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Even-Paired Domination with Modified Forgotten, Hyper Zagreb Indices of Graph

Pushpa N., Dhananjayamurthy B. V.

ABSTRACT: In this study, we define a new parameter for each vertex, referred to as the Even-paired dom-
ination degree, and denote it by dcoe(v) . Building on Even-paired domination degrees, we propose several
Even-paired domination indices. We also determine the precise values of the Even-paired domination Forgot-
ten, Refined Forgotten index/ Modified Forgotten invariant, Hyper-Zagreb graph invariant for certain families
of well-known graphs. Additionally, we identify bounds, both lower and upper, for these indices across various
graph structures.

Keywords: Topological Indices, Even-paired dominating sets, degree, Modified Forgotten, hyper
Zagreb indices.
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1. Introduction

In mathematics, theory of graph can be viewed as a new tool to deal, with sciences of all types and
is applied in the disciplines of topological graphs [2,3], fuzzy graphs [4,5,6] etc. Mathematical chemistry
is the most common application of graph theory in the last decade. Mathematical analysis of chemical
phenomena can be done using graph theory tools. Topological indices help describe a graph’s structure
through numerical values that remain fixed for the entire graph. They’re widely applied in building
structure-activity relationships (QSAR), where they link chemical structures to biological activity and
other traits-often via degree-based indices [7,8] or distance-based ones [9,10,11,13,14]. Note that the
Zagreb index stands apart as a distance-based measure, defined as [15,17].

M(G)= > dv)?

veV(G)

My(G)= > du)d(v).

e1=uveEE(G)

The index has been overlooked in the references. For detailed insights into the Zagreb index and related
topological indices, readers may consult the existing survey literature. In a simple graph, let A denote the
maximum degree of a vertex and let § denote the minimum degree. A Pendant-augmented n-wheel graph
is obtained from a n-wheel graph with n vertices on its cycle by attaching a pendant edge to each vertex
of the n-cycle[18]. Consider two path graphs, say P, and P,. Their Cartesian product, particularly when
one of the paths is P», results in a ladder graph with ‘(2n)’ vertices and ‘(3n — 2)’ edges. A dominating
set D in a graph G is a set of vertices such that every vertex v € V(G) either belongs to D or is adjacent
to some vertex u € D. The domination number of G, denoted by v(G), is the minimum cardinality
of such a set. A.M. Hanan Ahmed and her co-authors determined the domination number of the path
graph P,. For a general graph G, the domination number is denoted by v(G). However, the concept
of co-equal domination is not applicable in this context. In this paper, we introduce a new parameter
Yeoe(G), called the co-pair domination number or even-paired domination number of a graph G. This
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parameter serves as a novel metric associated with the vertices of the graph. Along with this concept, we
define several new co-pair domination indices based on classical competitive graph structures. We derive
exact expressions for the co-pair Zagreb indices of important families of graphs. Furthermore, lower and
upper bounds for the Zagreb index are established using control chart techniques.

2. Graph’s Even-paired Domination Indices
The definition of Equivalent Dominance Forgotten, Modified Forgotten, and hyper Zagreb Indices was
presented in this part, along with a formula for calculating the accuracy of these indices for specific lines
in the Known class of graphs. Graph’s even-paired Domination Indices
Definition 2.1 [I] The Even-paired domination degree of a vertex v € V is

deoe(v) = |{D CV : D is a even-paired dominating vertices, v € D}|.

In other words,
deoe(V)={D : D is a even-paired domination sety € D CV}

"8c0e(G) and 'Acoe(G)' denote the minimal and mazimum even-paired domination degrees of G, re-
spectively. where; deoe(G) = min{deoe(v) : v € V}, Aroe(G) = max{dee(v) : v € V}

Definition 2.2 Suppose G be a graph, and graph’s even-paired domination set be D then the graph’s
Even-paired Domination Forgotten, Modified Forgotten, and Hyper Zagreb Indices are defined as :

Deoe F(G) = d2,(v). (2.1)

veV
D' (€)= X |dh) + o) (2:2)
e1=uvel
2
DcoeHMl (G) — Z |:dcoe(u) + dcoe(v):| . (23)
e1=uveFl

Proposition 2.1 If S, is a star graph, then

1. If n is even

Deoe F(Sp) = _(1%) = n.

veV
Deoe F*(S,,) = Z (12+1%) =2n—2.
e1=uwvek
Deoc HM(Sp) = > (14+1)* =4n—4.
e1=uwvek

2. If n is odd;

Deoc F(Sy) =8n — 7.
Deoe F*(S,) =5(n — 1).
Deoe HM(Sy) =9(n — 1).

Proof: Let a star graph be isomorphic to a graph G. Assume the collection of n vertices of G is
{v1,v2, ..., Up—1,w}, with w being the center vertex.
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Case 1: There is only single even-paired dominating set $ if n is even, say v, v, ..., Up_1, W.

deoe(V) =1, Teoe(v) = 1, so we have only Vv € V', then by the definition 2.2

DcoeF(Sn) = 2(12) =nNn.

veV
DeoeF*(Sn) = > (1P +1%) =2(n—1).
e1=uveFk
Deoc HMy(S,) = ) (141)* =4(n—1).
e1=uveFk

Case 2: If n is odd, we have
Dcoel = {UI»’UZ» ~~~~avn717w} P Dcer = {1)171)2, ”~a/Un71}7 Tcoe(Sn) = 2. Hence P

) = {

1, if v=w;
2, if otherwise .

then by definition 2.2, we get

DeoeF(Sy) = 8n — 7.
Deoe F*(Sy) = 5(n — 1).
Deoe HM1(S,) = 9(n — 1).

Proposition 2.2 Consider a wheeled graph (W), then
1. Suppose n is even,then
Do F(W,,) = n.
Deoe F*(Wy,) = 4n — 4.
Deoe HM; (W,) = 8n — 8.
2. Suppose n is odd,then
Deoe F(W,) = 8n — 7.
Deoe F* (W) = 5n — 5.
Dooe HM1(W,)) = 9n — 9.

Proof: We can prove this as similar to Proposition 2.1

Proposition 2.3 Suppose G is a K,, graph (Fully connected graph) with n > 3, then
1. when n is even, then
Do F(G) = n.
Do F*(G) = 2n? — 2n.
Deoe HM 1 (G) = 4n* — 4n.

2. when n is odd, then
Deoe F(G) = n23773,
Do F*(G) = (n2 — n)22"_2.
Deoe HM,(G) = (n® — n)2(" =),

Hence
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Proof: If G is a fully connected graph (K, ),with n > 3, then
Case 1: Let n be even, the only even-paired dominating set of G is the vertex set of K,,. i.e, Deoe =
{v1, V2, ..., v, }, Hence depe(v) = 1 for all v € V(K,), and

Case 2: Let n be odd, then the first row of all vertices is even, so there is (711) A co-double dominant set

has only one vertex with the first number (72’) co-dominant set with two vertices has the same number

of degrees and has (g) Co-pair dominated set includes all vertices but not all of the above-mentioned
even-pair dominated sets include all vertices at a single level. The total set of public pair keys is:

(Tf) + (Z) +...+ (Z) = 2" — 1. If we use the definition of co-pair dominance, we get deo.(v) = 2"~ 1. Using

the definition of 2.2, we obtain the dominant index of graph which is even-paired.

3
Deoe F(Kp) = Z <2"1> = n23n73,

veV

DcoeF*(Kn) = Z |:(2n1)2 + (2“1)2:| = n(n — 1)22(”*1)'

e1=uwvel

Deoe HM, (K,) = n(n — 1)22"71

Proposition 2.4 Let K,, ,, represent a complete bipartite graph with vertices of m,n.

1. Suppose n is even and m is odd, then

Deoe F (Ko ) = (m + 8n)2°™ 73,
Deoe F* (K ) = 5mn22™2,
DcoeHMl (Km,n) = 9mn22m*2.

2. Suppose n is odd and m is even, then

Deoe F(Kpn ) = (8m +n)237 73,
Deoe F* (K p) = 3mmn22" 1,
Deoe HMy (K ) = 9mn2* 72,

3. suppose m and n both are odd, then

DcoeF(Km,n) == (m + Tl)
Deoe F* (Komn) = 2mn.
Deoe HM: (Kom.n) = dmn.

Proof: Assume that the first partition’s vertex set is A, and the second partition’s vertex set is B. It
follows that A=m, B=n

Case 1: When m is odd and n is even, the degree of each vertex in A becomes even, while every vertex
in B attains an odd degree in this case there exists (T) jointly double-dominated sets containing a single
one vertex from A, (7;’) jointly such sets involving two vertices from A, and and so on up to (2) .

Consequently, the co-pair dominating set consists of all vertices belonging to A. The co-pair dominant
set contains all vertices which belongs A. ( This does not mean that all vertices of B are in Co-equal
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dominant declines). Therefore, all co-double dominant clusters are set to B and () + (') +...+ () = 2™.
Using the concept of co-dominance, one obtains the total number as 2™ .

2™, if v € B;
deoe(v) = { 2ml ifu e A .

By Definition 2.2, we get

DcoeF(Km,n) = 2(2771—1)3 + Z(2m)3 = (m + 8n)23m_3.
vEA veEB

N D Y Gt
)

e1=uvEE (km n

1
=22"(1+ Z)mn = 5mn2*m 2,

2
DcoeHMl(Km,n) = Z <2m + 2m—1)

e1=uwv€E(km n)

— (22m 4 22777, + 22m2> _ gmn22m72
Case 2: suppose m even and n odd. By considering the same method as in Case 1, we get,

271 if v € B;
deoe(v) = { 2", ifveA.

From definition 2.2, we get

Deoe F(Kpmy) = (277 + > (212

vEA veEB
=m2%" 4+ n23"% = (8m + n)2°" 3
Deoe F*(Kpp) = > [(2”)” + (2”1)2} =22""1(mn).
e1=uvEE (km,n)
2
Deoe HMy (Ko, ) = Z 2" 4 2"1> = 9mn22n—2

€1 :uveE(kvn,n)

Case 3: When m and n both are odd. In this case there is only single even-paired dominating set, which
is the set of all vertices of K, ,,, hence dcoe(v) = 1 and by using the Definition 2.2 we get the results. O

Deoe F(Kmp) =m+n.
Deoe F* (K ) = 2mn.
D oe HM: (K, ) = 4n.
Definition 2.3 For any v € V, the graph G is referred to be the k— even-paired dominance regular
graph iff deoe(v) = k.

examples:

1. Single even-paired dominating regular graph is .S,,, where n is even.

2. Single even-paired dominating regular graph K,,n > 3, with even number of vertices n
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3. 2"~ ! Even-paired dominating regular graphs of K, with n odd.

Remark 2.1 (Observation) [1] Let G be graph with D1, Da, ..., Dy as even-paired domination sets and
(Veoe(G) ) of G = (n,m) be the even-paired domination number, then

Peoe(G) £ D deoe(V) < t[V]
vev

Remark 2.2 (Observation) [1] Suppose G is the Pendant-augmented n-wheel graph, then

1< dcoe(v) < Tcoe<G)-

Figure 1: Pendant-augmented n-wheel graph Hy, and Hs.

Theorem 2.1 Let H,, be Pendant-augmented n-wheel graph with n > 4. Then
1. If n is even
Deoe F(H,) =(9n — 1)23"73,

Do F*(H,) =(n —1) (10 %224 4 22"3) .
Dooe HM,(H,) =(n — 1) (6 %2272 4 22"—2).
2. Ifn is odd
DeoeF(Hy) =(n — 1) (23" +2070 1352570 p 3w 2t 23"—3) :
Deoe F*(H,) =(n —1) (22"—1 +2n72 4 1).

Do HM, (H,) =(n — 1) (7 + (9% 2272 422 4 22"2>.

Proof: Assume a Pendant-augmented n-wheel graph (H,, ) with n > 4.

Case 1: There are n — 1 Vertices of even first degree d(v) in this case if n is even. Therefore,
("Il) + (";1) + .+ (Zj) = 27~ _ 1 is the number of Even-paired dominant sets generated by all
the various substitutions for (n — 1) vertices. The 2"~ ! — 1 even-paired dominant sets all include vertices
of odd initial degree. Furthermore, another even-paired dominant set that only has the vertices of d(v)
odd is present. It follows that T,.,.(G) = 2" —1+1 = 2"~ Thus, applying the even-paired domination
degree concept, we obtain

[ 2n72, for even d(v);
dcoe(v) - { 2”71’ for odd d('U) .
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Therefore by definition 2.2, we get

DeocF(Hn) = > (277234 > (2n71)°

d(v)iseven d(v)iseven

:(n _ 1)237L—6 + n23n—3 — (9n _ 1)23”—3-

Let E4 represent the set of edges joining vertices with odd first degrees to Vertices with even first degrees.
Let Es represent the set of edges joining vertices with even first degrees to other vertices with even first
degrees, therefore

Deoe F*(Hp) = > ((2"—2)2+(2"—1)2)+ > ((2"—2)2+(2n—2)2)

d(v)=even d(v)=even

=5%22""4(2n — 4) + (n — 1)2°"73
=(n—1) (10 22— 4 22"—3>

DcoeHMl(Hn): Z (2n72+2n71)2+ Z (277.72_'_27172)2

d(v)=even d(v)=even
— Z (2211—2 + 92n—2 + 22n—2) + Z (22n—2)
d(v)=even d(v)=even

:(n _ 1) <6 * 2271,72 + 22n2>

Case 2: Here, there exist n vertices of even first degree when n is odd. Therefore, the number of distinct
ways to substitute n is equal to the number of even-paired dominant sets. even-paired dominant sets:
(M + (5) + ...+ (%) =2" — 1. It should be noted that every 2" — 1 even-paired dominating set contains
every pendent vertex.

Another even-paired dominating set with the center vertex and all pendent vertices is also present. Hence
Tcoe(Hn) = 2"

By the definition of Even-paired dominating degree, we get

2", for off d(v);
deoe(v) = ¢ 2771, excluding the central vertex in d(v);

2"~1 11, for v even and v the center vertices.

Let B be the set of all vertices on the cycle, and A be the set of all pendant vertices.
By considering the Definition 2.2, we get

Dty =S 3 (6 0

vEA vEB

:(TL o 1)2377, 4 (n o 1) (26n6 4 3 2577,75 4 3 % 2477,74 4 23n3>t

Let By = {e1 = uv : depe(u) = 27,

deoe(v) = 2771},

Ey ={e1 = uv : depe(u) = 2771,

deoe(v) = 2n—1}’

Ez ={e1 = uv : depe(u) = 2771 depe(v) = 2771 +1}, where; |Ey| = (n—1), |E2| = (n—1), |E3| = (n—1)
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Applying the Definition 2.2, we get

DcoeF* (Hn) _ Z (22n + 22n—2> + Z (22n—2 + 2271—2) + Z <22n—2 4 2271,—2 + 2n—2 + 1) )

E; E3 E3

:(n _ 1)* (2271 + 2277,72) + (n _ 1)* (2277,72 + 2271,72) + (TL _ 1)* (227172 + 2277,72 + 271,72 + 1)

:(’I’L o 1)* (23n + 267176 +3x 257175 +3x 24n74 + 23n73) )

2 2 2
DeoeHMl(Hn):Z<2n+2n—1) +Z(2n—1+2n—1> +Z(2n_1+2n_1+1)
Esy Es

E;

:Z<22n + 22n _'_2277,72) + Z<22n)
E; Eo
:Z(QQn—Z + 2277.—1 + 2n + 1)
E3

=(n—1)2""(2+ i) +(n—-12""+(n—1) <22"*2 + 2777 o 4 1)
=9(n —1)2"""? 4+ (n—1)2°" +7(n — 1) + (n — 1)2°" 2

=(n—1)* (7 F (952777 427" 227,

=
N
w
L ]
L]
[ ]
S

Figure 2: Ladder graph Ly,.

Proposition 2.5 Let P, x P, be Ladder graph.
Then

Deoe F(Py x P,) =8192n — 14336.
Deoe F*(Py x P,) =1535n — 3440.
Deoe HM, (Py x P,) =1536n — 1280.

Proof: Let P, x P, be Ladder graph. Then from the Figure 2. the first degree of the vertices sets
{wy, wa.., wy, wll, w;, ..w,:b}are three, and the first degree of the vertices sets {vy, va, 11,1, v;} are two. Then
the number of even-paired dominating sets are :

(‘11) + (;1) + (g) + (j)+ the set of all vertices of first degree3(d(v)=3). Hence Teoe((P2 X P,) = 15+1 =16
even-paired dominating sets.

By considering, definition of even-paired dominating degree, we get

| 8, ifd(v) is even;
deoe (v) { 16, if d(v) is odd .
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Therefore by the definition

DcoeF(PQ X Pn) = Z 83 + Z 163
d(v)=even d(v)=odd

= 2048 4 4096(2n — 4)
= 2048 + 8192n — 16384
= 81921 — 14336.

Let |E; = {e1 = uv : d(u) is even and

d(v) is even},|E1| =2 .

E; = {e; = uv : d(u) is odd and d(v) is even, |Es| =4 .

E; ={e; = uv: d(u) is odd and d(v) is odd,

|E5| = 3n — 8. Then

Deoe F*(Py x Py) = Y (P2 x Py)

e1=uveEE

= > (BxP)+ Y. (BxP)+ > (PaxPy)
e1=uv€F(G) e1=uv€FE>(G) e1=uvEE3(Q)

= ) (64+64+ > (64+256)+ > 512(3n—8)
e1=uvEFE(G) e1=uv€E>(G) e1=uv€EFE3

=1535n — 3440.

Deoe HMy(Py x Py) = > (Pyx P)

e1=uwvek

= > (BxP)+ Y. (BxP)+ > (PaxDP)
e1=uveE(G) e1=uveE;3(G) e1=uv€E3(G)

=1536n — 1280.

Figure 3: double Star graph.

Theorem 2.2 Let S, be double Star graph with wy, wa as center vertices of first star and second star

respectively.

1. If m and n are even,

Dioe F(Smn) =n+m+ 2.
Deoe F*(Smn) =2(n+m +1).

)

DcoeHMl (Sm,n) :2-Dcoer< (Sm,n)
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2. If m and n are odd,
Doe F(Sin) =16 + 27(m + n).

)

DcoeF*<Sm n) =8+ 13(m =+ ’n,)

3

Deoe HM:(Sm.n) =16 + 25(m + n).

3. If m is even and n is odd,

DcoeF(Sm n) :8(m +n+ 1) + 1.

)

Deoe F*(Sm.n) =3 + 8m + bn.

)

DcoeHMl(Sm,n) :3 + 16m + 971

4. If m odd and n is odd,
Deoe F(Simn) =10+ 9(m + n).

)

Deoe F*(Sm,n) =3 + 5m + 8n.

)

Deoe HM1 (S n) =3 + 9m + 16n.

)

Proof: Let S, , be star graph with n,m > 3. Then

1. If m and n are even. In this case there is only single even-paired dominating set, D = V(Sp,.).
Hence deoe(v) =1 for all v € V(Sy,.). Applying the Definition2.2, we get

DcoeF(Sm,n> = Z 13 =n+m+2.

veV
DcoeF*(Sm,n) = Z (1+1) :2(n—|—m—|—1)
e1=uveEE
Deoe HM: (Spn) =2(m +n+1) = Z (1+ 1) = 2D 0o Mo (S ).

e1=uveE

2. When m and n are both odd, In this case the Even-paired dominating sets are
Dy = {all pendant vertices ,w;}, Dy = {all pendant vertices ws},
D3 = {all pendant vertices wy,ws}, Dy = {all pendant vertices }Hence
o () = { 3, if d(v) is pendant vertex or d(v) = 1;
coe 2, if d(v) = wq, or wa .

DcoeF(Sm,n) - Z 33 + Z 23 = ].6 + 27(m + n)
vEA ve{wy,wa}
Let By = {e; = uv: d(u) is even and d(v) = 1}. Then

Deoe F*(Smon) =8 + > (324 2%) =8+ 13(m +n),
e1=uv€E1(Sm,n)

D oe HM:1 (S n) =16 + 25(m + n).
3. If m is even and n is odd. In this case, we have D1 = v(Sy,.pn), D2 = {v(Sm,n) — we},Hence

2, if v # wo;
1, if v=wy.

) = {

DcoeF(Sm,n) = Z 23 +1= S(m +n+ 1)
V-1
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let By = {v;wy : 1 =1,2,...,m},and
E2 = U;Wwsq : L= 1,2, ,n}

DcoeF*(Sm,n) =3+ Z

e1=uveEFk;

DcoeHMl(Sm,n) =3+ Z

e1=uvek;

(22 +2%) +

> (142 =3+8m+5n.

e1=uveEFk>

16+ Y

e1=uvE ks

9=34+16m + 9n.

11

4. If m odd and n is odd.
In this Case we have Dy = v(Sy, ), D2 = {Vm,n — w1}, Hence

2, if v #£ wy;
1,ifv=w .

deoV) = {

DcoeF(Sm,n) = Z 23 +1=10+ 9(m + ’/l)

V(Sm,n—1)
Let By = {Vwy : i =1,2,..,m}, then we get

DcoeF*(Sm,n) =3+ Z 8 = 3+5m+8n,

e1=uveFl;

DCOeHMl(Sm,n) =3+ Z 9+ Z

e1=uvEk>

1B+ >

e1=uvEFky

16 = 3 4+ 9m + 16n.

e1=uveEk;

3. Some bounds for Modified Forgotten, hyper Zagreb Indices of Graph and Even-paired
Domination Forgotten

In the present section, we find some lower and upper bounds on even-paired domination, Zagreb in-
dices of graph, and some graph operations.

Proposition 3.1 Let G = (V, E). Then

Do F(G) <nT?

COG(G)
DeoeF(G) <T7,0(G)|E|

DcoeMS(G) SQTM)E(G) |E|

The equality holds iff G is one even-paired dominating reqular graph.

Proof: Case:1 Let G = (V, E). Then
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Case 2:Let G = (V, E). Then

G)+T:,.(G)
< ) TG+

e1=uvekl e1=uveFk

Teoe(G)Deoc F* (G) <217, (G)|E.

coe

Case 3:Let G be a graph. Then

2
< Y (o)
e1=uveEFE

Do HM/(G) <AT?

coe

(@)|E].

To prove the equality if G has only one Even-paired domination set, then the only Even-paired domination
set is the set of all Vertices of G, 80 deoe(v) = 1,and (1), (2), (3) holds.

10.

11.

O
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