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Existence of Positive Solutions to a System of Two Coupled Second Order Dynamic
Equations with Nonlocal Boundary Conditions on Time Scales
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ABSTRACT: The main aim of this paper is to show some existence results for a system of coupled second order

dynamic equations with non local boundary conditions on time scales .The important key tool used in our

proofs is the Guo-krasnoselskii’s fixed point theorem in a cone.
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1. Introduction

In the present paper; we are interested in the study of the existence of positive solutions, in the sense
of time scale theory, of the following dynamic system :

V(t) + Mwi (8) f1(x(t), y(t) =0 5t € (0,T)r
V() + dawa(t) fo(a(t),y(t) =0 5t € (0,T)r

z(0) = frz(0), (1) = arz(0 )

y(0) = B2y(0), y(T) = ay(0)

where T is a time scale with 0,7 € T;\{, A2 > 0 are positive parameters ,ay,cas > 0,581,082 > 0,
0<6<T, a0 <T fori=1,2By a positive solution to problem (1.1), we mean a vector-valued function
(z,y) € CL ([0, T, RT) x CL, ([0, T, RT) satisfying (1.1) with 2 +y > 0 in [0, T

The study of the existence of positive solutions to nonlinear differential equations under various boundary
conditions has attracted considerable interest in recent years, because these boundary value problems arise
in applications where only positive solutions make sense.For example,Ma[13] considered the problem

{ u(t) 4 Xa(t)f (u(t)) =0 ;te(0,1)
w(0) = Bu(n) ;u(l) = ou(n)

1
with 0 < < 1and 0 < o < — and gave intervals on A in which this problem had at least one positive

(1.1)

solution u(t). when S = 0 this problem was studied by Ma[l4] and Raffoul[16]; for more details; we
refer the reader to the monograph by Agarwal;O’Regan and Wong [1].More recently, interest in obtaining
the existence of positive solutions for systems has grown, and we cite as recent references the papers
of Benchohra el al.[2],Henderson and Ntouyas[4,5,6],Henderson,Ntouyas and Purnaras|7],Henderson and
Wang [8,9], Hu and Wang [10],Liu,Liu and Wu [11],Luo and Ma [12], R.Ma [15],Wang [17] ;Zhou and Xu
[18].For instance,Henderson et al [9] considerd the four-point problem :

u (1) ha(t)] (0(8) =0 it (0,1)
v (t) + pb(t)g (u ())—0 tE( 1)
u(0) = au(§) u(l) = Bu(n)
v(0) = aw(§) ;o(1) = Bo(n)
2020 Mathematics Subject Classification: 34N05, 34B10, 47TH10.
Submitted January 12, 2026. Published April 11, 2026

Typeset by BS% style.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.81318

2 M. EL AMRI, M. LAHROUZ AND F.CHABBABI

with 0 < £ < < 1and 0 < a,f < 1; they too obtained the existence of at least one positive solution
(u(t),v(t)) of this problem.

Our interest in this paper is to extend the results of Ma [13] and Henderson [9] to dynamic system of the
form (1.1) on time scales .

Now,we make the following assumptions:

(Cy) s wi,wy € Cig ([0, T)7,RT) and there exits tg,t1 € [0, T]r such that wy(tp) > 0 and wa(t1) > 0.
(C2) : fi,fa € Cu([0,00)1 % [0,00)T,[0,00)) and there exist non — mnegative constants
O, 1Y Fpo; Fsesuch that

U ey ot a4y 0! zty—+oo T + Y
f20 — lim f2 (x7 y) ; F2oo — lim f2 (x? y)

z+y—0t T+ Y T+y—r+oo T + Y

Our approach is based on the following theorem: Guo-Kranoselskii fixed point theorem in a cone.

Theorem 1.1 (/3]): Let E be a Banach space and K C E a cone in E.Assume that Q1 and Qa are two
open bounded subsets of E such that 0 € Q; and Q; C Qo.Let L : KN (Qy\ Q1) — K be a completely
continuous operator such that either :

(i) || Lu ||<|| w ]| for we KN, and || Lu ||>]| w || for uvwe KNy or

(i) || Lu | =] w || for we KNI, and || Lu ||<|| u| for vwe KNy .

Then L has at least one fized point in K N (Qg \ Q).

This article is arranged as follows. In section 2, we introduced some basic time scale definitions and
state and prove several preliminary lemmas needed in later sections , in section 3, by using the Guo-
Krasnoselskii fixed point theorem in a cone, we prove the existence of at least one positive solution for
the problem (1.1)

2. Preliminaries and Basic Lemmas

In this section, we shall recall some basic definitions and lemmas which are used in what follows. Let T
be a non-empty closed subset (time scale) of R. the forward and backward jump operators o,p: T — T
and the forward and backward graininess functions u,v : T — RT are defined, respectively,

o(t) =inf{s € T : s > t},

p(t) =sup{s € T : s < t},

u(t) = o(t) —t,

v(t) =t — p(t).
A point ¢t € T is called left-dense if ¢ > inf T and p(t) = ¢, left-scattered if p(t) < ¢, right-dense if ¢ < sup T
and o(t) = t, and right-scattered if o(¢) > t.If T has a left-scattered maximum M, then T* = T \ {M},
otherwise T* = T and If T has a right-scattered minimum m, then Ty = T \ {m}, otherwise Ty = T.
A function f : T — R is right-dense continuous (rd-continuous) provided it is continuous at right-
dense point in T and its left-side limits exist at left-dense points in T and f is left-dense continuous(
ld-continuous)if f is continuous at such lefft-dense point in T and its right-sided limit exists at each right-
dense point in T. If f is continuous at each right-dense points and each left-dense point, then f is said
to be a continuous function on T and the set of continuous functions f : T — R will be denoted by
C(T,R)).The set of ld-continuous (rd-continuous) functions f : T — R will be denoted by Ciq(T,R)
(Crd(T’ R)))
Let f: T — R and t € T then the A-derivative of f at the point ¢ is defined to be the number f2(t),
provided it exists, with the property that for each € > 0 there is a neighbourd V of ¢ such that

[f(a(t) = f(s) = F2(2) (o(t) — 8)[<|o(t) —s|,¥s € V
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Similarly,for ¢ € Ty, ,the V-derivative of f at the point ¢ is defined to be the number fV (t),provided it
exists, with property that for each € > 0 there is a neighbourd U of ¢ such that

Flp(t) = £(s) = fY(t) (p(t) — 8) | <|p(t) — s|.¥s € U

if f is d-continous, then there exist a function F' such that FV(t) = f(t) and in this case, it is defined

that ,
/ f)Vt = F(b) — F(a)

Similarly, if f is rd-continous, then there exist a function G such that G2(t) = f(t) .In this case, it is
defined that .
[ roat=co) - 6

The set Ciq ([0, T]1,R) is a Banach space with the sup norm :
I f 1= Sup |f(t)]

te[0,T]r

Now, we state and prove several lemmas that will be used in the proofs of our main results .

Lemma 2.1 ([12,13]): Let 7A el

.Then for x € C1q([0,T]|1,R), the problem

y”(t) +a(t) =0;t€0,T)r
y(0) = By(n) (2.1)
y(T) = ay(n)

has a unique solution

= - t —s)x(s)Vs (8= o)t = AT ! —s)x(s)Vs (1= B)t+ Bn ’ —s)x(s)Vs
v = /o(t )()V+(T—an)—/3(T—n)/o(n )()v+(T—an)—B(T—n)/o(T JHV

Proof: From (2.1), we have

y(t) = y(0) + y>(O)t — / (t - 8)z(s)Vs

since y(0) = By(n) and y(T') = ay(n) we obtain
{ (1= B)y(0) — Any=(0) = —ﬂfo 1= 5)z(s)Vs
(1-a«

)(0) = (T'— an)y®(0) = [ (T = 5)2(s)Vs — a [} (n — 5)a(s)Vs
therefore

= il (T~ s)a(s)Vs — pT "(n— s)z(s)Vs
y(0) ST g (T~ $)a(s) e = s)e(s)
A = T(r — 8)a(s)Vs — a- "(n — s)z(s)Vs
y=(0) = Ty =BT —n) o (I'=s)z(s)V (T—an)—B(T—n)fo(" )z(s)V

From which it follow that

B T BT n
WO = Gy I Gy J, (1 90

(1- Byt T e (a=Bt
+(T—cm)—ﬁ(T—m/o(T VY = ey — BT

t
7/ (t —s)z(s)Vs
0
i (B—a)t—pT K (1-pB)t—p5n T
= — [ (- Vs + - Vs +
fy - ostver s [ asve ket |
The function z presented above is a solution to the problem (2.1), and the uniqueness of x is obvious. O

; /O " (n— 8)a(s)Vs

(T — s)x(s)Vs.
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T T —
Lemma 2.2 ([12,13]): Let0<a < —, 0<8< T al
n _

n
If x € C14 ([0, T)1,[0,00)), then the unique solution y of the problem (2.1)satisfies

y(t) >0, te[0,Tr

Proof: Since y2V(t) = —z(t) < 0, then the graph of ¥ is concave down on [0, T]r so

y(n) —y(0) _ y(T) —y(0)
n - T

Since y(0) = By(n) and y(T) = ay(n), we obtain

1-p5
y
U

T— T —
If y(0) < 0, then y(n) < 0, it implies that 8 > T om7 contradiction to 8 < .

If y(T) < 0, then y(n) < 0, and same contradiction emerges.Thus, it is true that y(0) > 0,y(T") > 0; and
since y is concave, we have y(t) > 0, t € [0,T]r as required O

T T
Lemma 2.3 ([12,15]): Let0<a <—, 0<f<— Rl
; -

n
If x € C14([0,T)1,[0,00)), then the unique solution y of the problem (2.1)satisfies

min t) >
te[oﬂwy( )2yl

where

Proof: Since y2V(t) = —x(t) < 0, then the graph of y is concave down on [0, T]t.We divide the proof
into two cases.
Casel: 0<a<l

then —— 1 > a,for y(0) = By(n) = éy(T); it may develop in the following two possible directions.
- e

(i) 0 < a < B.It implies that y(0) > y(T), so

in y(t) = y(T
ter[%};lhy() y(T)

Assume || y ||= y(t1);t1 € [0, T)p, then either 0 <t; <n < p(T),or 0 <n <ty <T.
o<t <n<p(T), then

y(t) < y(T)+

IA
=
=)
|
=
=13 s|3
|
e
=
N

from wich it follow that
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y(n) > y(t1) > y(t1)

" stogether with y(7T') = ay(n) ,we have y(T') > %y(tl) SO
1

fo<n<ty <7, from T

that,

min y(t) >

arn
te[0,T)r T

Iyl
(ii) 0 < B < a.It implies that y(0) < y(T'), so

in y(t) = y(0
ter[ré}ghy() y(0)

Assume || y ||= y(t2);t2 €]0,T)t, then either 0 <ty <n < p(T),or 0 <n <ty <T.
ym) o y(ta)  y(ta) ; _
If0 <ty <n<p(T), from > > ,stogether with y(0) = By(n) ,we have y(0) >

T—n =Tty = T
@y(m), hence
in, y(t) 2 @ Iy
Ifo<n<ty <T, from
yln) _ olts) _ o)
n — ta T T

,sbogether with y(0) = Sy(n) ,we have y(0) > %y(tg) so that,

. Bn
m ) > 2 .
te[o}ghy( ) > T |y |

T
Case2: —>a>1

T —an
th
en T

< a.In this case ; 8 < « is true .It implies that y(0) < y(T).So, %ig] y(t) = y(0).Assume
te|0, T

Il v [|= y(t2);t2 €]0, T|r again .Since o > 1, it is know that y(n) < y(T); together with the concavity of
y, we have 0 < n <ty < T.Similar to the above discussion ,

: Bn
m 1 > 2 .
te[o}ghy( ) > T |yl

Summing up, we have

min y(t) >
min y(t) =7 1y |

where

Lemma 2.4 ([12,13]): Let an # T; 5 > max{ T_“”"O}

T—m
If x € Cig ([0, T]r; RY), then problem (2.1) has a non negative solution

Proof: Suppose that problem(2.1) has a non negative solution y satisfiying y(¢t) >> 0;¢ € [0, 7]t and
there is a to € (0,T)t such that y(to) > 0.
If y(T) > 0, then y(n) > 0 and then we obtain

T —an
T—n

y(0) = By(n) >
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that is

which is a contradiction to the concavity of y.

If y(T') = 0,then y(n) = 0,when ¢y € (0,n)r we have y(to) > y(n) = y(T'), a violation of the concavit of
y.When tg € (n,T)r we get y(0) = By(n) =0 =y(n) < y(to), another violation of the concavit of y.
therefore non negative solutions exist.

Note that (z,y) is solution of (1.1), if and only if

o) = X[~ / (t = $)ar(s)fi (w(s), y(s)) Vs + D=0l = AT

(T —ain) = (T —n

; / "1 - sar(s) fu(a(s), y(s)) Vs

(rseacieey MCRRRICHIEORTONS
= : Li(z,y)(t)

(B2 — a2)t — BT
(T = azn) = B2(T —n

) AT(T — s)az(s) f2(z(s), y(S))Vs}

o) = e[ [ = Dar()alels)u(s) Vs +

(1 —B2)t + fan
(T —asn) = B2(T —n
i La(z, y)(2)
We will take F to be the Banach space Ciy ([0, T]1,R) X Ciq ([0,T]r,R) endowed with the norm ||
(@,y) 1=l = | + || 2 [|.Let

; / "1 = 8)as(s) fale(s), y(s)) Vs

vz = min{yi,v2 }

a; (T —n) am Bin Bi(T —n)
T—oam T T T
and define a cone in F as P; x P, where

P, ={v:veCy(0,T]r,[0,00)), ter[r(l)i%Tv(t) >y v} i=1,2

where

’yi:min{ }fori:1,2

Then ,(z,y) is a positive solution of (1.1) if and only if it is a fixed point of the operator
L:PyxP,— B, L=(Ly,Ly)
By lemmas 2.2 and 2.3, we know that
L(Py x Py) = (L1(Py x Py), Lo(P1 x P2)) C P1 x Ps.

and it is easy to verify that L : P x P, — P; X Py is completely continuous since Ly : Py X P, — Py
and Ly : P X P, — P, are completely continuous.

3. Main Results
Throughout this paper, we denote:

M= e ), € om
o _Ta;ﬂ)ﬁj(?_ 0 /0 T(Tfs)ag(s)Vs,
EE aﬁzzé()T—_ﬁng —0) /09 Ve
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T — ;0
and 0<6; < a

T
Theorem 3.1 Suppose that (Cy) — (C2) hold , 0 < a; < — T8

7 for i=1,2 and

let p and q be two positive numbers such that

1 1
i
p q

(a) If AL fY < ynglFfo and Aofd < 73/T2F2°°, then for each

1 1 1 1
(Ah AQ) S — ) X — )

then the system (1.1) has at least one positive solution.
(b) If fY = f9 =0 and 0 < F{°, F5° < oo, then for each

(A, A2) € <¥ oo) X (* oo)

— bl _— b)
pysA L 0 qy3A2 F5°

then the system (1.1) has at least one positive solution.
(c) If fY = f§ =0 and F{° = F$° = oo, then for each

(M, A\2) € (O,oo) X (0,00)

then the system (1.1) has at least one positive solution.
(d) If F{° = F5° =00 and 0 < f?, f9 < oo, then for each

(A1, A2) € (07]%1‘/»’?) X (0’@)

then the system (1.1) has at least one positive solution.

Proof: the proof of (b),(c)and (d) is similar to the proof of (a) ; so we omit the details ; we only prove

(a).

1 1 1 1
Let (A1, A2) € —~ ) X — , and choose € > 0 such that
D) (P73A1F1°° pAlf?) (qnggFZOO qufS)

1 1

—_— < < — 3.1

pysAi(F° —e) A () +e) (3.1)
1 1

— <A< —% (3.2)

qv3A2(F5° —€) g2 (f9 +€)

By definition of f?, f9, there existes R; > 0 such that

filz,y) < (Y +e)(x+y) for z,y>0 with a+y€[0,R]

folw,y) < (fd + €)@ +y) for z,y>0 with z+yel0,Ri]
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Let (x,y) € P1 x P, with || (z,y) ||= Ri; according to the two aboe inequalities (3.1) and (3.2), we obtain

(B =)t = T
(T'—am) = B(T -0

(7= i) i), () V]

t 0
Li@a)® = M= [ (= Da@nEe).)vs+ JRGESCTERRTENS

(1 =Bt —pi0 5
(T—a10) ﬁl(T 9

Tt e e / #(s), 4(s) Vs

A1(t+ 510) 9 NTs
L e o 9)/0 (7~ 8)as(5) 1 ((5), () ¥

MoiT
(T — Ollg) — Bl (T — 9) 0 (T - s)al(s)fl(x(s)v y(s))Vs

)\1(T+/316) ! — S)ails (s S S
g [, (= 9m (A ).u()Y

L B RO [ = S (6) (a(5). ()T

AL BD - [T~ an(s)(17 + fas) +4(s) Vs

MM+ || () |
% I (2,9 I

+

IA

IN

IN

IN A

As result
1
[ Li(z,y) [|< » I (z,9) | (3-3)

Similarly, we have

L)) = = [ 9@ R6ETs + S a4
BB [ aso)ae(s) () V)
< g [0 a6
AP [ ) fla(s) () Vs
< e [ - gm0
2 ) [ sl el 0V
= B0 [ s)aa(s) ula(6), )V
< LB BO [ (0 yan(s) (43 + ) + () Vs
< Mha(B+ 9 @) |
< @yl
Therefore

| Lo, ) |I< 3 | ) | (3.4)
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Combining the two above inequalities (3.3) and (3.4), we obtain

I L@y | = I Laay) |+ | La(ay) |
1 1
< (o) l@wl
= @yl
Let
Q= {(e,y) € Bil| () < R}
Then

| L(z,y) <l (z,9) [, for (z,y) € (P x P2) 0O

Also by the definitions of F° and F¥°, there exist a Ry > 0 such that

filz,y) > (F° —e)(z+y) for 2,y >0 with x4y > Ry

falw,y) = (F5° —€e)(x +y) forz,y >0 with z+y> Ry

Set
R
R; = max{2R;, —2}
V3

If (z,y) € Py x P, with || (z,y) ||= Rs, then

min {z(s) +y(s)} > [zl +2 [y |Zs e sy =2 (@9) = Re.

te[0,T|r

Then , we have

_ AT K
Len0) = agm—g [ 0= a@he).s0)Ts
A1510 T
i e e MCERRICTACORTON S
M BT f
2 T =) - BT —0) 0(‘9 s)ai(s) f1(z(s), y(s))Vs
1ﬂ1 o
T —o0) - BT —0) 0( = s)ai(s)f1(z(s),y
MB(T —0)
= (T —aub) - BT —0) /0 - ) y()Vs
MB(T —0) o
> G | s =) + () Vs
> /\173A1(F1 =& [l (z,9) |
> = || (z,9) ||
P
Consequently,
| Li(z,y) [|= % | (@,y) I, for (z,y) € (P1 x Py) N 0.
Where

Q2 =A{(z,y) € E:| (z,9) [[< Rs}
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Similarly, we have

_ 0
L) = Geap sy / (0 5)as(s) fo(5),y(s)) Vs
A2 520 T v
ey s xo (5)Fo(a(s),4(s)) V'
—“MGT ¢
Y e roe R DOV ORTONS
[%
L T i 0( — 8)a1(5) 1 (a(5),w() Vs
Xof32(T — 0)
T T b)) s -9 ), > 5)y(5))Vs
(4
> e / saa(s) (F5* = €)(a(s) + y(s) Vs
> dan(FP =9 @) |
> @) |
Consequently, )
I Latew) 2 ¢ @) Il for (r.9) € (Prx P2) N0, (30)

Combining the two above inequalities (3.5) and (3.6), we have

| Lz, y) |l I La(z,y) |+ [ La(z, 9) ||

1 1
G+o) i@yl
= J@y .

It follows from part (i) of Guo-Krasnoselskii’s fixed point theorem in a cone (theorem 1.1) :
L has a fixed point (z,y) with By <[ z || + || y ||< R3 in (P x P2) N (Q2\ Q1) then (1.1)has at least

Y

one positive solution O
T T— Oéie .
Theorem 3.2 Suppose that (C1) — (Ca) hold , 0 < a; < L and 0<6; < 0 for i=1,2 and
let p and q be two positive numbers such that
1 1
-4 - = 1
p q

(a) If My F® < v3Mq fO and Ay F5° < ysAofQ, then for each

1 1 1 1
(A1, A2) € —, — ) x -, —
<P’Y3A1f{) PpALF} ) (q’}/3A2f20 qA2 F )

then the problem (1.1) has at least one positive solution.
(b) If F* = Fg° =0 and 0 < f?, f§ < oo, then for each

e () G )

then the system (1.1) has at least one positive solution.
(e) If fY = f =00 and 0 < F{°, F§° < oo, then for each

(i, Ae) € (Op,hlmo) x (Oq/\;@oo)
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then the system (1.1) has at least one positive solution.

(d) If £ = £ = 0o and F{° = Fg° = 0, then for each

(A1, Ao) € (o,oo) x (o,oo)

then the system (1.1) has at least one positive solution.

Proof: the proof is the same as that of theorem (3.1) ; so we omit it . O
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