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Ward Continuity in Topological Vector Spaces

Yasemin Şimşek∗ and Hüseyin Çakallı

abstract: In this paper, we investigate the concepts of quasi-Cauchyness of sequences and ward continuity of
functions in topological vector spaces. We prove that totally boundedness is equivalent to ward compactness
and ward continuity on a totally bounded subset E of topological vector space X coincides with uniform
continuity. We also prove some other interesting theorems.
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1. Introduction

The concept of continuity and any concept involving continuity play a very important role not only
in pure mathematics but also in other branches of sciences involving mathematics especially in computer
science, information theory, economics, and biological science. Using the idea of sequential continuity,
many kinds of continuities were introduced and investigated, not all but some of them we recall in the
following: ward continuity ( [12,11]), slowly oscillating continuity ( [26]), statistical ward continuity ( [15],
[14]), lacunary statistical ward continuity ( [6]), λ statistical ward continuity ( [19]), ρ statistical ward
continuity ( [4], [16]).

Let X be a vector space, and τ be a topology on X. If the addition function + : X × X → X,
+(x, y) = x+ y, and the scalar product function · : R×X → X, λ · x = λx are continuous where X ×X
and R×X have product topologies, then X is called a topological vector space.

Recently, quasi-Cauchy sequences have been extensively studied by many authors in the real line, in
metric spaces [3], [20], in 2-normed spaces [23], and in asymmetric metric spaces [21].

Throughout this paper, X will denote a T2 topological vector space which satisfies the first axiom of
countability, altough most of the notions and results are valid in topological vector spaces which do not
necesserily satisfy the first axiom of countbility. A sequence (xn) in X is called convergent to a point
ℓ ∈ X if there exists an integer n0 > 0 such that xn − ℓ ∈ U for n ≥ n0, for each neighbourhood U of
0. A sequence (xn) in X is said to be slowly oscillating if there exist a real number δ = δ(U) > 0 and a
natural number N = N(U) such that xk − xn ∈ U whenever n ≥ N and n ≤ k ≤ (1 + δ)n. A collection
{Uj : j ∈ I} is called an open cover of A ⊆ X if A ⊆

⋃
j∈I Uj where each Uj is an open subsets of X for

an index set I. If this collection contains only finitely many elements, then it is called a finite cover of
the set A. A subset E of X is called totally bounded if for every neighbourhood V of 0 in X corresponds
a finite set F such that E ⊂ F + V .

If every open cover of a subset A ⊆ X has a finite subcover, then the set A is called a compact set.
Similarly, A ⊆ X is called sequentially compact if every sequence in A has a subsequence that converges
to an element of the set A.
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2. Quasi Cauchy Sequences in Topological Vector Spaces

The concept of a Cauchy sequence involves far more than that the distance between successive terms
is tending to zero. Nevertheless, sequences which satisfy this weaker property are interesting in their own
right. Quasi Cauchy sequence concept was first introduced in [11] and further studied in [3] for sequences
of real numbers, and in [15] for sequences in metric spaces. Now we give the definition in topological
vector spaces in the following.

Definition 2.1 A sequence (xn) in X is called quasi-Cauchy if for each neighbourhood U of 0, there
exists a positive integer n0 such that xn − xn+1 ∈ U for n ≥ n0. In other words, a sequence (xn) is
quasi-Cauchy if the sequence (xn − xn+1) converges to 0.

Any slowly oscillating sequence is quasi-Cauchy, so any Cauchy sequence is, so any convergent sequence
is. We prove in the following that the sum of two quasi-Cauchy sequences is quasi Cauchy, and (λxn) is
quasi-Cauchy whenever (xn) is for every scalar λ.

Theorem 2.1 Sum of two quasi-Cauchy sequences are also quasi-Cauchy, and for every scalar λ, (λxn)
is quasi-Cauchy whenever (xn) is.

Proof: Let (xn) and (yn) be two quasi-Cauchy sequences in X, and λ be any scalar. Let U be any
neighborhood of 0. Then there is a neighborhood V of 0 such that V + V ⊆ U . As (xn) is quasi-Cauchy,
there exists a positive integer n1 such that xn − xn+1 ∈ V for n ≥ n1. Similarly, there exists a positive
integer n2 ≥ n1 such that yn − yn+1 ∈ V for n ≥ n2.
This implies that

(xn + yn)− (xn+1 + yn+1) = (xn − xn+1) + (yn − yn+1) ∈ V + V ⊆ U.

It is not difficult to show that (λxn) is quasi-Cauchy whenever (xn) is for every scalar λ. 2

Corollary 2.1 The set of all quasi-Cauchy sequences is a vector subspace of the vector space of all
sequences in X.

We see that the set of convergent sequences is a subset of the vector space of quasi Cauchy sequences, so
is the set of all Cauchy sequences, so is the set of all slowly oscillating sequences.

Corollary 2.2 Every convergent sequence is quasi-Cauchy. The converse is not always true.

Example 2.1 For a fixed element x of X, the sequence (
√
nx) is quasi-Cauchy, but not convergent.

Using the main idea in the sequential compactness new types of compactness are introduced, not all
but some of them are, slowly oscillating compactness ( [13], [18]), quai slowly oscillating compactness (
[9]), statistical ward compactness ( [15]), ρ statistical ward compactness ( [5]).

Using the main idea in the definition of sequential compactness the concept of ward compactness is
initially introduced for real sequences with the term ”forward compactness” in [11], and investigated in
[12]. We extend the concept to topological vector spaces in the following.

Definition 2.2 A subset E of X is called ward compact if any sequence of points in E has a quasi-Cauchy
subsequence.

It is clear that every finite subset of X is ward compact, the union of two ward compact subsets of
X is ward compact, so the union of finite number of ward compact subsets of X is ward compact, the
intersection of any family of subsets of ward compact subsets of X is ward compact, any subset of a ward
compact subset of ward compact subset of X is ward compact. The sum of two ward compact subsets of
X is ward compact, i.e. A+B is ward compact when A and B are. αA is ward compact for any constant
scalar α when A is ward compact. Every compact subset of X is ward compact.

We note that a subset E of X is totally bounded as a subset of X if and only if it is totally bounded
as a subspace of X, i.e. a subset E of X is totally bounded if for every neighborhood U of 0 in X
corresponds a finite set F ⊆ E such that E = F + E ∩ U .
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Theorem 2.2 A subset E of X is ward compact if and only if it is totally bounded, i.e. any sequence of
vectors in E has a quasi-Cauchy subsequence if and only if E is totally bounded.

Proof: First, assume that E is totally bounded. Let {Un} be a base of nested symetric neighborhoods
of 0 such that Uk + Uk ⊆ Uk−1 for each positive integer k, and (xn) be any sequence in E. Since E
can be covered by a finite U1-net, one of the sets forming the finite U1-net , which we denote by B1,
must contain xn for infinitely many values of n. Choose a positive integer n1 such that xn1 ∈ B1. B1

is totally bounded, and hence can be covered by a finite U2-net, one of sets forming the finite U2-net
, which we denote by B2, must contain xn for infinitely many values of n. Choose positive integer n2

such that xn2
∈ B2 satisfying n2 > n1. Since U2 ⊂ U1. xn2

∈ B1 . Continuing in this way, we obtain
for any positive integer k, a subset Bk of Bk−1 with Bk Uk-net. We can construct a subsequence (xnk

)
inductively as above. Then for all k,

xnk+1
− xnk

∈ Uk,

so (xnk
) is a quasi-Cauchy subsequence of (xn). Thus, E is ward compact.

Now, assume that E is ward compact, Let if possible, E be not totally bounded. Then there exists a
symmetric neighborhood U of 0 such that there does not exists a finite U -net. Let x1 be an element
of E. Then it is clear that E ⊈ x1 + U for otherwise {x1} would be a finite U -net for E. Let x2 be
an element such that x2 /∈ {x1} + U , i.e. x1 − x2 /∈ U . Then E ⊈ ({x1} + U) ∪ ({x2} + U) because
otherwise {x1, x2} would be a finite U -net. Let x3 ∈ E such that x3 /∈ ({x1} + U) ∪ ({x2} + U) , i.e.
x1 − x2 /∈ U , x1 − x3 /∈ U and x2 − x3 /∈ U . Continuing the process in this manner, we obtain a sequence

(xn) of points in E such that xn /∈
n−1⋃
i=1

({xi} + U), (n = 2, 3, . . . ), i.e., xi − xn /∈ U , (i = 1, 2, . . . , n − 1

and n = 1, 2, . . . ), (n ̸= i). Consequently xn − xm /∈ U , for all n and m, n ̸= m. Thus the sequence (xn)
of points in E cannot have any quasi-Cauchy subsequence. This is a contradiction. Hence E should be
totally bounded.

2

3. Ward Continuity in Topological Vector Spaces

A function f defined on a subset of X is continuous if and only if, for each point ℓ in the domain,
limn→∞ f(xn) = f(ℓ) whenever limn→∞ xn = ℓ. This is equivalent to the statement that (f(xn)) is a
convergent sequence whenever (xn) is. This is also equivalent to the statement that (f(xn)) is a Cauchy
sequence whenever (xn) is Cauchy provided that the domain of the function is complete. These well
known results for ordinary continuity for functions in terms of sequences suggested to us introducing a
new type of continuity, namely, ward continuity. The concept of ward continuity was introduced for real
functions in [11], [12] as forward continuity and was studied in [23] in 2-normed spaces. Now we give
the definition of ward continuity in topological vector spaces in the following.

Definition 3.1 A function from a subset E of X into X, f : E → X is called ward continuous if
(f(xn)) is a quasi-Cauchy sequence for each quasi-Cauchy sequence (xn) in E. In other words, f is
ward continuous if it preserves quasi Cauchy sequences, i.e. f is ward continuous if (f(xn) − f(xn+1))
converges to 0 for every quasi Cauchy sequence (xn).

The composite of two ward continuous functions is ward continuous, the sum of two ward continuous
functions is ward continuous, and if f is a ward continuous function, then cf is also ward continuous for
any constant c. Thus the set of all ward continuous functions on a subset E of X is a subspace of the
vector space of all continuous functions on E,

Theorem 3.1 Ward continuous image of any ward compact subset of X is ward compact.

Proof: Let f be any ward continuous function from X into X and E be any ward compact subset of
X. Take any sequence (yn) of points in f(E). Then there exists xn such that yn = f(xn) ∈ E for
every positive integer n. Since E is ward compact, there exist a quasi-Cauchy subsequence (xnk

) of the
sequence (xn). By the assumption that f is ward continuous, the sequence (f(xnk

)) is a quasi-Cauchy
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sequence. Now we found that (yn) has a quasi-Cauchy subsequence (ynk
). This completes of the proof

of the theorem. 2

Theorem 3.2 Let f be a function from a subset E of X into X. If f is ward continuous, then f is
sequentially continuous.

Proof: Let f be a ward continuous function on E, and let (xn) be a convergent sequence in E with the
limit l. Then, the sequence

(x1, l, x2, l, . . . , xn, l, . . . )

also converges to l. Moreover, the sequence

(x1, l, x2, l, . . . , xn, l, . . . )

is a quasi-Cauchy sequence. Since f is ward continuous, the sequence

(f(x1), f(l), f(x2), f(l), . . . , f(xn), f(l), . . . )

is also a quasi-Cauchy sequence. Hence, it follows that the sequence (f(xn)) converges to f(l). Therefore,
the function f is continuous on E. 2

Corollary 3.1 Ward continuous image of any compact subset of X is ward compact.

The proof follows from the preceding theorem.
We recall the definition of uniform continuity in topological vector spaces. Let E be a subset of X.

A function f : E → X is said to be uniformly continuous on E if for every neighborhood V of 0 in X,
there exists a neighborhood U of 0 in X such that for all x, y ∈ E,

x− y ∈ U ⇒ f(x)− f(y) ∈ V.

Theorem 3.3 Any ward continuous function on a ward compact subset of X is uniformly continuous.

Proof: Let {Un} be a base of nested symetric neighborhoods of 0. Suppose that f is not uniformly
continuous on E so that there exists a neighborhood U of 0 such that x− y ∈ U but f(x)− f(y) /∈ Un for
each n ∈ N. For each positive integer n, there are xn and yn such that xn−yn ∈ U , and f(xn)−f(yn) /∈ Un.
Since E is ward compact, there exists a quasi-Cauchy subsequence (xnk

) of the sequence (xn). Then, the
corresponding subsequence (ynk

) of the sequence (yn) is also quasi-Cauchy, since (ynk+1
− ynk

) is a sum
of three null sequences, i.e.

ynk+1
− ynk

= (ynk+1
− xnk+1

) + (xnk+1
− xnk

) + (xnk
− ynk

).

Then the sequence

(xn1 , yn1 , xn2 , yn2 , ..., xnk
, ynk

, ...)

is quasi-Cauchy since the sequence (xnk
−ynk

) and (ynk
−xnk+1

) are convergent to 0. But the transformed
sequence is not quasi-Cauchy. Thus f does not preserve quasi-Cauchy sequences. This contradiction
completes the proof of the theorem. 2

The concept of closedness of a set is an important notion that a closed set keeps limit points inside of
the set.

Theorem 3.4 The set of all ward continuous functions on a subset E of X is a closed subset of the
set of all continuous functions on E, i.e. ∆WC(E) = ∆WC(E) where ∆WC(E) is the set of all ward
continuous functions on E, ∆WC(E) denotes the set of all cluster points of ∆WC(E).
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Proof: f be any element in ∆WC(E). Then there exists a sequence of points in ∆WC(E) such that
limk→∞ fk = f . To show that f is ward continuous, take any quasi-Cauchy sequence (xk) of points in
E. Let U be a neighborhood of 0, and V be a symmetric neighborhood of 0 such that V + V + V ⊂ U .
Since (fk) converges to f , for each neighborhood U of 0, there exists an N such that for all x ∈ E and
for all n ≥ N , fn(x)− f(x) ∈ V . In particular, for n = N we have

fN (xk+1)− f(xk+1) ∈ V and fN (xk)− f(xk) ∈ V.

As fN is ward continuous, the image of the quasi-Cauchy sequence (xk) under fN is also quasi-Cauchy.
Therefore, there exists a natural number K ≥ N such that for all k ≥ K,

fN (xk+1)− fN (xk) ∈ V.

Now consider
f(xk)− f(xk+1) =

[
f(xk)− fN (xk)

]
+
[
fN (xk)− fN (xk+1)

]
+
[
fN (xk+1)− f(xk+1)

]
.

Each term on the right-hand side belongs to V for all k ≥ K. Hence,

f(xk)− f(xk+1) ∈ V + V + V ⊂ U.

Since U is an arbitrary neighborhood of 0, this shows that (f(xk)) is a quasi-Cauchy. Therefore, f
preserves quasi-Cauchy sequences, that is, f is ward continuous.
Consequently, ∆WC(E) is closed.

2

Corollary 3.2 Ward continuous image of any totally bounded subset of X is totally bounded.

The proof follows from Theorem 3.4 and Theorem 5 in [8].

Corollary 3.3 Ward continuous image of a G-sequentially compact subset of X is ward compact for any
subsequential regular method G.

It is a well known result that uniform limit of a sequence of continuous functions is continuous. This is
also true in case of ward continuity, i.e. uniform limit of a sequence of ward continuous functions is ward
continuous.

Theorem 3.5 Uniform limit of ward continuous functions on X is ward continuous.

Proof: Let (xk) be a quasi-Cauchy sequence in X, i.e.,

xk − xk+1 → 0 when k → ∞.

We want to prove that (f(xk)) is also quasi-Cauchy, i.e.,

f(xk)− f(xk+1) → 0.

Let U be a neighborhood of zero in X. Since addition is continuous in X, there exists a symmetric
neighborhood V of zero such that:

V + V + V ⊆ U.

Since fn → f uniformly, there exists n0 ∈ N such that:

∀x ∈ X, f(x)− fn0(x) ∈ V.

Since fn0
is ward continuous and (xk) is quasi-Cauchy, we have:

fn0
(xk)− fn0

(xk+1) → 0.
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So there exists K ∈ N such that for all k ≥ K,

fn0
(xk)− fn0

(xk+1) ∈ V.

Now for all k ≥ K, consider:

f(xk)− f(xk+1) = [f(xk)− fn0
(xk)] + [fn0

(xk)− fn0
(xk+1)] + [fn0

(xk+1)− f(xk+1)]

∈ V + V + V ⊆ U.

Thus, for all k ≥ K, we have:
f(xk)− f(xk+1) ∈ U.

Therefore, we conclude that

f(xk)− f(xk+1) → 0,when k → ∞,

i.e., (f(xk)) is quasi-Cauchy. Hence, f is ward continuous.
2

Corollary 3.4 The set of all ward continuous functions on a subset E of X is a complete subspace of
the space of all continuous functions on E.

Proof: The proof follows straightforward from the preceding theorem. 2

4. Conclusion

In this paper, we focus on quasi-Cauchy sequences and present theorems related to quasi-Cauchyness,
ward compactness, some other kinds of compactness, and ward continuity in topological vector spaces. It
is expected that this investigation will be a practical tool in topology, facilitating the modelling of problems
across diverse scientific fields, including computer science, biology, dynamical systems, and information
theory. On the other side, we recommend investigating the quasi-Cauchyness of the sequences consisting
of fuzzy points, soft points, or neutrosophic points in topological vector spaces (see [17], [24] for related
concepts in fuzzy setting, see [10], [2] for definitions and relevant notions in soft setting, and see [1] for
the definitions in neutrosophic setting). Nevertheless, the definitions and proof techniques may differ, due
to the variations in settings. An investigation of ward compactness can be conducted for double sequences
in topological vector spaces(see [7], [25] and [22] for main concepts in the case of double sequences).
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21. F. Ince Dağcı and H. Cakalli, Quasi-Cauchy sequences on asymmetric metric spaces, Filomat 38 1–7 (2024), ISSN
0354-5180. https://doi.org/10.2298/FIL2425917D

22. D. Djurcic, Ljubisa D. R. Kocinac, M. R. Zizovic, Double Sequences and Selections, Abstr. Appl. Anal. Hindawi Publ.
Corp., New York, 2012 (2012), Article ID 497594 6 pages. http://www.hindawi.com/journals/aaa/2012/497594/cta/
https://doi.org/10.1155/2012/497594.

23. S. Ersan and H. Cakalli, Ward Continuity in 2-Normed Spaces, Filomat 29 7 (2015), 1507-1513. DOI
10.2298/FIL1507507E

24. Ljubisa D.R. Kocinac, Selection properties in fuzzy metric spaces, Filomat. 26 2 (2012), 305-312.
https://doi.org/10.2298/FIL1202305K

25. R.F. Patterson and H. Cakalli, Quasi Cauchy double sequences, Tbilisi Mathematical Journal 8 2 (2015),
211-219. https://projecteuclid.org/journals/tbilisi-mathematical-journal/volume-8/issue-2/Quasi-Cauchy-double-
sequences/10.1515/tmj-2015-0023.pdf

26. R.W. Vallin, Creating slowly oscillating sequences and slowly oscillating continuous functions (with an appendix by
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