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New Modular Identities and Partition Interpretations For Septic Rogers-Ramanujan
Functions
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ABSTRACT: The septic Rogers-Ramanujan functions A(q), B(q), and C(q) serve as natural counterparts
of the classical Rogers—Ramanujan functions and are significant in the study of theta functions and modular
identities. Building upon Hahn’s ground breaking research, other modular relations concerning these func-
tions have been derived using Ramanujan’s theory of theta functions. This work presents an extensive array
of novel modular relations pertaining to the septic Rogers—Ramanujan functions. Through the methodical
application of identities related to Ramanujan’s general theta function, alongside transformation formulae and
decomposition methods, we construct several families of modular relations of differing degrees. These findings
substantially enhance the current literature and provide a cohesive framework for deriving further identities
related to septic Rogers—Ramanujan functions.
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1. Introduction

The Rogers—Ramanujan functions and their generalisations have a vital role in the theory of partitions,
g-series, and modular forms. In the last hundred years, these functions have been thoroughly examined
because of their profound relationships with combinatorics, number theory, and special functions. The
septic Rogers—Ramanujan functions are a significant category among its higher-order equivalents, demon-
strating intricate modular properties [7,11]. The septic Rogers-Ramanujan functions A(q), B(q), and
C(q) were first presented via product and series representations identified by Rogers and then examined
by Slater. These functions fulfil notable characteristics like the classical Rogers—Ramanujan identities
and may be articulated inherently in relation to Ramanujan’s generic theta function. Hahn’s subsequent
research yielded several septic analogues of Ramanujan’s forty identities, uncovering complex modular
relationships among A(q), B(g), and C(q). Certain identities also possess partition-theoretic interpre-
tations, underscoring their combinatorial importance [8,10]. Recently, more advancements have been
achieved using other methods, including integer matrix exact covering systems and theta function trans-
formations. These methodologies have resulted in novel modular relationships and product identities
pertaining to septic Rogers-Ramanujan functions. Nonetheless, despite these advancements, the current
findings remain fragmented and mostly confined to discrete identities or certain parameter selections [9].
The main aim of this study is to methodically expand the established set of modular connections with
septic Rogers—Ramanujan functions. Employing Ramanujan’s universal theta function and its essen-
tial transformation features, we establish many novel families of modular relations concerning products
and shifts of. Our methodology consolidates and extends previous findings by situating them within a
comprehensive theta-function framework. Specifically, we derive modular relations of elevated degrees
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and diverse moduli that are not clearly shown in previous studies. Define the septic Rogers-Ramanujan
functions
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In his Lost Notebook [20], Ramanujan Published forty indentities involving Roger-Ramanujan function.
For example, one of them is

H(q)G(q") —aG(9)H(q") = 1.
In 2003, H. Hahn [16] established several analogues of Ramanujan’s forty identities involving A(q),
B(q) and C(q). Some of these identities have partition theoretic interpretations. For example
A(9)B(¢°) — aB(9)C(q°) — C(a)A(g*) = 0. (1.6)

Cao [14] proved the above result using the technique called integer matrix exact covering system. Mo-
tivated by the above work we extend the list of modular relations involving Septic Roger Ramanujan
functions in this paper.

Theorem 1.1 We have

A, qu) A*(q)lA*m) i B*(q)lc*m)} i qu% {cwqu*(q) " B*(q)leq)} i
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For simplicity,we use the following notations: A.(q¢) := A(¢*)B(¢**)C(¢**), B«(q%) := B(¢™)A(¢**)C(¢**),
Ci(g®) = C(@*)B(@**)A(¢*), A*(¢%) = Alg*)B(q"*)C(¢*) *)C(¢*) and Ci(q%) =
C(g™)A(g"*)B(4*)
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This work’s originality is rooted on the methodical derivation of unique modular relations for the
septic Rogers—Ramanujan functions A(q), B(q), and C(g), which considerably broaden previously estab-
lished findings. Previous research, particularly that of Hahn and later scholars, concentrated on singular
identities or modular relations; this study, however, constructs many families of modular relations with
diverse degrees and moduli inside a cohesive theta-function framework. This paper’s primary contribu-
tions may be succinctly summarised as follows:

(i) New families of modular relations concerning products and shifts of the septic Rogers—Ramanujan
functions have been derived, many of which are absent from the current literature.

(ii) The findings generalise and expand Hahn’s septic analogues of the Rogers—Ramanujan identities by
methodically using Ramanujan’s general theta function identities and transformation formulae. (iii) A
consistent technique using theta-function decompositions is used, facilitating the derivation of many iden-
tities as specific instances of more extensive structural links.

(iv) The derived identities enhance the algebraic and modular framework of classical Rogers—Ramanujan
functions and provide a basis for future research, including higher-order analogues and possible combi-
natorial interpretations.

(v) These contributions enhance the theory of septic Rogers—Ramanujan functions by integrating estab-
lished findings and significantly broadening the repertoire of existing modular linkages.

2. Definition and Preliminary Results

In this section, we recall some fundamental definitions and preliminary results on Ramanujan’s theta
functions. The general theta function as defined by Ramanujan is [15, p. 34, Eq. 18.1]

f(a,b) Z a™ (D /2pn(n=1/2 gp| < 1, (2.1)

n=—oo

The theta function f(a,b) satisfy the following simple properties [15, p. 34, Entry 18] :

f(a,b) = f(b,a),

F(1,a) = 2f(a,a?),

f(=1,a) =0,

f(a,b) = " +D2pn =072 f(a(ab)”, ( b)™").

These properties are used frequently in this paper without citing them. Setting n = 1,a = ¢",b = ¢° in
(2.5), we get

fa"a®) =d" f(a**,q7"). (2.6)

This identity is often used whenever negative powers of argument occur in f(a,b). The Jacobi triple
product identity [15, p. 35, Entry 19] in Ramanujan’s notation takes the following form:

f(a,b) = (—a; ab) oo (—b; ab) oo (ab; ab) s

The three special cases of (2.1) as recorded by Ramanujan are [15, p. 36, Entry 22]

) ( oo

n=—oo

#q) == Z o= CE ) (22’ 2;‘” (2.7)
7)

_ n(n+1)/ ( 2 )
¥(q) = f(q.4°) Zq (q’q T (2.8)
=) == f(=¢,—a*) = D (~1)"¢"" V2 = (¢;9) (2.9)

n=-—oo
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Ramanujan also defines another important function x(q) := (—¢;¢?)s. For sake of convenience, define
fn = f(=q") = (@";9™) o , for n > 1. Setting n =2 in [15, p. 48, Entry 31], we get

f(a,b) = f(ab®, a®b) + af(b/a,a’b?). (2.10)
From (2.7) and (2.8), it is easy to obtain the following lemma:

Lemma 2.1 We have

f3 f3 f J1fa f3
= a¢q :7a¢7q :7711) —-q)=—7F = 7 7

113 @ fi 9 f2 =9 f2 Jifa
The septic Rogers-Ramanujan functions in terms of f(a,b) can be expressed as
f(=¢* —q") f(=¢*—¢°) f(=a,.—4°%)
—— B — = C(q)=——"". 2.11

f2 f2 @ f2 211)

It can be easily seen that A(q)B(q)C(q) = L fZ | We need the following functional relations of A(q), B(q)

3
and C(q):

#(q) f(q)

Alq) = (q) =

Lemma 2.2 We have

o) = 2L o) (212
) = B2 g, (213)
) = 28D o), (214)
e = B (215)
1) = P e (210)
fg,q%) = L0281 - (2.17)

fafs  Cl9)A(¢")B(¢?)

Proof: Two identities in (2.14) can be obtained by setting (a,b) := (q,¢%), (¢ ¢°) and (¢*,¢*) in
fla,b)f(—a, —b) = f(—a? —b*)p(—ab). O

Lemma 2.3 [15, p. 45, Entry 29] If ab = cd , then we have

fla,b)f(e,d) = f(ac,bd) f(ad, be) + af(g, cgad)f(g,dzac). (2.18)
Lemma 2.4 [15, p. 68, Eq. 36.3] We have
A" )@ ") + (=g )p(—q" ") =

p—1
2 2_ 2 2_ 2
92 Z q2,u,m f (q(2p+4m)(u —v )’q(2u74m)(u —v )) f (q2,u,+41/m7q2,u74um) ) (219)

m=0
Lemma 2.5 [15, p. 69, Eq. 36.9] If m is odd, then we have

YY) = T (g2 pgmmn gmemny

m—3
2
§ : i m2—n? m—2k—1)(m?—n? m-+n n  m—n—2k
+ qu(kl)f(q(m+2k+1)( n )7q(n 2k—1)(m*—n ))f(q +n+2k .q n 2kn>. (220)
k=0
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Lemma 2.6 [15, p. 69, Eq. 36.8] If m is even, then we have

w(qm+n)w(qm—n) — (b(qm(mz—nz))w(qu) + quS—%mnw(qu(mz—nz))f(qmn7q2m—mn)
m_q
Z E2m— nkf( (m~42k)(m? nz) (m 2k)(m%—n ))f(ank q2m—2nk). (221)

)

k=1
3. Proof of Main Results
Theorem 3.1 We have

qu2> [A*<q>1A*<q> i B*(q)lc*@)} * B,jq?) {cwq)qA*(q) B >lB <q>} i
C*qu) [A*(q)qB*(q) " C‘*(quc**(q)} ];Zl];‘zlfff: (3.1)

@ fi% i g(fq))] + B [_c?’ig) " 5% )
o et CC<( ” sl e

For simplicity,we use the following notations:

Ai(q*) = A(g*)B(¢*>*)C(¢**),

Bi(q*) == B(g™)A(¢**)C(¢**),

Cu(g®) = Cla") B A(g*),

A*(¢%) = A(g™)B(¢"*)C(a>*),

B.(¢%) = B(¢*)A(¢>*)C(¢**) and

Ci(q*) = C(g™)A(g**) B(¢**)

Proof: Setting (a,b,c¢,d) := (¢.¢% ¢*.¢°), (¢*.¢°. ¢*. ¢*) and (¢, ¢° ¢*, ¢*) in (2.18), we get the following

equations respectively

Fa.®) (@) = f(@® a") f(@® ®) + af (', d") fa. a*?), (3.3)
N ) (@ q) = () (. d%) +q f(q2 7'*) f(a.q"),
Fl@.d®) (@ q") = f(@®. ) fd*, qm)Jqu"(q2 )@ q").

Now multiplying (3.3) by f(q q*), (3.4) by £(q,4%), (3.5) by f(¢? ¢°) then adding and noting
fa,d%)f(a* a°) f(a®,q

= 1{12){174 we obtain

w
i
S~—

F(@.a") [f(@ "% )+ af(d* ") fla. ¢")] +
Fa.d®) [f(@® ) [(a® a®) + @ F(d,a*?) fla.¢")] +

F(@d®) [£(&®, ) f(d*, a"®) + af (@ a?) f(@®.¢")] = J{QJ{? (3.6)
1/14

Applying (2.12) - (2.14) in the above, we obtain

[f(@® ™) f(@5, 6 +af(a*,d"") fla.q")] +

——— [f(@® ) (% ®) + P f(® a*P) f(a,6")] +

£, ) f(a* a") + af (@ a®) f (@, ¢'h)] = f2f4f7- (3.7)

B*(Q) [ f1f14
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Rearranging the terms of the above equation, we obtain

11 1 1 2 12
f@®q'"h) {wf(qf’}qs)Jrqwf(q .q )} +

13 1 4 10 2 1 2 12
fla,q ){qA*(q)f(q ) +q C*(q)f(q q )} +
5 9 1 6 8 1 4 10 f2f4f7
e’ q°) [C*(q)f(q q) + B*(q)f(q q )} IR (3.8)
Applying (2.15) - (2.17) in the above, we obtain
1 1 1 2 12
o) [A (q)f(q q )+qB*(q)f(q .q )]+
1
{qA* 0) + ¢ C*(q)f(q27q12)] +
6 4 10 f2f4f7f8
e [ o)+ g et =82 (39)
Rearranging the terms of the above equation, we obtain
6 8 1 1 ] 4 10 [ q 1 ]
160 | xam * Faea) 10 o OENOROIXIN
2 12 q q f2f4f7f8
fla) { "o } Fififes (3.10)

A*(¢)B.(q) ~ C*(¢)C.(q)
)-

Applying (2.12) - (2.14) in the above, we obtain (3.1). The proof of (3.2) is of the same nature. So, we
omit the proof here. O

Theorem 3.2 We have

1 N 7 n ¢ _ fafsfoafas ( fia fis faa
B*(q)B*(¢%) A*(q)A*(¢%) C*(q)C*(q®) 2q f7 f14 fos faz fs4 f1es f1f4 f6f24 f72f228 f22f1268 '
(3.11)
1 n q° n q" _ fafsfaofs0 ( P flo [ fiao
B*(qlo)A*(Q) A*(qu)C*(q) C*(qlo)B*(Q) 242 f7 f14 f28 f70 f140 f2s0 f22f f5f220 f72f228 f720f2280
(3.12)
1 n q* n q" _ fafs fas fos ( f65 2 fles
B*(¢'2)C*(q)  A*(¢**)B*(q) C*(¢"2)A*(q)  2¢>frfiafosfsafresfase \ f3fia fifTs  [713s f3uf3s6
(3.13)
1 N ¢ n ¢ _ fsf16f20f10 ( P fo % [
B*(¢°)B*(q?) = A*(¢®)A*(¢?)  C*(¢°)C*(¢*)  2qfiafasfsefasfrofrao \ 313 f213  fiaf3e f3sfta0
(3.14)
1 n 7 n ¢ _ f12 faa f16 f32 ( f3 fo f5%
B*(q*)B*(q*) A*(g®)A*(q*) C*(¢3)C*(q*) 2q f21 fa2 fsa fas fs6 f112 3f12 f4f16 f221f§4 f228f1212
(3.15)
q n q' n ¢ _ fafr6f12f24 ( 8 fs [
B*(¢®)C*(q?) A*(¢®)B*(¢?) C*(¢3)A*(¢?) 2q2f14f228f56f21f22f84 f??f122 f22f§ f124f526 f221f§4
(3.16)

Proof: With the help of Lemma (2.1), Lemma (2.2) we can rewrite the identity (3.11) in the following
form:

?(q)8(q°) = ¢(qNo(a") +2af (¢, ) f(@®, ¢*) +24" f (¢, ¢®) f (¢, a") +2¢° f (a2, @) f (4%, ¢%). (3.17)
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To prove (3.11), it is enough to prove (3.17). Consider,

o@)d(d®) = > g (3.18)

m,n=—o00

Let m=6M+N+aandn=M— N, where 0 < a <6 and M, N € Z . Since there is a bijective relation
between the sets A = {(m,n)|m,n € Z} and B = {(M,N,a)|M,N € Z,a =0,1,2,...,6} from (3.18) ,
we find that

o0 o0

42M2+12a M 7TN242aN
Zq >« DD

M=—c0 N=—oc0

_ z:qa2f(q42+12a7 '3 12a) f(gTT2a gT—2a)
a=0

= o(qNo(a"?) +2af (&, ®) F(@®*, ) + 2¢* F (', ¢*) F (@, ¢"®) + 26 F (", 0) (4™, ¢°).

which is the same as (3.17). Hence, (3.11) is proved. The proof of (3.12) - (3.16) is of the same nature.
So, we omit the proof here.
O

Theorem 3.3 We have

1 n q n ¢ _ fff224f824 ( f6f2 ¢ fia ) (3.19)
A(9)A(¢%) " Bu(@)Bi(¢®) " Cu(q)Ci(d®)  f2fiafhfsa \fifRfi Tt b .

q n 1 n q _ fE 1 ( B 4f42f28) (3.20)
Ci(@®)Bi(q®)  Bi(@®)Au(@®)  A(@®)Ci(@®)  fiifosf3ifaz \J2S3 [ fa1f14 .

1 n q + ¢’ _ f2 1% ( fiof3 6f70f28) (3.21)
A A(®) T Bu(@®)Bu(@®) T Cu(@Cu(@®)  fAfasfisfro \f2fHH T fsshu '

1 n q n q! __ fif ( 5 9f14f140) (3.22)
A(q)Cu(q)  Bu(q™)Au(q)  Cu(q')Bi(q)  f2f1af20fra0 \S2f2S5 frfq '

1 n ¢ ¢ _ f4f8f224 ( f(?fa% 5 f84f14 ) (3.23)
B*(Q)A*(qﬁ) C*(Q) ( ) (Q)C*( 6) f7f28f14f32f84 f32f122f2 f42f7f28 ’

1 n q e q* _ fr2foaf3 < f3 1t f3sf2 ) (3.24)
B*(¢®)B.(q?) " A*(¢®)A(q?) " C*(®)Ci(¢?)  forfsafiofiifos \fPfife f14f21fg4 .

Proof: With the help of Lemma (2.1) and Lemma (2.2) , (3.19) takes the following form:
$(a* (@) = 2¢°P(a ) (a") + (@', *) f(@® a") + af (¢, 6) [(@*,@°) + @ (@™, d°) F(®. a)- (3.25)
Setting (a,b) = (¢,¢%), (¢%,¢°) and (¢3,¢*) in (2.10) , we obtain
f(a,4°%) = f(a”.4") + af(d°. 4*),
F@®a®) = fl@',a'T) +d* f(d*, ),
F(@®a") = f(a"°,4") + a* fa". a™T).
Employing the above three identities in (3.25), we arrive at

o(a°)(q) = f(q",q")f ) Y+ ) (@S ) +af (¢ 6 ) (' ¢™)
+q* £(a°, ) F(@*,¢°) + ¢ f(a", ) f ( @)+ (@, d") f(@*,d°) + @ f(d®. ) F(d*°, ¢'). (3.26)
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To prove (3.19), it suffices to prove (3.26). Consider

oo

(@) = (. ) fla.®) = > gt (3.27)

m,n=—o0

Let m=2M 4+ N +aand n = —M + 3N, where 0 < a < 6 and M, N € Z . Since there is a bijective
relation between the sets A = {(m,n)|m,n € Z} and B = {(M,N,a)|M,N € Z,a =0,1,2,...,6} from
(3.27) , we find that

oo oo

6
2 2 2 _
¢(q3)¢(q) — § :qa § : q14M +12aM+M § : q21N +6aN—-3N
a=0

M=—0c0 N=—o0

6
2 _ _
— Z qBa f(ql5+12a’ qlS lQa)f(q18+6a7 q24 60.)
a=0

=o(*)0(a) = f(d"°. ") (@, @)+ @ (T, a) f(d*®, ) + af (¢, d' ) f(a*? %)
+0* (&, ) [, )+ F(d", N F (1,6 + @ £, ") F(d°°, ) + P (6, %) F (6, ¢").

which is the same as (3.26). The proofs of (3.20) - (3.24) can be done similarly. O
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Theorem 3.4 We have

1 N q12 N q32
B (=¢*)B*(=¢*) = A*(=¢*)A*(=¢®)  C*(=¢*°)C*(=¢?)

_ fafie.f1a 104 f208 fis2 ( fE15 n I3 1 f14f182) (3.28)
4q4f§8f§64 f2f123f522 f%fff%’ fos f364 ’
1 412 e
+ +
B*(—¢??)B*(—¢%) = A*(=¢**)A*(—¢%) = C*(—¢**)C*(—¢°)
_ Jaufasfaafss fir6 f15a ( fLfé6 n 13 f3s f42f154> (3.29)
4q4f§14f§08 f2f323f1232 f%fffﬁts fsafs08 '
1 12 2
B*(_qIS)B*(_QIO) + A*(_q18)A*(_q10) + C’*( 18)0*( )
_ Jaofsofrofr2fraafioe ( fEfo n 51 f70f126 ) (3.30)
4q% 40 fos0 fofisfiso  f1fifoo f140f252 ’
1 12 ez
+ +
B*(—=¢*")B*(—q*) = A*(—¢*)A*(—¢*)  C*(—=¢*")C*(—q¢*)
_ Jrefsafosfos 102 /168 <f12f224 n I3 f168f28) (3.31)
4q* [ 436 fofss ' fififis  fasefse ’
1 12 Y
+ +
B*(=¢*°)B*(—=¢®) = A*(=¢*0)A*(=¢®) = C*(—¢*°)C*(—¢®)
_ J3afeafs6fs0 160 140 (ffffo n 5 f56f14o ) (3.32)
4q* f12 350 fafso  fEfifso f112f280 ’
1 q* 7>
BB () " A ) | 0 ()
_ Jasfosfeafoafro8 froo (f1 f4s 51 floafd ) (3.33)
4q* fos fo04 f2f96 fE13 fos f20af168) ’
B(q"?) N A(g") N ¢*C(q"?)
B*(—q*) = A*(—q¢*)  C*(—¢*)
_ fiefsafos (fSfiafas  fifiafas 8f228f84f336)
 2qfdifoa <f12fff24 f2foa 2 fs6fies ) (3:34)
B(q") *A(g") N **C(q")
B*(_q20) A*(_qQO) C*(_qQO)
_ fiefsafos (f25f20f80 _ fifa0fs0 _qu1240f2sf112) (3.35)
2qf3fs \ fi[ifa0 f2fa0 f280 /56 ’ )
B(q®) q*A(¢®) N q'°C(¢®)
B*(_q12) A*(_q12) C*(_q12)
_ fasfoofsa [ f3foafos | fifaafos 4f824f56f224>
- 2ffesf16 (fffff% * Jafis 2 Ji12fies )’ (3:36)
1 g2 q32
B (—q1)2 + A (—gih)2 + C(—qi1)?
 fEsThe S < JEfos 5 fgs)
B 2q4f1896 f2ffgf1296 " f12f42f98 f196 (3.37)

Proof: Using Lemma (2.1) and Lemma (2.2), the identity (3.28) can be rewritten as follows:
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o(—)0(q"?) + d(Q)d(—a") = 2f(—¢"*, =" f(—=¢"%, —¢"®*) + 44" f (=™, —¢"*) f (—=¢"°, —¢***)
+4¢" (=%, =) f(—=q™, —¢®*%) + 4¢°*° f (=, —*°) f (—¢*°, —¢**®).
(3.38)

To prove (3.28), it is enough to prove (3.38). Consider

o0

S(—0)0(q"®) = f(~¢.—) f(g%, ) = > (~)mgmE (3.39)

m,n=—00

Let m=13M + N+aand n=—-M — N, where —1 < a <7 and M, N € Z . Since there is a bijective
relation between the sets A = {(m,n)|m,n € Z} and B = {(M,N,a)|M,N € Z,a = —-1,0,1,...,7} from
(3.39) , we find that

7 0o -
2 2 2
P(—=q)¢(¢"?) = Z (=1)2(—1)M+Nga Z §182M+26aM Z AN +2aN
a=—1 M=—o00 Ne—oo
7
— Z (71)aq3a2f(7q182+26a77q182726a)f(7q14+2a77q1472a)
a=—1

— f(_q147 _q14)f(_q1827 _q182) _ 2Qf(—q12, —q16)f(—(]156, _q208) + 2q4f(_q107 _qlg)f(_q1307 _q234)
—2¢° f(—=¢®, —*) F(—=¢"**, —@*®) + 2¢"° F(—¢°, —¢®*) F (=", —¢**®) — 2¢® f(—¢*, —¢*") f (—¢°%, —¢*"?)

+2q36f(—q2, _quS)f<_qQG7 _q338).
(3.40)

Changing ¢ by —¢q in (3.40), and then adding the resulting identity with (3.40), we obtain

o(—0)3(q") + d(@)d(—q"?) = 2f (—¢™*, —¢") f(—=¢"*%, —¢"*?) + 44" F (=", —¢"®) f (—=¢"°, —¢***)
2

+4¢" 0 f (=%, =) f(—q™®, —¢*%) + 4¢°*° f (=, —¢*®) f(—¢*°, —**®).
(3.41)

which is equivalent to (3.38). This completes the proof of (3.28). The proofs of (3.42) - (3.48) are similar.
So, we omit the proofs. O
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Theorem 3.5 We have

1 q21 q56

_ Jafafi92f3sa ( 8 fifi 9 JPa S ) (3.42)
Jrf1afos fase forafrsaa \ f2fisfafts  fsfo T2 3 f 36 f 500 ) .
1 Ry 102
B (A () A @) | O @B ()
_ J8f16f360f720 ( fofts 318 5 f35 260 ) (3.43)
4q™ f14.fos f56 fe30 f1260 f2520 \ [2fanfafs  fisfio Thf2sfEs0 3520 ) .
1 q16 q45
B (B (q) A (@) A(q) | T (@) (q)
_ JaJsf160 /320 ( fifle  Bf _ 9 fatZs0 > (3.44)
447 fr frafos f2s0 560 f1120 \ [3[2f2f3  [fafio f2 38 f3s0 T120) '
1 4% g
+ +
B*(¢%0)C*(¢*)  A*(¢°9)B*(¢*)  C*(¢%)A*(¢?)
_ Js.f16 f264f528 ( fnfe  fAfi 9 f35fdou ) (3.45)
4q" f1a fos f56 f162 fora fisas \ fi1 fiaf3fe  [fo2fe Tufe o ftsus ) .
1 g1 el
B (@A (q)  A(@C(q) | C ("B (q)
_ fafsfoe fro2 < fafs  fofE 9 f21f536 ) (3.46)
4¢* f7 frafos fres fase forz \SeTuf2f?  fiafe 12 fos fies fér2 ) ‘
1 2 2
+ +
B*(q26)B*(q2) A*(q26)A*(q2) C*(qQG)C*(qQ)
_ Js.J16102.f204 ( foslfs  fBfi 9 f3sf36s > (3.47)
4q* frafos o6 f1s2 faes frae \ [isfeafif?  foef2 Jh s fisal?s6 ) '
Proof: In view of Lemma (2.1) and Lemma (2.2), the identity (3.42) takes the following form:
F@®, (@, ) + @ F (@, 6" (", 6) + ¢ F(d°%* ¢*®) F(a*%, q)
= 17 (0(a0(a%) = 6(=a")0(=0") = 200" )ola )} (3.48)

Now, we will prove (3.48). Set (m,n) = (7,1) in (2.19), we obtain

?(q*)p(q®) — d(—a®)d(—a°) = 2£(¢°™,¢°™) F(¢"*, ™) + 24" F(¢®%, ¢"*°) £ (a*%, ¢"°)
+2¢°° £(¢'°%°, ¢**) £ (¢, ¢%) + 24" F(¢"**%, ¢°%) F (¢*°, ¢®) + 2¢7** £ (¢"**°, ") f(¢*°, ¢ ?)
+2q350f(q1632 q7288)f(q34 qfﬁ) 4 2q504f(q1824 q7480)f(q38 qflo).

Applying (2.6) in the above and then replacing g by ¢? in the resulting identity, we obtain (3.48). This
completes the proof of (3.42). The proofs of (3.43) —(3.47) can be obtained in a similar fashion by setting
(m,n) = (7,2),(7,3),(7,4),(7,5),(7,6) in (2.19), respectively. O
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Theorem 3.6 We have

1 + q21
A, (q*8)A.(q) q4 B*( ) Ci(q*8)Ci(q)
_ f4f192 (f82f6 _ 42f672f14)
= s fors \J212 FasoJ (3.49)
1 qG q17
A@)B.(q) " B(a™)Ci(g) | Ca(d) A ()
N ffflso (f10f4 _ 35f5260f124)
= Rl \ 202 2 s ) (3:50)
1 q q10
@00 | B@A) | C(@)B.(9)
_ fi 1 fiaf3 _ 21f??36f124>
2 fiafiesfaze \ f2S7 24 fiesfr )’ (8:51)
1 q14 q39
A @P)B(9) B (@) (q) T G A (q)
_ f4f8f§60 <f128f120 _ q77 f12260f154 ) (3 52)
frfiafos fE30 1260 \ fofs fesof2 13 ) '
1 q9 q29
A4 () BB (q) | Ca@®)C ()
_ fafs 564 <f222f62 P f824 14 ) (3.53)
f7f14f28f4%62f924 f11f3 f462f72f228 ’ .
1 q3 q10
A0 (q) T Ba(@)A(q) | Ca@™) B (q)
_ fafs fioa <f226f22 2 f36afTa ) (3.54)
Jrfiafos figafaea \ f13f1 fis2f2 13 ) .

Proof: With the aid of Lemma (2.1) and Lemma (2.2), the identity (3.49) can be written in the following
form:

W(g"(a) = f(@' 2, f(a* )+ d" £, ") (. @) + @ F(®5,4"°) F(d®,q)
+2¢"9(q")p(¢*°). (3.55)

To prove (3.49), it is enough to prove (3.55). Setting (m,n) = (7,1) in (2.20) and then replacing g by
q? in the resulting identity, we obtain (3.55). This completes the proof of proves (3.49). The proofs of
(3.50) — (3.54) can be obtained in a similar way. O
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Theorem 3.7 We have

1 4168 et
+ +
B*(¢**)Ci(q") ~ A*(¢*P)B.(q*)  C*(¢*P)Au(q")
_ fi6f1560 3120 <f§of226 n hsfeofisfsz foa60 S5 ) (3.56)
25 f35 f56 far30 5460 fro020 \ fi5f13 J30/f26 f3r30ffo020f28 ) .
1 162 pres
B (@AY | A @0 | O (@B
_ 161496 f2002 (f§4f222 n firfesfiifaa 9 f2a36136 > (3.57)
2¢°0 3 f56 fo618 f5236 f10472 \ f17.[11 f3afa2 I2a18f30umatos )’ ’
1 146 2
+ +
B*(¢**)B.(q*)  A*(¢**?)A(¢")  C*(¢**?)Cilq?)
_ Jis 1368 2736 <f328f128 + frofrefofss 9 firss 25 > (3.58)
2q*0 f35 f56 faz0a fazss foste \ fiofo J3sf1s f3394 13576 f28 '
1 % 264
+ +
B (@) B.(¢") | A (@A, (qh) | C*(¢0)C,(qh)
_ fi6.fo20 f1840 (ffeffo n fasfoafsfoo [3a20.f% ) (3.59)
2% 35 f56 f1610 f3220 foaa0 \ fa3fs J16f10 fio10f81a0f2s ) .
1 45 77
B*(¢59) A, (¢%) + A (T, () + C*(¢9) B, (¢")
6 600 f1200 (fsoffs fesfro0f3f12 9 f3100/36 > (3.60)
2(]18f28f56f1050f2100f4200 Jasf3 J50f6 ftosoftao0f2s )’ .
1 e . ¢
B @0 A @B(d) | T (@AY

(3.61)

[ f216f132 <f54f2+f27f108f1f4 5 Sis12/36 >

2q6f228f56f756f1512f3024 f27f1 f54f2 - f7256f32024f28

Proof: The identity (3.56) can be rewritten with the help of Lemma (2.1) and Lemma (2.2) as follows:

D(@)0(") + (=g (=4"?) = 20(¢**)(¢®®) + 2¢° (0, ") f(¢*, ¢*Y)
+2¢220 £ (290, g1170) £(8, ¢%°) + 268 £(¢°°7°, ¢*°) £ (¢'2, ¢*°) (3.62)

Setting (m,n) = (14,1) in (2.21) we obtain

w(qls)l/}(qlg) = ¢(q2730)¢(q28) + q679¢(q5460)¢(q14) +q f(g*, q2340)f(q27 26)

FPG, 090 £ (gt 620 + 2 £, 590 £, 622) + 220 £(¢*2%°, ¢ TO) £ (4, ¢°)
FP (g1, g0 £, q18) + g3 £ (47070, 290 £ (2, ¢1F). (3.63)
Replacing ¢ by —¢ in (3.63) and then adding the resulting identity with (3.63), we obtain (3.62). This
completes the proof of (3.56). The proofs of (3.57) — (3.61) follow in a similar way. O

4. Applications to Theory of Partitions

In this section, we extract the partition theoretic interpretations for some of the modular relations
proved in section 3. We use the standard notation of g-products

n

(a1, 02, -, ani @)oo = | [(ai: @)os

and we define
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where r and s are positive integers (r < s) .

Definition 4.1 A positive integer n is said to have k colors if there are k copies of n available and all
of them are viewed as distinct objects.

For example, if 2 is allowed to have three colors (say, red (r ), green (g), blue (b)), then 2,,2,,2; are
treated as distinct parts. Partitions of a positive integer with parts in colors are called colored partitions.
It can be seen that, m is a generating function for number of partitions of n with parts congruent
to a (mod b) having k colors. For example, identities (3.19), (3.20), (3.23) and (3.24) can be read as
Theorem 4.1, 4.2, 4.3 and 4.4 respectively stated below and the proofs of these theorems are left to the
readers. Four examples illustrating the two theorems are also given below.

Theorem 4.1 Let Pi(n) denotes the number of partitions of n into parts congruent to

+2, 43, +11, 417, £16, +25, 26, £31, +39, £40, +42(mod 84), parts congruent to =+4,+10,+12, +32,
+38(mod84) in two colors, parts congruent to +6(mod84) in three colors, parts congruent to £24,
+30(mod 84) in four colors and parts congruent to £18(mod 84) in siz colors. Let Pa(n) denotes the num-
ber of partitions of n into parts congruent to 5, £8,+9, £19, +20, £22, +£23, 433, £34, +37, +42(mod 84),
parts congruent to £2, £16, 18, 26, +36, +£40(mod 84) in two colors, parts congruent to +6, +12(mod 84)
in four colors and parts congruent to £30(mod 84) in sixz colors. Let P3(n) denotes the number of parti-
tions of n into parts congruent to £1,+4, +£10, +13+15, 427, £29, +32, 438, +41, +42(mod 84), parts con-
gruent to +8, £20, 422, +£24(mod 84) in two colors, parts congruent to £30(mod 84) in three colors, parts
congruent to £18, £36(mod 84) in four colors and parts congruent to £6(mod 84)in siz colors. Let Py(n)
denotes the number of partitions of n into parts congruent to +1,4+5 +11,£13, £17, £19, +23, 425, 429,
+31, £37, £41(mod 84), parts congruent to =7, +35(mod 84) in two colors, parts congruent to 3, +9, +15,
+27, 433, £39(mod 84) in threer colors and parts congruent to £21(mod 84) in four colors. Let Ps(n) de-
notes the number of partitions of n into parts congruent to £2, £4,+8, +£10, £16, 20, 22, +26, +32, +34,
+38,+40(mod 84), parts congruent to £7,£12,+21, £24, +35, £36(mod 84) in two colors and parts con-
gruent to £6,+18, +30, +42(mod 84) in four colors.

Then, for any positive integer n > 6, we have

Pi(n) + Py(n—1) + P3s(n —3) — Py(n) +2Ps(n — 6) = 0. (4.1)

Example 4.1 Let red (r), green (g), blue (b), and pink (p) be the available colors. The following table
gives an illustration of Theorem (4.1) for the case n = 7.

P (7)=3 4, + 3,45+ 3,3 +2+ 2.
Py(T)=13 70 75,3, +3, + 1,3, +3p + 1,3, + 3, + 1,3, + 3, + 1,3, + 3, + 1,3, + 3, + 1,3, + 1+ 14+ 1+1
3 +1+14+14+1,3,+1+14+1+15+1+1,14+14+1+1+14+1+1

Py (6) =8 67, 6,64, 6p, 2 + 20 + 27,2, + 2, + 25,2, + 25 + 25,2, + 2, + 2
Py(4) =2 414+1+1+1

Theorem 4.2 Let Pi(n) denotes the number of partitions of n into parts congruent to +8, £15, 20, +24,
+27,4+42(mod 84), parts congruent to +12,+14,+16, £40(mod 84) in two colors, parts congruent to
+10, £22, +34, +36, +38(mod 84) in three colors, parts congruent to £2,+18, +£26,+30(mod 84) in four
colors and parts congruent to +6(mod84) in five colors. Let Py(n) denotes the number of partitions
of n into parts congruent to +9,+16, 433, £36,+40, £42(mod 84), parts congruent to +4,+14 +24,
+32(mod 84) in two colors, parts congruent to 2, £12, +22, 426, £34(mod 84) in three colors, parts con-
gruent to 6, £10, +18, £38(mod 84) in four colors and parts congruent to £30(mod 84) in five colors. Let
P;(n) denotes the number of partitions of n into parts congruent to £3,+4, +£12, +32 + 39, +42(mod 84),
parts congruent to +8,+14,+20,+36(mod84) in two colors, parts congruent to +2,+10,424, +26,
+38(mod 84) in three colors, parts congruent to +6,+£22 +30, £34(mod 84) in four colors and parts con-
gruent to £18(mod 84)in five colors. Let Py(n) denotes the number of partitions of n into parts congruent

to £1, 45,47, +£11,+13, £17, £19, £23, £25, £29, £31,
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+ 35, £37,£41(mod 84) in two colors, parts congruent to £3,+9, 15, £27, 433, £39(mod 84) in threer
colors and parts congruent to £21(mod84) in four colors. Let Ps(n) denotes the number of parti-
tions of n into parts congruent to +4,+8, £16, £32, £40(mod 84), parts congruent to +12,+21, +24, +36,
+42(mod 84) in two colors, parts congruent to +2,+10, £22, £26, +34, +38(mod 84) in threer colors and
parts congruent to £6, 14, £18 +30(mod 84) in four colors.

Then, for any positive integer n > 4, we have

Pi(n—1)+ Py(n) + Ps(n—1) — Py(n) + 2Ps(n —4) = 0. (4.2)

Example 4.2 Let red (r), green (g), blue (b), and pink (p) be the available colors. The following table
gives an illustration of Theorem 4.1 (4.1) for the case n = 5.

P (4) = 10 2 4 203 25 + 20,29 + 20, 2p + 29 20 4 25, 20 + 29, 20 + 29, 25 + 24,25 + 25, 25 + 2,
Py(5) =0
Py(5) =17 5,55, 3r + 1p+ 10,3+ 1+ 15,3 + 1y + 15,3 + 1, + 1,3 + 1, + 1,35 + 1 + 1

3o+ 1+ 10,30+ 1+ 1,3y + 1y + 1y, Ly - L 1y 1+ L Ly b 1y 4 1+ 1, 4 1y,
L4+l +1,+ 1+ 1, L+ 1, + 1+ 1+ 1, 1+ 1+ 1+ 1+ 1, 1p + 1+ 1p + 1 + 1
P3(4)=7 4,2, 4+ 2,25 + 2,25 + 24,2, + 25,2, + 24,25 + 24
Ps(1) =0

Theorem 4.3 Let Pi(n) denotes the number of partitions of n into parts congruent to £2, +4, 5, +8, +9,
+16,4+19, £20, £22, +23, £26, +32, £33, +34, +36, £37, £40(mod 84), parts congruent to +6,+12, +14,
+18, £30(mod 84) in two colors and parts congruent to £24(mod 84) in three colors. Let Py(n) denotes the
number of partitions of n into parts congruent to +1, +4, +8, +£10, £13, 15, 16, 20, +22, +24, +27, +29,
432,434, £38, +40, +41(mod 84), parts congruent to +6,+14, +18, £30, +36(mod 84) in two colors and
parts congruent to £12(mod 84) in three colors. Let Ps(n) denotes the number of partitions of n into parts
congruent to £2,+3,£4,+8 +10 £ 11, £12, +£16,+17, £20, £25, 26, £31, 32, £38, +39, +40(mod 84),
parts congruent to +6, +14, £18, £24, £30(mod 84) in two colors and parts congruent to £36(mod 84) in
three colors. Let Py(n) denotes the number of partitions of n into parts congruent to +2,+3,+10, £15,
+21, 422, +26, +27, £33, £34, 438, £39(mod 84) in two colors and parts congruent to +14(mod84) in four
colors. Let Ps(n) denotes the number of partitions of n into parts congruent to £2, +4, +£8, +16, £20, +-22,
+26, 432, £34, +38, £40(mod 84) and parts congruent to +6,+7,4+10,+12,+18, £21,+24, +30, £35,
+36(mod 84) in two colors.
Then, for any positive integer n > 5, we have

Pl(n)+P2(n—2)+P3(n—3)—P4(n)+P5(n—5):0 (43)

Example 4.1 Let red (r), green (g), blue (b), and pink (p) be the available colors. The following table
gives an illustration of Theorem (4.3) for the case n = 6.

P1(6) =4 6r,60,4+2,2+272
Py(4) =2 4, 141+1+1

Py(3) =1 3

Pi(6) =7 3,430,304 35,30 4+ 35,2 + 20 + 20,2 + 2 + 2, 20 4+ 20 + 25,2 + 2, + 2,
Ps(1) =0

Theorem 4.4 Let Pi(n) denotes the number of partitions of n into parts congruent to £15,+16, £27,
+30, 436, £40(mod 84), parts congruent to +4, +6,+12, 14, £32(mod 84) in two colors, parts congruent
to £2,+18, +22 424, +26,+34(mod 84) in three colors and parts congruent to 10, £38(mod 84) in four
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colors. Let Po(n) denotes the number of partitions of n into parts congruent to +4,+9,+12, +18, +32,
+33(mod 84), parts congruent to £8,+14, 20, £24, +30(mod 84) in two colors, parts congruent to £2, +6,
+10, £26, £36, +38(mod 84) in three colors and parts congruent to 22, +34(mod 84) in four colors. Let
P;(n) denotes the number of partitions of n into parts congruent to £3,+£6,+8, 420, +24, £39(mod 84),
parts congruent to £14, +16, 18, +£36, +40(mod 84) in two colors, parts congruent to +£10, £12, £22, +30,
434, £38(mod 84) in three colors and parts congruent to £2,+26(mod 84) in four colors. Let Py(n) de-
notes the number of partitions of n into parts congruent to £1,4+3,+5,+7,£9, +11,+13, +£15, £17, +19,
+21, £23, £25, 27, 429, +31, +33, +35, £37, £39(mod 84) +41 in two colors. Let Ps(n) denotes the
number of partitions of n into parts congruent to +4,+8, +16, £20, £32, £40(mod 84), parts congruent
to +6,+£12, +18, +21, +24, 430, £36(mod 84) in two colors, parts congruent to +2,+10,+22, +26, +34,
+38(mod 84) in three colors and parts congruent to £14(mod84) in four colors.
Then, for any positive integer n > 5, we have

Pi(n) + Py(n— 1)+ P3(n —4) — Py(n) + Ps(n — 1) = 0. (4.4)

P4(6) =22 5r+1'r75b+1b75r+1b35b+1r73r+3’r73b+3b73r+3b73r+1r+1r+1’r7
3+ 1+ 1+ 15,3+ 1o+ 1p + 15,30 + 1p + 1p + 15, 3p + 1 + 1 + 1,
W+ 1, +1,+1,3+1,+1p+ 14,3+ 1, +1p+ 1,1, +1, + 1, + 1, + 1, + 1,,
1r+1r+1r+1r+1r+1b;1r+1r+1r+1r+1b+1b71r+1r+1r+1b+1b+1b7
L+1, 4+ 1+ 1+ 1+ 1, L, + 1 + 1 + 1+ 1+ 1p, Ly + 1p + 1p + 1 + 1 + 1,
Pi(6) = 18 6, 6ty Ay + 20, Ay + 24, 4y + 29, 4 + 20, 4y + 20, 4y + 29,20 + 20 + 20,
20+ 20+ 26,20 + 20 + 26,25 + 2p + 26,2 + 25 + 20, 20 + 25 + 29,25 + 24 + 2,
2+ 2 + 20,25 + 25+ 20,2 + 2+ 2,

Py(5) =0
Py(2) =4 2 205 205 2p

References

1. Channabasavayya, Keerthana, G. K., and R. Dasappa, On further modular relations for the Rogers—Ramanujan func-
tions, Indian J. Pure Appl. Math. (2023).

2. H. Hahn, Septic analogues of the Rogers—Ramanujan functions, Acta Arith. 110(4) , 381-399 ,(2003).

3. L. J. Rogers, On two theorems of combinatory analysis and some allied identities, Proc. London Math. Soc. 16 ,
315-336,(1917).

4. L. J. Slater, Further identities of the Rogers—Ramanujan type, Proc. London Math. Soc. 54(2), 147-167, (1952).

5. Z.-G. Cao, Integer matriz exact covering systems, and product identities for theta functions, Int. Math. Res. Not. , no.
19, 4471-4514, (2011).

6. B. C. Berndt, Ramanujan’s Notebooks, Part III, Springer-Verlag, New York, (1991).
7. G. E. Andrews, The theory of partitions, Addison—-Wesley, Reading, MA, (1976).

8. B. C. Berndt and H. H. Chan, Some identities for the Rogers—Ramanujan functions, Canad. J. Math. 51 , 897-918,
(1999).

9. H. H. Chan and Z.-G. Cao, Modular equations, and Rogers—Ramanujan type identities, Adv. Math. 307 , 237-267,
(2017).

10. S. Cooper, Ramanujan’s theta functionms, Springer, Cham, (2017).
11. M. D. Hirschhorn, The Rogers{Ramanujan identities, Springer, Cham, 2017.

12. A.J.F. Biagioli, A proof of some identities of Ramanujan using modular forms, Glasgow Math. J. , 31 , 271- 295,
(1989).

13. D. Bressoud, Proof and generalization of certain identities conjectured by Ramanujan , Ph.D. Thesis, Temple Univer-
sity, (1977).

14. Z.Cao, Integer Matriz Exact Covering Systems and Product Identities for Theta Functions, Int. Math. Res. Not. ,19 ,
4471-4514, (2011).



NEW MODULAR IDENTITIES 17

15. B. C. Berndt, Ramanujan’s Notebooks-III , Springer-Verlag, NewYork, (1991).
16. H. Hahn, Septic analogues of the Rogers-Ramanujan functions, Acta Arith. ;110 (4), 381-399, (2003).

17. L. J. Rogers, On two theorems of combinatory analysis and some allied identities, Proc. London Math. Soc. 16, ,
315-336, (1917).

18. L. J. Slater, Further identities of the Rogers-Ramanujan type, Proc. London Math. Soc. , 54 ( 2) , 147-167, (1952).

19. S. Ramanujan, Collected Papers , Cambridge University Press, Cambridge, 1927; reprinted by Chelsea, New York,
1962; reprinted by the American Mathematical Society, Providence, RI, 2000.

20. S. Ramanujan, The Lost Notebook and Other Unpublished Papers, Narosa, New Delhi, (1988).
21. L.J. Rogers, On a type of modular relation, Proc. London Math. Soc.,19 , 387-397, (1921).
22. G.N. Watson, Proof of certain identities in combinatory analysis, J. Indian Math. Soc. ,20 , 57-69, (1933).

Shomavo Chakraborty,
Department of Mathematics,
Assam Don Bosco University,
Guwahati, Assam, India.

E-mail address: shomavo@gmail.com
and

Bamdeb Dey,

Department of Mathematics,
Assam Don Bosco University,
Guwahati, Assam, India.

E-mail address: bamdebdey880gmail.com
and

Kanan Kumari Ojah,
Department of Mathematics,
Suren Das College,
Guwahati, Assam, India.

E-mail address: knn.ojah@gmail.com



	Introduction
	Definition and Preliminary Results
	Proof of Main Results
	Applications to Theory of Partitions

