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G-Sequential Convergences in Submethods

Osman Mucuk and Shanza Behram

abstract: In a topological space X, limits of sequences give us a set valued function defined for convergent
sequences and taking subsets of X as values. Then sequential versions of some topological notions are gener-
alised to G-methods by replacing lim function with any map G. A G-method enables us to define a variety of
convergent method Gs called G-sequentially convergence and gives rise to a method GY on a subset Y ⊆ X
called submethod. In this paper, we consider G-sequentially methods or Gs-methods created by G-methods
and search the reducibility of such methods to subsets with some properties and characterisations.
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1. Introduction

Convergences are among the main concepts of some branches of mathematics such as analysis, topol-
ogy and many others. We have many generalisations of classical convergences of sequences to different
directions by means of filters, nets, statistical, and matrix methods.

A main property of a metric space or Hausdorff space X is that any convergent sequence has a limit,
which defines a function lim with domain of convergent sequences and range X. As a generalisation of
lim function, a G-method, which is originally appeared in [1], is defined to be a function with domain
of sequences and range X. In the context of G-methods, recently many works have been carried out
by different authors. Our main references are: [2,3,4] about G-continuity, [5,6] for other continuities,
[7,8,9,10] as interested in G-compactness, [11,12,13,14,15] on G-connectedness (see [16] for non-connected
topological groups), [4,17] related to the extended G-methods to arbitrary sets G-hulls, G-closures, G-
kernels and G-interiors, [18] and [19] on various counterexamples of some G-convergences taken into
account (see [20] statistical convergence), [14,21,22] for G-topological groups, [23] the quotient space of
G-method as well as [24,25] interested in an extensions of some of these work to neutrosophic topological
spaces.

Varieties of limits of a sequence x = (xn) for topological space X help us to have a set valued function
lim such that lim(x) is set of limit points of the sequence. A G-method is considered in [26] as a function
from set of some sequences in X to P(X) .

Since intersection of G-open subsets does not usually hold property of G-openness. Hence collection
of G-open subsets does not constitute a topology. Upon a question that which types of G-open subsets
define a topology, in [27] and [28] the idea of G-sequentially convergence for sequences was developed
and then defining G-sequentially open subsets, it was proved that G-sequentially open subsets define a
topology called G-sequential topology. Then the latter paper has been recently taken into account in [26]
to establish more relationships between G-convergence and G-sequentially convergence.
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In this paper, we consider submethods on subsets induced by G-methods on sets and G-sequentially
sub-convergences associated with G-sequentially methods. Then we analyse and investigate the be-
haviours and properties of G-sequentially convergent submethods.

2. Preliminaries

Throughout the paper, s(X) denotes set of all sequences in set X, while c(X) is set of convergent
sequences in topological space X. Here by convergence sequences we mean not only sequences with
unique limit but also those with many limits.

When X is topological space, we have a set valued function lim: c(X) → P(X) such that any con-
vergent sequence is assigned to set of its limits. Similarly for set X not necessarily topological space,
G-method is defined to be a map G : G(X) → P(X), where G(X) is some particular set of sequences for
which G is defined.

For given G-method on any set X and subset A ⊆ X, a point u ∈ X is said to be G-hull point of A
and written by u ∈ [A]G subject to the existence of a sequence a = (an) in A such that a is in domain
of G and u ∈ G(a). A G-closed subset is defined to be one with property [A]G ⊆ A. In other words A
is G-closed if whenever u ∈ G(a) for a sequence, then u ∈ A. Hence obviously subset A with [A]G = ∅
is G-closed as well as X. It is not necessarily that neither [A]G is G-closed nor A ⊆ [A]G. Moreover
unlike intersection, the union of G-closed subsets does not necessarily retain G-closedness. G-open subset
U ⊆ X is one with G-closed complement X \ U . Eventually unlike union, G-openness of intersection
of G-open subsets is not necessarily essential. In this context, the references [18] and [19] for various
examples of G-methods are cited.

If G is a method on X given by G : G(X) → P(X) and Y is subset of X subject to property G(x) ⊆ Y
for any sequence x = (xn) in Y with x ∈ G(X), then we also have a method GY : G(Y ) → P(Y ) on
Y defined by GY (x) = G(x) for x ∈ G(Y ), where G(Y ) = G(X) ∩ s(Y ). Such a method GY is called
submethod on Y induced by G and G is reducible to Y .

In topological spaces, convergence of a sequence x = (xn) to u ∈ X is equivalent to case that any open
neighbourhood of u includes a tail of the sequence. In this context, a variety of G-convergence comes to
our mind. Hence we define G-sequentially convergence of any sequence x = (xn) to u ∈ X to be that
any G-open neighbourhood of u contains a tail and in that case u is also called G-sequential limit of the
sequence or Gs-limit of x = (xn). That idea paves way to a method Gs : Gs(X) → P(X) in which any
sequence x = (xn) is assigned to set of G-sequentially limits. We call such a method Gs as G-sequentially
convergent method or briefly as Gs-method.

Parallel to G-methods, Gs-hulls of subsets and Gs-closed subsets associated with G-method can be
defined. In other words, Gs-hull of A is set of Gs-limit points of sequences in A and A is Gs-closed
whenever it contains Gs-hull [A]Gs , which means Gs-limits of any sequence with terms of A are contained
by A as well. Then Gs-open subsets are defined to be complements of Gs-closed subsets. As it is proved
in [28, Theorem 2.1], Gs-openness of subset A is the same as that A includes a tail of any sequence which
is Gs-convergent to a point of A. Gs-openness of G-open subset; and therefore Gs-closedness of G-closed
subset are immediate by the definitions of G-open and Gs-open subsets. By the proof in [28, Corollary
6.2], unlike G-open subset, Gs-open subsets define a topology.

To distinguish between G-closed and Gs-closed subsets we call the following counterexample with a
revision of [28, Example 3.1].

Example 2.1 In the cited example, a G-method on R is defined by G(x) = lim
xn + xn+1

2
on R. Then

subsets R, ∅, (−∞, a], [a, b], {a} and [b,∞) are detected to be G-closed and their complements are to be
G-open subsets. Here we note that singleton subsets {a} and {b} are G-closed but union {a, b} is not

G-closed because x = (a, b, a, b, . . . ) is a sequence with terms in {a, b} but G-limit is
a+ b

2
which is not in

{a, b}. This example helps us to see that union of G-closed subsets does not usually preserve G-closedness
and also indicates that unlike G-closed subsets, finite subsets are Gs-closed and therefore G-closed and
Gs-closed subsets differ. Such defined G-method is not reducible to some subsets. For example G is

not reducible to subset Y = {a, b}, since the sequence x = (a, b, a, b, . . . ) is G-convergent to
a+ b

2
but
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a+ b

2
/∈ Y . However according to the G-method finite subsets are Gs-closed as any sequence y = (yn) in

finite subset Y ⊆ X has a term yn0
which appears infinitely many times. Then G-open subset R \ {an0

}
does not include a tail of the sequence and therefore any point x in R \ Y can not be in Gs-hull [Y ]Gs of
Y , since R \ {an0} is G-open neighbourhood of any point x ∈ R \ Y , which proves that [Y ]Gs = Y .

3. G-Sequential Convergences in Submethods

We define restriction of method Gs associated with a G-method on X to subset Y under the name of
Gs-submethod as follows:

Assume that G is a method on set X and Y ⊆ X subset. Then associated Gs-method Gs : Gs(X) →
PX) provided with property that if whenever x = (xn) ∈ Gs(X)∩s(Y ) then G(x) ⊆ Y, is called reducible
to Gs-method GY

s : Gs(Y ) → PY ) defined by GY
s (x) = Gs(x) for sequences in Gs(Y ) = Gs(X) ∩ s(Y ).

The induced method GY
s is said to be G-sequentially submethod or in short Gs-submethod on Y .

In below we have examples reducible and irreducible Gs-methods.

Example 3.1 Consider G-method on set X defined by G(x) = x1 for any sequence x = (xn). The
method is defined for all sequences in X. Hence it is reducible to any non-empty subset of X. All subsets
of X are G-closed and therefore G-open. Since G-open subsets are Gs-open, we conclude that all subsets
are Gs-open as well.

We now set Gs-method associated with the method G. For any sequence x = (xn) if u ∈ Gs(x), then
any G-open neighbourhood of u contains a tail of the sequence. By the fact that all subsets are G-open,
singleton set {u} is a G-open neighbourhood of u and therefore it contains a tail of the sequence, which
means the sequence x = (xn) has a tail with constant term u and therefore the method Gs is defined for
only the sequences with constant tails. In other word u ∈ Gs(x) for any sequence x = (xn) if and only
if it has a tail with fixed term u. Hence the Gs-method is reducible to any non-empty subset under the
same rule. As we can see in the example both methods G and Gs are reducible to any non-empty subset .

Example 3.2 Consider constant method on set X such that any sequence in X is mapped to a constant
x0 ∈ X. Accordingly G-closed subsets are those containing the constant x0 and G-open subsets are those
excluding x0. Then the method G is reducible to G-closed subsets, because if Y is G-closed, whenever a
sequence x = (xn) in Y is in G(X), then G(x) ∈ Y .

We now produce Gs-method associated with the method G. Since only G-open neighbourhood of x0 is
X itself, any sequence x = (xn) is G-sequentially convergent to x0 which means x0 is Gs-limit of any
sequence x = (xn), i.e., x0 ∈ Gs(x). Further for u ∈ X with u ̸= x0, if u is Gs-limit of a sequence
x = (xn), then {u} includes a tail of (xn), since {u} is G-open neighbourhood of u and therefore a tail of
the sequence has constant term u, which means that if a sequence (xn) has a tail with constant term u,
then Gs-limits of (xn) are x0 and u. If (xn) has no any tail with constant term, then Gs-limit of x = (xn)
is only x0. As a result the Gs-method corresponding to G is defined to be Gs : Gs(X) → P(X) assigning
the singleton set {x0} to any sequence without any tail with constant term and assigning {x0, u} to any
sequence with a constant tail u. Here it is understood that the domain Gs(X) of Gs-method is the set
s(X) of all sequences in X.

If a non-empty subset A is Gs-closed, then x0 ∈ X; and if x0 ∈ A then A contains Gs-hull [A]Gs

which means A is Gs-closed iff x0 ∈ A. Hence G-closed and Gs-closed subsets agree. Here we can easily
check that Gs-hull of A is [A]Gs = A ∪ {x0}.

As we can follow, Gs-method is reducible to any G-closed subset Y , under the same mapping rule
GY

s : Gs(Y ) → Y .

4. Results

In G-method case of the following result appears in [27].

Theorem 4.1 Let Gs be G-sequentially method associated with G-method on X and Y ⊆ X. Then
existence of submethod GY

s on Y is equivalent to G-sequentially closedness of Y .
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Proof: If Gs-method Gs : Gs(X) → P(X) corresponding to the method G on X exists and Y is G-closed
subset, then whenever x = (xn) is a sequence with the terms of Y in Gs(X), then Gs(x) ⊆ Y since Y
is G-closed and therefore Gs-closed subset. Here we remark that G-open subsets are Gs-open as well.
Hence existence of Gs-submethod GY

s : Gs(Y ) → P(Y ) holds.
For opposite side of the proof assume that the Gs-method is reducible to a subset Y ⊆ X and prove

that Y is Gs-closed. Let (xn) be a sequence with terms of Y such that u ∈ G(X). Since the method Gs

is reducible to Y , we have that u ∈ Y . Hence Y is Gs-closed. 2

Example 4.1 Since according to the G-method in Example 2.1, finite subsets are Gs-closed, by Theorem
4.1, the Gs-method is reducible to finite subsets. However as it is stated in Example 2.1, the G-method
is not reducible to finite subsets.

Theorem 4.2 For Gs-method related to a G-method on X and G-closed subset Y ⊆ X, GY
s -closedness

of subset B ⊆ Y is equivalent to G-closedness of B in X.

Proof: Gs is also a method Gs : Gs(X) → P(X), the proof follows from [27, Proposition 1.2.1]. 2

Theorem 4.3 For Gs-method induced by G-method on X and G-closed subset Y ⊆ X, a subset B ⊆ Y
is GY

s -closed in Y if and only if there exists Gs-closed subset F in X with the property B = F ∩ Y .

Proof: The proof is similar to the proof of [27, Theorem 1.2.1] and therefore it is omitted. 2

Theorem 4.4 If Gs and Hs are sequential methods associated with methods G and H on X and Y
respectively, then one has (G×H)s = Gs ×Hs.

Proof: By given methods G and H respectively on X and Y , We have product method G×H on X×Y
defined by (G × H)(x,y) = (G(x),H(y)) for sequences x = (xn) and y = (yn) in domains of G and
H respectively. Then we have the sequential methods Gs, Hs and (G ×H)s respectively on X, Y and
X × Y corresponding to the methods G, H and G×H. For any sequence (x,y) = (xn, yn) in domain of
the method (G×H)s we have that the sequences x = (xn) and y = (xn) are respectively in domains of
the methods Gs and Hs. Hence the proof is completed by the evaluation

(G×H)s(x,y) = (Gs(x), Hs(y)) = (Gs ×Hs)(x,y)

. 2

We know from [28] that, a G-method on X leads to a topology on X denoted by τG in which Gs-open
subsets are open sets of the topology.

Theorem 4.5 [27, Theorem 3.2.2] Let G-method be given on set X and Y ⊆ X subset. Let τG be the
topology created by Gs-open subsets, GY submethod on Y reduced by the method G on X and τGY the
topology created by the submethod GY on Y . Then τGY is the subtopology on Y induced by the topology
τG.

In the following theorem we prove the reducibility of product methods.

Theorem 4.6 Let methods G and H be given on sets X and Y along with subsets X ′ ⊆ X and Y ′ ⊆ Y .
If the method G is reducible to X ′ and H is reducible to Y ′, then the product method G×H is reducible
to X ′ × Y ′.

Proof: Let the methods G and H be reducible to X ′ and Y ′ respectively and (x,y) = (xn, yn) a sequence
in domain of the product method G×H with terms in X ′ × Y ′. Then by (G×H)(x,y) = (G(x), H(y))
we have that the sequences x and y are respectively in domains of G and H with the terms in X ′ and
Y ′. Since the methods G and H are reducible to X ′ and Y ′, we have that G(x) ∈ X ′ and H(y) ∈ Y ′

and therefore (G ×H)(x,y) = (G(x), H(y)) ∈ X ′ × Y ′. Hence the product method G ×H is reducible
to X × Y as well. 2
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5. Conclusion

In the paper, we have considered G-sequentially methods or Gs-methods and study the reducibility of
them to subsets. We have tried to relate the Gs-method to G with some counter examples and properties.
It would be interesting to investigate more relations between the methods G and Gs such as regularity,
compactness, connectedness and reducibility in terms of these methods.
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5. Çanak, İ., Dik, M., New types of continuities, Abstr. Appl. Anal., Art. ID 258980, 6 pp., (2010).
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