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abstract: The present paper deals with certain study of Lorentzian para-Sasakian manifolds endowed
with extended quasi-conformal curvature tensor. Specifically, we have considered Lorentzian para-Sasakian
manifolds admitting extended quasi conformally ϕ-flat, extended quasi conformally ϕ-semi-symmetric and
Ke(ξ, U) · S = 0 conditions and characterize some important results.
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1. Introduction

The idea of Lorentzian para-Sasakian manifolds was first introduced by Matsumoto [10] in 1989.
Again the same notion was studied by Mihai and Rosca [11] and obtained many interesting results. The
Lorentzian para-Sasakian manifolds have also been weakened by Shaikh et al. [17] and many others (See
[5,12,18,35]).

On the other hand, in [36], Yano and Sawaki introduced the notion of quasi conformal curvature tensor
of a n-dimensional Riemannian manifold and is given by

K̃(U, Y )Z = aR(U, Y )Z + b[S(Y, Z)U − S(U,Z)Y + g(Y,Z)QU − g(U,Z)QY ]

− r

n
[

a

n− 1
+ 2b]{g(Y, Z)U − g(U,Z)Y }, (1)

where U, Y, Z ∈ TpM and a, b are constants and r is a scalar curvature. In particular, if a = 1 and
b = − 1

n−2 , then the quasi conformal curvature tensor reduces to conformal curvature tensor. Later, the
extended form of quasi conformal curvature tensor were developed by the authors in [7] and is given by:

Ke(U, Y )Z = K̃(U, Y )Z − η(U)K̃(ξ, Y )Z − η(Y )K̃(U, ξ)Z − η(Z)K̃(U, Y )ξ, (2)

for any U, Y, Z ∈ TpM . In [37], the authors studied the extended quasi conformal curvature tensor on
N(k) contact metric manifold. Some related works can be found in [1-4,13-16,20-34].

The present paper is organized in the following; After preliminaries in the Section 2, we have studied
extended quasi-conformally ϕ-flat Lorentzian para-Sasakian manifold and proved that the manifold is
η-Einstein with constant scalar curvatue and always admits an η-parallel Ricci tenor. Later in Section
4, we proved that an extended quasi conformally ϕ-semi-symmetric Lorentzian para-Sasakian manifold
is of constant scalar curvature and the parameters a and b are linearly dependent to each other. Finally,
Section 5 is devoted to study of extended quasi conformal curvature tensor on Lorentzian para-Sasakian
manifold satisfying Ke(ξ, U) · S = 0 and obtained the Ricci tensor.
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2. Preliminaries

An n-dimensional differentiable manifold M is said to be an Lorentzian para-Sasakian manifold [10]
if it admits a (1, 1)-tensor field ϕ, a unit time like vector field ξ, a 1-form η and a Lorentzian metric g
such that:

ϕ2U = U + η(U)ξ, η(ξ) = −1 (3)

g(ϕU, ϕY ) = g(U, Y ) + η(U)η(Y ), (4)

(∇Uϕ)(Y ) = g(U, Y )ξ + η(Y )U + 2η(U)η(Y )ξ, (5)

for any U, Y ∈ TpM , where ∇ denotes the operator of covariant differentiation with respect to the
Lorentzian metric g. It can be easily seen that in an Lorentzian para-Sasakian manifold, the following
relations hold (See [10]):

ϕξ = 0,

η(ϕU) = 0,

rankϕ = n− 1,

g(U, ξ) = η(U). (6)

Again, an n-dimensional Lorentzian para-Sasakian manifold satisfies following conditions:

Ω(U, Y ) = g(U, ϕY ),

∇Uξ = ϕU,

for any U, Y ∈ TpM , then the tensor field Ω(U, Y ) is a symmetric (0, 2) tensor field (See [10]).
Also, in an n-dimensional Lorentzian para-Sasakian manifold, since the vector field η is closed [10,11],
then we have:

(∇Uη)(Y ) = Ω(U, Y ),

Ω(U, ξ) = 0,

for any U, Y ∈ TpM . Let M be an n-dimensional Lorentzian para-Sasakian manifold with the structure
(ϕ, ξ, η, g). Then the following relations hold (See [10]):

R(U, Y )Z = g(Y, Z)U − g(U,Z)Y, (7)

S(U, ξ) = (n− 1)η(U), (8)

S(ϕU, ϕY ) = S(U, Y ) + (n− 1)η(U)η(Y ), (9)

for any U, Y, Z ∈ TpM , where R is the Riemannian curvature tensor and S is the Ricci tensor of the
manifold.
The Lorentzian para-Sasakian manifolds endowed with extended quasi-conformal curvature satisfies the
following:

Ke(U, Y )Z = [a− r

n
(

a

n− 1
+ 2b)]{g(Y,Z)U − g(U,Z)Y + g(U,Z)η(Y )ξ

−g(Y, Z)η(U)ξ + 2η(U)η(Z)Y − 2η(Y )η(Z)U}
+b{S(Y, Z)U − S(U,Z)Y + η(Y )S(U,Z)ξ − η(U)S(Y, Z)ξ

+g(Y, Z)QU − g(U,Z)QY + (n− 1)η(Y )g(U,Z)ξ − (n− 1)η(U)g(Y, Z)ξ

+2η(U)η(Z)QY − 2η(Y )η(Z)QU + 2(n− 1)η(U)η(Z)Y − 2η(Y )η(Z)U}, (10)

Ke(ξ, Y )Z = [a− r

n
(

a

n− 1
+ 2b)]{2g(Y,Z)ξ − 3η(Z)Y − η(Y )η(Z)ξ}

+b[2S(Y, Z)ξ − 3(n− 1)η(Z)Y + 2(n− 1)g(Y, Z)ξ − 3η(Z)QY

−2(n− 1)η(Y )η(Z)ξ] = −Ke(Y, ξ)Z, (11)

Ke(U, Y )ξ = [a− r

n
(

a

n− 1
+ 2b)][3η(Y )U − 3η(U)Y ]

+b[3(n− 1)η(Y )U − 3(n− 1)η(U)Y + 3η(Y )QU − 3η(U)QY ], (12)

Ke(ξ, ξ)Z = 0. (13)
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Definition 2.1 An n-dimensional Lorentzian para-Sasakian manifold is said to be η-Einstein, if its Ricci
tensor S is of the form

S(U, Y ) = Ag(U, Y ) +Bη(U)η(Y ),

for all U, Y ∈ TpM , where A and B are constants. If B = 0, then the manifold reduces to Einstein.

Definition 2.2 In an n-dimensional Lorentzian para-Sasakian manifold, if Ricci tensor S satisfies

(∇WS)(ϕU, ϕY ) = 0,

for all U, Y ∈ TpM , then the Ricci tensor is said to be η-parallel.

3. Extended Quasi-Conformally ϕ-Flat Lorentzian Para-Sasakian Manifold

Definition 3.1 A n-dimensional Lorentzian para-Sasakian manifold is said to be extended quasi-
conformally ϕ-flat if

g(Ke(ϕU, ϕY )ϕZ, ϕW ) = 0, (14)

for all U, Y, Z,W ∈ TpM .

It follows from (14) that

[a− r

n
(

a

n− 1
+ 2b)][g(ϕY, ϕZ)g(ϕU, ϕW )− g(ϕU, ϕZ)g(ϕY, ϕW )]

+b[S(ϕY, ϕZ)g(ϕU, ϕW )− S(ϕU, ϕZ)g(ϕY, ϕW ) + g(ϕY, ϕZ)S(ϕU, ϕW )

−g(ϕU, ϕZ)S(ϕY, ϕW )] = 0. (15)

On plugging U = W = ei, where ei is an orthonormal basis for the tangent space at each point of the
manifold and taking the summation over i, i = 1, 2, · · · , n, we get:

[a− r

n
(

a

n− 1
+ 2b)][(n− 2)g(ϕY, ϕZ)]

+b[(n− 3)S(ϕY, ϕZ) + rg(ϕY, ϕZ)] = 0. (16)

Now it follows from the above equation that:

S(Y, Z) =
a(n− 2)[r − n(n− 1)] + br(n− 1)(n− 4)

bn(n− 1)(n− 3)
g(Y, Z)

+
a(n− 2)[r − n(n− 1)] + b(n− 1)[r(n− 4)− n(n− 1)(n− 3)]

bn(n− 1)(n− 3)
η(Y )η(Z). (17)

Hence we can state the following:

Theorem 3.1 An extended quasi conformally ϕ-flat Lorentzian para-Sasakian manifold is an η-Einstein
manifold.

Again putting Y = Z = ei in (17), yields

r =
an(n− 1)(n− 2)2 + bn(n− 1)2(n− 3)

a(n− 2)2 + b(n− 1)(−3n+ 8)
. (18)

Hence this leads us to the following:

Corollary 3.1 In an extended quasi conformally ϕ-flat Lorentzian para-Sasakian manifold, the scalar
curvature is constant.
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Now replacing Y by ϕY and Z by ϕZ in (17) and then taking an account of (6), we obtain

S(ϕY, ϕZ) =
a(n− 2)[r − n(n− 1)] + br(n− 1)(n− 4)

bn(n− 1)(n− 3)
g(ϕY, ϕZ). (19)

Differentiating (19) covariantly with respect X, we get

(∇XS)(ϕY, ϕZ) = dr(X)
a(n− 2) + b2(n− 1)(n− 2)

bn(n− 1)(n− 3)
g(ϕY, ϕZ). (20)

Since extended quasi conformally ϕ-flat Lorentzian para-Sasakian manifold is of constant scalar curvature,
then the above equation reduces to

(∇XS)(ϕY, ϕZ) = 0. (21)

Hence this leads us to the following:

Corollary 3.2 An extended quasi conformally ϕ-flat Lorentzian para-Sasakian manifold with constant
scalar curvature admits a η-parallel Ricci tensor.

4. Extended Quasi-Conformally ϕ-Semi-Symmetric Lorentzian Para-Sasakian Manifold

Definition 4.1 An n-dimensional Lorentzian para-Sasakian manifold is said to be extended quasi con-
formally ϕ-semi-symmetric if Ke(U, Y ) · ϕ = 0.

The above condition turns into

Ke((U, Y ) · ϕ)Z = Ke(U, Y )ϕZ − ϕKe(U, Y )Z = 0, (22)

for any U, Y, Z ∈ TpM .
In view of (1), (2), (11) and (12), it follows from (22) that

[a− r

n
(

a

n− 1
+ 2b)]{g(Y, ϕZ)ϕU − g(U,Z)ϕY + 2η(U)η(Z)ϕY − 2η(Y )η(Z)ϕU}

+b{S(Y, Z)ϕU − S(U,Z)ϕY + g(Y, Z)ϕ(QU)− g(U,Z)ϕ(QY ) + 2η(U)η(Z)ϕ(QY )

−2η(Y )η(Z)ϕ(QU) + 2(n− 1)η(U)η(Z)ϕY − 2(n− 1)η(Y )η(Z)ϕU} = 0. (23)

Now taking inner product of (23) with respect to W , yields:

[a− r

n
(

a

n− 1
+ 2b)]{g(Y, ϕZ)g(ϕU,W )− g(U,Z)g(ϕY,W ) + 2η(U)η(Z)g(ϕY,W )

−2η(Y )η(Z)g(ϕU,W )}+ b{S(Y, Z)g(ϕU,W )− S(U,Z)g(ϕY,W ) + g(Y, Z)S(ϕU,W )

−g(U,Z)S(ϕY,W ) + 2η(U)η(Z)S(ϕY,W )− 2η(Y )η(Z)S(ϕU,W )

+2(n− 1)η(U)η(Z)g(ϕY,W )− 2(n− 1)η(Y )η(Z)g(ϕU,W )} = 0. (24)

Putting U = W = ei, where ei is an orthonormal basis for the tangent space at each point of the manifold
and taking summation over i, i = 1, 2, · · · , n, we get:

[a− r

n
(

a

n− 1
+ 2b)]{g(Y,Z)α− g(ϕY,Z)− 2η(Y )η(Z)α}

+b{S(Y, Z)α− S(ϕY,Z) + g(Y,Z)β − S(ϕY,Z)

−2η(Y )η(Z)β − 2(n− 1)η(Y )η(Z)α} = 0. (25)

From which it follows that

a[n(n− 1)α− r] + b[(n(n− 1)2 − 2r(n− 1))α+ n(n− 1)β] = 0. (26)

Hence we can state the following:
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Theorem 4.1 In an n-dimensional extended quasi conformally ϕ-semi-symmetric Lorentzian para-
Sasakian manifold, a and b are linearly dependent to each other.

Again from (26), it follows that:

r =
n(n− 1)αa+ (2n(n− 1)2α+ n(n− 1)β)b

a+ 2(n− 1)αb
. (27)

Hence this leads us to the following:

Corollary 4.1 In an extended quasi conformally ϕ-semi-symmetric Lorentzian para-Sasakian manifold,
the scalar curvature is constant which is given by (27).

5. Extended Quasi-Conformal Curvature Tensor on Lorentzian Para-Sasakian Manifold
Satisfying Ke(ξ, U) · S = 0

Let us consider a Lorentzian para-Sasakian manifold satisfying Ke(ξ, U) · S = 0.

Now it follows from the above condition that

S(Ke(ξ, U)Y, ξ) + S(Y,Ke(ξ, U)ξ) = 0. (28)

In view of (11), it follows that

[a− r

n
(

a

n− 1
+ 2b)]{3S(Y, U)− 2(n− 1)g(Y, U) + (n− 1)η(Y )η(U)}

+b{3S(Y,QU) + (n− 1)S(Y,U)− 2(n− 1)2g(Y, U)− 2(n− 1)2η(Y )η(U)} = 0. (29)

By using above equation (29), we get

3bS(Y,QU) = (−3[a− r

n
(

a

n− 1
+ 2b)]− b(n− 1))S(Y, U)

+{2(n− 1)[a− r

n
(

a

n− 1
+ 2b)] + 2b(n− 1)2}g(Y, U)

+{(n− 1)[a− r

n
(

a

n− 1
+ 2b)] + 2b(n− 1)2}η(Y )η(U). (30)

Hence we can state the following:

Theorem 5.1 If an extended quasi conformal curvature tensor on n-dimensional Lorentzian para-
Sasakian manifold satisfies Ke(ξ, U) · S = 0, then the Ricci tensor is given by (30).

Plugging Y = U = ei, where ei is an orthonormal basis for the tangent space at each point of the manifold
and taking summation over i, i = 1, 2, · · · , n, we get:

3b ∥Q∥2 =
a[3r2 − r(n− 1)(5n− 1) + n(n− 1)2(2n− 1)]

n(n− 1)
(31)

+
b[r2 − r(n− 1)(5n− 2) + 2n(n− 1)2(n− 2)]

n

Hence this leads us to the following:

Corollary 5.1 In an n-dimensional Lorentzian para-Sasakian manifold satisfying Ke(ξ, U) ·S = 0, then
the norm of a Ricci operator is given by (31).
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