star refinement of the cover f, i.e., for any A€« there exists B € 8 such that a(A)CB.

A uniformity on a set X # () is a family U of covers of X which satisfies the following axioms:

(Ul) If « € U and « > B, then 5 € U;

(U2) If «, 8 € U, then there exists v € U such that v > a and v > £;

(U3) If « € U, then there exists 8 € U such that S* > «;

(U4) For any two points x,y € X, x # y there is an o € U such that no member of « contains both
z and y, [1], [4], [6], [7], [12].

The pair (X, U) is called a uniform space.

A uniform space (X, U) is called:

(1) w -bounded, if the uniformity U has a base consisting of countable cover [1], [7], [12];

(2) has the uniform Menger property, if for each sequence (o, |n € N)CU there is a sequence (8, |n €
N) such that for each n € N, 3, is a finite subset of «,, and . gNﬁn is a cover of X [7], [21], [23].

(3) has the uniform Rothberger property, if for each sequence (a,|n € N)CU there is a sequence
(An|n € N) such that for each n € N, A4,, € a,, and UNA" =X, [7], [31].
ne
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A mapping f: (X,U) — (Y, V) of the uniform space (X,U) to the uniform space (Y, V) is called a
uniformly continuous mapping, if every 8 € V there is « € U such that fa = 8 [1], [12], [23], [36].

The mapping f is called precompact, if for each o € U there exist a uniform cover g € U and a finite
uniform cover v € U such that f=18 A~ = o [1], [12], [17], [22].

A set G is said to be a topological group if it is equipped with structures of a group and a topology
realizing the following two axioms:

(TG1) The mapping (z,y) — « - y of the product G x G to G is continuous;

(TG2) The mapping  — 1 of group G to itself is continuous, [1].

A topological group G is said to be:

(a) w-bounded if for each neighborhood D of neutral element e there exists a countable set ACG such
that A- D =G, [1], [12], [22];

(b) M-bounded, if each sequence (U,|n € N) of neighborhoods of neutral element e in G there exists
a sequence (A,|n € N) of finite subsets of G such that nLGJNA” U, =G, [7);

(d) R-bounded, if for each sequence (U,|n € N) of neighborhoods of neutral element e in G there
exists a sequence (x,|n € N) of elements of G such that ngn -Up, =G, [7].

A filter F' in a uniform space (X, U) is said to be a Cauchy filter, if a N F' # @ for all a € U, [15]; a
point 2 € X is said to be an adherent point of a filter Fin (X,U), if x € N{[M] : M € F'} or equivalently,
x € X is an adherent point of each element M € F in (X, 7y) [15]; a point 2 € X is said to be a limit of
a filter F' , if a filter F is finer than the filter F, of neighborhoods of the point z € X, [1], [15].

Let X be the set of all minimal Cauchy filters in the uniform space (X,U). For each uniform cover
o € U we denote @ = {A: A € a}, where A= {F € X : A€ F}. The family of covers B = {@:a € U}
forms a base of some uniformity U on X, [12], [15], [22].

For any uniform | space (X, U) there exists a unique (with respect to uniform isomorphism) complete
uniform space (X,U) such that for some everywhere-dense subset Y C X the uniform space (X,U) is
uniformly isomorphic to the space (X, Us ) - And w(Uy) = w(U). The uniform space (X, U) is called a
completion of the uniform space (X,U) [ ]

A continuous mapping f : G — H being a homomorphism (in algebraic terms) of a group G to group
H is said to be a homomorphism of a topological group G to a topological group H; a filter I is called
Ro-centered, if NF’ # () for any subfamily F'CF of cardinality |F’|€Ry. In other words, any countable
subfamily of filter F' has non-empty intersection; a uniform space in which every Wy-centered Cauchy
filter converges is called Ng-complete; a topological group G is called Np-complete in the sense of Raikov
if the uniform space (G,U;) is Ng-complete.In other words, the two-sided uniform structure Uy of the
group G is an Rg-complete uniformity, [1].

Any Rg-complete topological group G®° containing the group G as an everywhere dense subgroup is
called an Ng-completion of the group G. A topological group G is called complete in the sense of Raikov
if the uniform space (G, U;) is complete. In other words, the two-sided uniform structure U; of the group
G is a Rp-complete uniformity, [1].

Any complete topological group G containing the group G as an everywhere dense subgroup is called
a completion of the group G.

A topological group puG is said to be a D-completion of a topological group G, if the following
conditions are realized:

1) uG is Dieudonne complete;

2) G is a subgroup of the group uG;

3) G is everywhere dense in uG, [1].

Important properties of selection principles are investigated in the works [3], [5], [7]-[10], [21], [28]-][35].
Many terminology and known results are used by the authors from the works [1], [2], [7], [11]-[27],
[34], [36].

2. About R-Bounded Topological Groups
Let G be a topological group.
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Proposition 1. A topological group G is R-bounded if and only if the uniform space (G,U;) is
uniformly Rothberger, where Uj is the left uniformity on G.

Proof: Let G be a R-bounded topological group and take an arbitrary sequence (alHn\n € N)cU;
of uniform covers, where Oéle ={z-H, : x € G}, H, € B(e), B(e) — base of neighborhoods of the
neutral element e. Since G is R-bounded, then for a countable family (H,|n € N) of neighborhoods of a
neutral element e in G there exists a sequence (z,|n € N) elements of G such that G = nng” -H,. Put

Bhn = {B,, : neN}, where B,, = x,, - H, for each neN. It is easy to see that Bneaiqn for each neN.
Since UN:cn - H, = G, then UNﬂfq = @. Hence, (G,U;) is uniformly Rothberger.
ne ne "

Conversely, let (G,U;) be a uniformly Rothberger space and (H,|[n€N) be an arbitrary sequence
of neighborhoods of the neutral element e in G. Denote oty = {z - H, : 2€G}, H,eB(e). Then
(aly [neN)CU is a sequence of uniform covers. Since the uniform space (G, U;) has a uniformly Roth-
berger property, then there exists a sequence (A,|n€N) such that AnEa%n and n.LgJNA” = (. For each

1, from AnEaiqn we select one element x;. Then {x1,x9,...,2,,...} CG is a countable subset of G. It is
easy to see that UN[L’n - H, = G. Thus, G is R-bounded.
ne

Proposition 2. A topological group G is R-bounded, if and only if the uniform space (G,U;) is
uniformly Rothberger, where U, is the right uniformity on G.

Proof: The proof, with minor changes, is similar to the proof of Proposition 1.

Proposition 3. A topological group G is R-bounded, if and only if the uniform space (G,U;) is
uniformly Rothberger, where Uy is the two-sided uniformity on G.

Proof: The proof, with minor changes, is similar to the proof of Proposition 1.

Proposition 4. Any R-bounded topological group G is M-bounded.

Proof: Let G be an R-bounded topological group. We will proof that it is M-bounded. It suffices to
show that the uniform space (G, U,), where Uj is the left uniformity on G, is a uniformly Menger space.
Let (a}, [n€N)CU; be an arbitrary uniform cover, o, = {a - U, : z€G}, U, is a neighborhood of the
neutral element e in G. Then there exists a sequence (x - U, |n€G) such that for each n, x - UnEalUn and
nng -Up =G. Put {z-U, :n € G}=4}, . Then it is easy to see that 3}, is a finite subfamily of aj; .
Hence, G is M-bounded.

Corollary 1. Any R-bounded topological group is w-bounded.

Theorem 1. Any countable discrete topological group G is a R-bounded.

Proof: Let G be a countable discrete topological group. We will proof that G is R-bounded. It
suffices to proof that the uniform space (G, U;) is a uniformly Rothberger space. Let (a%,[,n [neN)CU; be
a sequence of uniform covers. Since the topological group G is countable discrete, there exists a base
B = (o) consisting of countable covers afy, = {x, - W : 2,€G}. It is easy to see that ol > ofy, . Take
Ty Weaﬁ,v", W = {e}, e€G — neutral element, such that x,, - WCx,, - W,, and nng” -W = @. Thus, G

is a R-bounded.

Theorem 2. If a topological group G* is a continuous homomorphic image of a R-bounded topological
group G, then G* is also R-bounded topological group.

Proof: Let G be a R-bounded topological group and f : G — G* be an arbitrary continuous
homomorphism of the R-bounded topological group G to the topological group G*. It is easy to see
that the homomorphism f : (G,U;) — (G*,V}) is a uniformly continuous mapping. We proof that the
uniform space (G*,V}) is a uniformly Rothberger space. Let (ﬁ{/n |[neN)CV, be an arbitrary sequence of
uniform covers. Since f is uniformly continuous, the cover f~! ﬂ%,n is uniformly cover i.e. f~! B{/neUl.
Put f_lﬁ{/n = O‘i‘*Vn’ neN. It is easily seen that we have: if V,, is a neighborhood of neutral element e
in topological group G*, then f~'V,, is a neighborhood of neutral element e in the topological group G.
Then there exists a sequence (z-U,|n€N), such that for each neN, x- Uneabn and nng Uy, = G, where

U, = f~'V,,. For each n€N put f(x-U,) =y -V, y = f(x). Then, ng(x -U,) = éJNy -V = GF,
neN. Hence, G* is R-bounded.

Theorem 3. Let f: G — G* be a precompact continuous homomorphism. If the topological group
G™ is R-bounded, then a topological group G is M-bounded.
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Proof: Let f : G — G* be a precompact continuous homomorphism of a topological group G
onto a topological group G* and (abn|n€N )CU; be an arbitrary sequence of uniform covers. For each
neN there exists a finite cover 'yé,ﬂ/eUl and ﬁ%,VHEVZ, such that fflb’évn A 'y{,n — alUn. Apply to the
sequence (Bévn\nEN )CV; the fact that the space (G*, V) has a uniformly Rothberger property we find
a sequence (y - W,|n€N) such that y - Wneﬂ%n and ngNy - Wy, = G*, yeG*. We have for each neN,

Ty Wo)N(@-Va) #0,i=1,2,....,kand f~ (y-W,)N(z-V,,;)Cx- Uy, UMEalUn, z€G, yeG*. Put
afy ={x-Un,:i=12,..k} Since f~'(y-W,)Cdy, and L€JNf_1(y - Wn)€G, yeG* for each neN,
then UNdb = (. Hence, G is M-bounded.
ne "

Theorem 4. The completion G of an R-bounded topological group G is R-bounded. B

Proof: Let (G,U;) be the completion of the uniformly Rothberger space (G,U;) and (&f,|neN)CU;
be an arbitrary sequence. Put of, = a!, A {G}, af, ={A, : A,ea,}, A, ={F:A,€F}, F — minimal
Cauchy filter. Then from the construction [1] of completion of uniform spaces (af,|n€N)CU;. Since
(G, U;) is a uniformly Rothberger space, then there exists a sequence (A,|n€N) such that for any neN,
Ap€al, and UNA" = (. It is easy to see that UNAn =G, A, ={F: A,eF}, F - minimal Cauchy

ne ne

filter. Hence, (57 ﬁt) is a uniformly Rothberger space, i.e. G is R-bounded.

Theorem 5. The Rg-completion G®0 of a R-bounded topological group G is a R-bounded.

Proof: It is known that any topological group G has a unique, up to a topological isomorphism,
No-completion G?O in the sense of Raikov [1]. For the uniform space (G,U:), G?O denotes the set
G?O = G'UG", where G’ is the set of all neighborhood filters of points of the group G, and G” is the
set of all free Wg-centered Cauchy filters of the uniform space (G,U;). Without loss of generality, we
can assume that each element of the set G’ is a minimal Cauchy filter, which is also No-centered. Let
(G,U) be the Raikov completion of the topological group G. Then, according to the construction of
completions of uniform spaces [1], the inclusion G3°C@ holds. Put U} = U, A{G°}. Tt is known [1] the
topological group G is everywhere dense in Rp-complete topological group G?O. Let (G?O, UtNO) be the N
-completion of the uniformly Rothberger space (G, U;) and (al*|ne N)CU; be an arbitrary sequence,
where a0t = {4, : Apcal}, A, = {FEGY : AcF}. Put al, = a®0* A{G}. Then from the construction
(G, U™, (o |neN)CU,. Since (G, Uy) is a uniformly Rothberger, there exists (A, |n€N) such that for
any neN, A,€al, and gNAn is a cover of the space (G, U;). Then from the construction Ro-completion

of uniform space (G, U), UNE" is a cover of the (GN“,UtNO). Consequently, (GNo, UtNO) is a uniformly
ne

Rothberger space, i.e. a topological group G*° is a R-bounded.

Lemma 1. A Tychonoff space G is a Rothberger space if and only if the uniform space (G, Ug),
where Ug is the universal uniformity, is a uniformly Rothberger space.

Proof: Let G be a Rothberger space and (a,|n€N)CUg be an arbitrary sequence of uniform covers.
Since the interior (o) of each uniform cover «,, is an open cover, then ((a,)|n € N) is a sequence of
open covers of the space G, (a,) = {{4) : A€, }, where (A) is the interior of the set A. Then, there is
a sequence (A,|n€N) of finite open subfamilies such that for any neN, A,, € a,, and ngNA" is an open

cover of X. Consequently, (X, Ug) is a uniformly Rothberger space.
Conversely, let (ay,|n€N) be an arbitrary sequence of open covers of the space G. Then (o, |[n€N)CUg.
Therefore, there is a sequence (A, |n€N) such that for any neN, A, € «, and UN,Bn is a cover of the
ne

space (G,Ug). Assume ((An)|n € N) where (A,) is the interior of the set A,,. Note that UN<A"> is an
ne

open cover of the space G. Consequently, GG is a Rothberger space.

It is known that for the universal uniformity Uy of a Tychonoff space X the Ng-completion (X0, U?{’)
is homeomorphically embedded into every Ro-completion (XXo, UR0) of the uniform space (X, U), where
U is any uniformity on X congruent with the topology of the space X [1].

For a Tychonoff space X we denote by U(X) the set of all uniform structures congruent with the
topology of the space X. For each uniformity UeU(X) we have the uniformly continuous mapping
1:(X,Ux) — (X,U) and its natural uniformly continuous extension 1 : (X®0, UX") — (XRo, U®0) over
the Ng-completions. As we noted above, the Rp-completion (X™0, Uf(") of the uniform space (X,Ux)
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coincides with the Dieudonne completion uX of the Tychonoff space X, i.e. it is identical with the
uniform space (X, Ux).

Then the following theorem holds.
Theorem 6. The D-completion 4G of an R-bounded topological group G is R-bounded.
The proof follows from the fact [1] that for the universal uniformity Ug on a group G the Rp-completion

G®o, UX") is homeomorphically embedded into every Ro-completion (GRo, Ue , where U is an arbitrary
G G
uniformity on the group G, and from Lemma 1.
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