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ABSTRACT: In this work, we define the concepts of positively bipolar left and right cosets and examine their
fundamental properties and structures. Additionally, we define quotient bipolar soft groups. In addition, we
also define positively maximal normal bipolar soft groups and the notions of positively simple bipolar soft
groups. Moreover, we establish the definitions of positively solvable bipolar soft groups, and we prove several
important results.
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1. Introduction

Soft set theory, first introduced by Molodtsov [18] in 1999, provides a mathematical framework for
handling uncertainty and imprecision. Its foundation is based on fuzzy set theory, introduced by Zadeh
[24] in 1965. Subsequent works [1,2,5,7,15,20,21,22] developed various operations and established funda-
mental structural properties of soft sets, enabling researchers to analyze and manipulate soft information
systematically. Bipolar soft sets, introduced by Shabir and Naz [23], extended soft set theory by repre-
senting both positive and negative information simultaneously. This concept, building on the combination
of soft sets with bipolar fuzzy sets as initially discussed by Zhang [25,26] and further developed by Aslam
et al. [4], provides a versatile framework for algebraic analysis. Studies by Naz and Shabir [19] explored
fuzzy BS-sets and their algebraic properties, while Karaaslan and Karatag [12] refined BS-sets through
an extended treatment of the "not set” of parameters. Additional structural investigations of BS-sets
were reported in [9,10], and various operations for bipolar soft sets were formalized in [3,6,8,14,17]. A
major advance was the introduction of bipolar soft groups by Karaaslan et al. [11], linking bipolar soft
theory with classical group structures. The concept of normal bipolar soft subgroups further deepened
the algebraic framework [13]. MohammedAmin et al. [16] introduced positively bipolar soft groups,
establishing foundational properties and providing a basis for further structural analysis.

In this study, we further develop the concept of BS™-groups, established by MohammedAmin et al.
[16], and contribute to the advancement of positively bipolar soft group theory. In this paper, we develop
and describe various new notions related to the framework of positively bipolar soft groups, including
positively bipolar soft left and right cosets, and provide relevant examples to clarify this concept. We
further investigate various properties of positively bipolar soft left and right cosets and present the
corresponding results. In addition, we introduce the quotient bipolar soft group and present suitable
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examples to enhance understanding. Besides these, we define a positively maximal normal bipolar soft
group and construct some structures related to it. Furthermore, we define the positively simple bipolar
soft group and support this concept with examples. Additionally, we study positively solvable bipolar
soft, groups, examining their properties through various examples.

2. Preliminaries

We present the foundational algebraic structures of bipolar soft sets (BS-sets) and positively bipolar
soft groups ( BST-groups) as formulated in [16], which serve as the basis for subsequent constructions.

Definition 2.1 [16] Assume that A C G and x : A — G is an injective mapping with the parameter set.
The extended parameter set of A is thus AU x(A) and is denoted by €a. The extended parameter set of
A will be represented by e if A=G.

Definition 2.2 [16] The parameter set G, and the universal set R are considered. A C G and e4 =
AU x(A), where x: A — G is an injective mapping (or equivalently, x: A — x(A) C G is a bijective
mapping). The triple (F,G, A ) is said to be a BS-set over R if F: A — P(R) and G : x(A) — P(R)
are mappings such that F(C) N G(x(C)) = O for every C € A. Also, a BS-set may be represented as
follows: 4 such that 4 : A — P(R) x P(R) is a mapping in which ¥4(C) = (¥}(C),¥5(C)), where
Y1(C)=F(C) and 95 (C)=G(x(C)) for each C € A. That is denoted by (V3,175 , A).

Remark 2.1 [16] Throughout this paper:

1. We shall state the image of parameters C € A by 1a(C) = (V5 (C),v5(C)) and so s =
(W5, A) = {(VA(C),¥4(C), 0) : C € A}.

9. For any subset A of G, we shall deal with the BS-set ¥4 over R as:
Ya={(Wx(C),v5(C),C): C € AU{(0,R,C),C € G\ A}.
3. Our BS-sets do not contain (0,0,C) for all C € G.
Definition 2.3 [16] Suppose that s and ¥ are BS-sets over R. Then,

1. If 9 5(C) =0 and 9, (C) = R for all C € A,v4 is called a null BS-set, denoted by 1y = (@, R,G).

2. If wa'(C) =R and ¢g(C) = 0 for all C € G,vg is said to be an absolute BS-set, symbolized by
Ry =

D
=
&

S Ifpi(C) =R and Y (C) =0 for all C € A 14 is said to be a relative absolute BS-set.

4. If v5(C) CE(C) and ¥ (C) 2 ¢5(C) for all C € G, 14 is called a BS-subset of ¢, represented
by YaCyp.
5. If YaCip and ppCpa,a = 5.
6. The BS-union of ¥4 and g, denoted by Yaup = YaUp, is a BS-set over R and defined by
H0yE - A UB — P(R) such that (v 00%) (C) = vk (C) UvE(C) and My : AUB — P(R)
such that (3 Ng) (C) =¥, (C) NY5(C) for allC €G.
7. The BS-intersection of 4 and g, denoted by Yanp = Yap, is a BS-set over R and defined by
TYg AN ? — P(R) such that (Y{Ny}) (C) = ¢35 (C) NYE(C) and Y Uy : ANB — P(R).
such that (Y, U¢5) (C) =¥, (C) Uyz(C) for allC €G.
8. The BS-complement of 1a, represented by Y5 and defined by 1§ : A — P(R) x P(R) such that
v5(0) = {(¥4C).v5(C).0) : C € G}.
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Remark 2.2 [16]
1 IfA=0, then va =1y = (0, R, A) = (0, R, G).
2. ¥va = ¥p if and only if:

e Y1(C)=0 and 1, (C) =R for each C € A\ B, and
e Y1(C) =0 and Yv5z(C) = R for each C € B\ A.

3. For any BS-sets a,vyp, if A= B =10, then ¥4 N = Yanp = Vp.

Definition 2.4 [16] For any BS-set 1, the set Supp™ ¢y = {ecA: V(&) # 0} is said to be the
positively support of the BS-set 1 4.

Positive non-null refers to a BS-set 14 with a non-empty positively support, while the positive null BS-set
is a BS-set with an empty positively support.

Definition 2.5 [16] A BS-set 4 = (wj", (P A) over a group R is called a BS™-group over R, ifwj(ﬁ)
is a subgroup of R for all € € Supp™ 4.

Definition 2.6 [16] Let 14 be a BSt-group over R. A BS-set g is said to be a BS™T-subgroup of ¥4,
represented by wp<ia. If Y} (€) is a subgroup of ¥} (€) for all € € Suppt ¢p C Suppt ¥a.

Remark 2.3 [16] Every BST -subgroup g of a BS*-group 14 over R is a BST-group over R.

Definition 2.7 [16] A BS™-subgroup g of a BST-group 1 is called a N BS™ -subgroup of 14, denoted
by Ypha. If 1/%(5) is a normal subgroup of 1/)2(5)( simply, wg(ﬁ) dzﬁj(f)) for all € € Supp™ g C
Supp™® a.

Definition 2.8 [16] A BST-group 4 over R is called an abelian BST-group over R if for each £ €
Supp t9a, the set 1} (€) is an abelian subgroup of R. That is, for all o, B € ¥} (£), we have o = Ba,
for every € € Supp™ 4.

Definition 2.9 [16] Consider that 14 is a BSt-group over R and p is a BS™- subgroup of 4.
We say that 1p is an abelian BS™-subgroup of v¥a if w5 (€) is an abelian subgroup of ¥} (&) for all
¢ € Supp™* 45 C Supp” ¢a.

3. The BS-Cosets and BST-Cosets

In this section, we introduce BST-left and BST-right cosets of wp in 4. We also present several
related remarks and illustrate these concepts with suitable examples.

Definition 3.1 Let wp be a BST-subgroup of a BS*-group 14 over R, and let rg :Suppt wp — wj
be a function given by r}(€) = re, where ¢ € ¥} (€) and € € Supp™ wp C Supp™ ¥4. The BS-left
(resp., right) coset of wp in ¥4 is a BS-set rhwp = {(r5(&)wh(€),rE(Ewg(€),€) : € € Supp™ wi}
(resp., wprh = {(WH(E)rE(€),wp(E)rE(€),€) : € € SuppT wp} are called the BS-left (resp., BS-
right) coset of wp in 14, also riwh = {r5(&)wh(€) : € € SuppT wp} (resp., whrh = {wh(E)r5(6) :
¢ € SuppT wp} are called the BST-left (resp., BST-right) coset of wp in V4.

Remark 3.1 [t is easy to see that rng and wBrg are BS-sets over R.

Example 3.1 Let the symmetric group R = S3 and A = {C1,Ca} = B be the set of parameters. Consider
the following BS™-group over R.

YA(C1) = Ss, Yy (Ch) =

0
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wg(cl) = {(1)7 (12)}7
wi(C2) ={(1), (13)},

wp(Cy)
wp(Ca)

=0
-

(23)}

Clearly, wg is a BST-subgroup of BSt-group 14 and Supp™» = A = B = Supptwp. For all
rh € YL, we have the following table:

’ \n}; ‘ 7”2; ‘ 7’3E ‘ 7"4J1§ ‘ 7’5E ‘ 7"6; ‘ 7”7; ‘ ng ‘ ng ‘ Tlog ‘ T‘ng ‘ leg ‘
il () a2 a2 a3 as) | @3] (23 | (123) | (123) | (132) | (132)
Co | (M) [(A3) ] @) @) | (1) [A3) | 1 (A3 ] @) | (13) | (1) | (13)

ripws = {(Dwz(C1), Mwg(Cr), Cr), (Dwh(Ca), (Dwp(C2), Ca)}
= {(wg(01>7w§(01)701 ’(wg(c2)’wg(c2)’02)}
= {({(1)7 (12)}7(2)701)7( (1)7 (13)}7 {(23)}’ CQ)} = waB-
rapws = {(Dwz(C1), (Dwy(Cr), Cr), (13)w(Ca), (13)wp (Ca), C2)}
= {(WE(C1),wp(Cr), C1), (13){(1), (13)}, (13){(23)}, C=)}
={({(1),(12)},0,C1), ({(1), (13)}, {(132)}, C2)}
rapws = {((12)wf(C1), (12)wp(C1), Cr), (Hw(Ca), (Dwp(Ca), C2)}
= {((12){(1), (12)}, 0, C1), ({(1), (13)}, {(23)}, C2)}
={({(1),(12)},0,C1), {(1), (13)},{(23)}, C2)} = ws.
rapws = {((12)wg(C1), (12)wg(Ch), C1), (13)wj (Ca), (13)wp (Ca), C2) }
={((12){(1), (12)},0,C1), (13){(1), (13)}, (13){(23)}, C2)}
={({(1),(12)},0,C1), ({(1), (13)},{(132)}, C2)}.
rspwp = {(13)wi(C1), (13)wp(C1), Cr), (Lwi (Ca), (Dwp (Ca), C2)}
= {((13){(1), (12)}, 0, C1), (1){(1), (13)}, (1){(23)}, C2)}
= {({(13),(123)},0,C1), ({(1), (13)},{(23)}, C2) }.
ropws = {(13)wh(C1), (13)wp(Ch), C1), (13)wj(Ca), (13)wp (Ca), C2)}
= {((13){(1), (12)},0, C1), (13){(1), (13)}, (13){(23)}, C2)}
={({(13),(123)},0,C1), ({(1), (13)},{(132)}, C2) }.
rrpws = {((23)wi(C1), (23)wp(C1), C1), (Lwi (C2), (Dwp (Ca), C2)}
={((23){(1), (12)}, 0, C1), (1){(1), (13)}, (H){(23)}, C2)}
={({(23),(132)},0,C1), ({(1), (13)},{(23)}, C2) }.
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rspwp = {((23)w}(C1), (23)wp (C1), C1), (13)wi (Ca), (13)wp (C2), Ca)}
= {((23){(1), (12)}, 0, C1), (13){(1), (13)}, (13){(23)}, C2)}
= {({(23), (132)},0,C1), ({(1), (13)},{(132)}, C)}.
ropwn = {((123)wf(C1), (123)wp(C1), C1), (wh(C2), (Dwp (C2), Ca)}
= {((123){(1), (12)}, 0, C1), (H{(1), (13)}, (1){(23)}, C2)}
= {({(123),(13)}, 0, C1), ({(1), (13)},{(23)}, C2)}.
ropws = {((123)w5(C1), (123)wp (C1), C1), (13)wi (C2), (13)wp (C2), Ca) }
= {((123){(1), (12)}, 0, C1), (13){ (1), (13)}, (13){(23)}, C2)}
= {({(123), (13)}, 0, C1), ({(1), (13)},{(132)}, C2) }-
rpws = {((132)wj(C1), (132)wg (C1), C1), (Dwi(Ca), (Dwp(C2), C2)}
= {((132){(1), (12)}, 0, C1), (VH{(1), (13)}, (1){(23)}, C2)}
= {({(132),(23)},0,C1), {(1), (13)},{(23)}, C2)}.
rafpwp = {((132)wj(C1), (132)wp (C1), C1), (13)wp(Ca), (13)wp (C2), C2)}
= {((132){(1), (12)}, 0, C1), (13){(1), (13)}, (13){(23)}, C2)}
= {({(132),(23)},0, C1), ({(1), (13)},{(132)}, C2) }-

R _ .t + _ .+ +,o .+ + — .+ + — et
We have: 1 pwp = r3gwp, T2 pWB = T4pWR, s pWB= T9pWB, T6 gWB = T0WB, TTpWB = T11 5WB

and TgJ}ng = T12gWR.
Then, rlng, rgng, T5§wB, TGEO.)B, 7“7}0.)3 and rg‘ng are BS-left cosets of wp in Y4.
Also
M

rijwh = {riF(C)wE(C1),m 5 (Co)wh (Ca)}

= {(1), (12)}, {(1), (13)}}

— bt — ot = pat ot
=T2pWp = T3pWp = T4pWp:

T5J]§w§ - T6Jlg’w§ - TJE'WE - rlOBwB = {{(13) (123)}’ {(1)7 (13)}}’
rTpWE = Tspwh = ripwh = rizpwp = {{(23), (132)}, {(1), (13)}}.
Thus, rlgwg, T5Ewg and 7"7;(,0; are BS™-left cosets of wp in 1a.
Now, find the BS-right cosets of wp in 4.

—_ —

,wp(C1)(1),C1), (Wh(C2)(1),wp(C2) (1), Ca)}
= (wJé(Cl) w5 (C1), C1), (wh(Ca),w5(Ca), Ca)}
0,C1), ({(1),(13)},{(23)}, C2)} = wp.
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(
)7 (Z), Cl) (WE(C2)7W§(CQ)7 02)}
;C1), ({(1), (13)},{(23)}, C2)} = wp.

wprap = {(w5(C1)(12),wp (C1)(12), C1), (Wi (C2)(13), w5 (C2)(13), C2) }
={({(1),(12)}(12),wp(C1), C1), ({(1), (13)}(13),{(23)}(13), C2)}
={({(1),(12)},0,C1), ({(1), (13)},{(123)}, C2) }.
wprsp = {(Wh(C1)(13), w5 (C1)(13), C1), (Wi (C2) (1), w5 (C2) (1), C2)}
= {({(1), (12)}(13),0,C1), (wf(C2), wp(C2), C2)}
={({(13),(132)},0,C1), ({(1), (13)},{(23)}, C2) }.
wprep = {(w5(C1)(13),wp (C1)(13), C1), (Wi (C2)(13),wp(C2)(13), C2) }
={({(1),(12)}(13),wp(C1), C1), ({(1), (13)}(13),{(23)}(13), C2)}
={({(13),(132)},0,C1), ({(1), (13)},{(123)}, C2) }.
wprrp = {(Wh(C1)(23), w5 (C1)(23), C1), (Wi (C2) (1), w5 (C2)(1), C2)}
= {({(1),(12)}(23),0, C1), (WE(Ca),wp(C2), Ca)}
= {({(23), (123)},0,C1), ({(1), (13)},{(23)}, C2) }.
wprsp = {(W5(C1)(23),wp(C1)(23), C1), (Wh(C2)(13), w5 (C2)(13), C2)}
={({(1), (12)}(23), w5 (C1), C1), ({(1), (13)}(13),{(23)}(13), C2) }
={({(23),(123)},0,C1), ({(1), (13)},{(123)}, C2) }.
WBT9p =

(w5(C1)(123), w5 (C1)(123), C1), (W (C2) (1), w5 (C2)(1), C2)}
(C2),wp(C2), C2)}
1

(123)
({(1),(12)}(123), 0, C1), (Wi (C2)
{(1), (13)},{(23)}, C2) }-

{
= {({(123), (23)}, 0, C1), ({ (D),

wpriop = {(w(C1)(123),wp(C1)(123), C1), (wh(C2)(13), w5 (C2)(13), C2)}
= {({(1), (12)}(123), w5 (C1), C1), ({(1), (13)}(13), {(23)}(13), C2)}
B A

1
(123),(23)},0,Cv), ({(1), (13)},{(123)}, C2) }-

132),wp(C1)(132),C1), (wh

(132) C2)(1),wp(C2)(1), C2)}
)}(132),0,C1), (wj(C:
{

(
2 7w§(02)702)}
13)},0,C1), ({(1), (13)

S

o)

5

o

sy}

|
e
W+
= a
H\/
—~ N

)
1:{(23)}, G}
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wprz2 = {(Wh(C1)(132), wp (C1)(132), C1), (Wi (C2)(13), wp (C2)(13), Ca)}
({(1),(12)}(132), wp (C1), C1), ({(1), (13)}(13), {(23)}(13), C2)}
(132)7(13)}7®’01)7({(1)7(13)}7{ 123)}702)}'

: . +_ + + _ + +_ + + _ + + _
Implies that: wprig= wWBT3g, WBT2 = WBT4p, WBTsp= WBTI1g, WBT6p = WBT12g5, WBTTL =

+ + _ +
wBT9p, WBTsp = WBT10p-
Then, wBrlg, wBrQJlg, wBr5g, wBr(jE, thg and CLJB’I'gg are BS-right cosets of wp in 4.
Also,

whr g = {wh(C)ri 5 (Ch), wh(Ca)r1 5 (Ca)}
= {{(1),(12)}, {(1), (13)}}

T I S S
—OJBTQB—OJBTgB—OJBT4B,

wiTsh = Whrep = Wit = whrieg = {{(13), (132)}, {(1), (13)}},

WhTTh = WhTsh = whref = whriop = {{(23), (123)}, {(1), (13)}}.

Thus, wgrfB, wgr;'B and wEr?‘B are BST -right cosets of wp in 4.

Remark 3.2 Let 4 be a BST-group over a group R and wp be a BS™-subgroup of 4. Then, a BS-left
coset of wg in Ya over a group R is not equal to a BS-right coset of wp in general, but if the group R
is abelian or 4 is an abelian BST-group over R, then they are equal.As, we illustrated them by the
following example:

Example 3.2 See in Ezample(3.1), rs 5wl ={{(13), (123)}, {(1), (13)}}
# {{(13), (132)}, {(1), (13)}} =wprs . Hence, 15 pwp= {({(13), (123)},0, C1), ({(1), (13)},{(23)}, C2) }
#{({(13),(132)},0,C1), ({(1), (13)},{(23)}, C2) } =wprs .-

Example 3.3 Let BS™-group A = {(1),(123),(132)}, A={C1,Co}, B={C1} and the BST-group ¥4 =
{(As5,0,C1),((1),0,C2)}. Clearly, ta is an abelian BS*-group over R. Let wg = {(43,0,C1)} be a
BS™ -subgroup of BST-group ¢ 4. For all For all rg € w;{, we have the following table

’ \Tlg\rﬁ \7“3§ \

[ ] (1) [(123) | (132) |

rpwp = {(Hwh(C1), (Dwp(Ch),Cr) }
= {(«w§(C1),wp(C1),C1) }
={(43,0,C1)} = wsp

7‘230) = {((123 wB (C1), (123)wz(Ch) Cl)}
= {((123) A3, (123)0, C1)}
={(43,0,C1)} = wp.

rng = {( (132) wB (C1), (13 )w3(01),01)}
= {((132) A3, (132)0,C1)}
= {(43,0,C1)} = wp.

wp 18 the only BS-left coset of wp in 4. Also, Az is only BS™-
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left coset of wp in 4. Also,

123), wy (C1) (123),C1) }
,0(123),C1)}
= (A37(Z),C1)} =wpg
(€1) (132), w5 (C1) (132),C1) }
A5(132),0(132),C1)}
A3,0,C1)} = wp

—~

So, wp is the only BS-right coset of wp in Y. Also, the only BS-left coset of wg in Y. While, As is
only BS™-left and BS™-right coset of wp in 4.

Remark 3.3 A BS-left (resp., BS-right) coset of wpg in 14 over a group R need not be a BST-subgroup
of Ya.

Example 3.4 Consider ’I“HEOJB the BS-left coset of wg in ¥4 in Example (3.1). rllng is not a BST-
subgroup of a4, since r115(C1)wh(C1) = {(132),(23)} is not a subgroup of 1} (C1), while wprsh is the
BS-right coset of wg in 4, but wprs is not a BST -subgroup of ¥4, since wi(C1)rs5(C1) = {(13), (132)}
is not a subgroup of ¥} (C1).

We recall the following result

Theorem 3.1 Let R be a group and H is a subgroup of R. Then H < R if and only if rH = Hr for all
re R.

Theorem 3.2 A BS™-subgroup wp of a BST-group ¥4 over R is an N BST -subgroup of 14 if and only
if the BS™-left coset and BS™-right coset of wg in V4 are the same.

Proof: Let wp be a NBST-subgroup of 94 (wg<t4). Then, by Definition(2.7), we have that means
wh (&) <y f (&) for all € € Supp’ wp. This means that, for each £ € Suppt wp, we have rw} (€) = wh(&)r
for each r € 17 (€) by Theorem(3.1). For each £ € Supp™ wp and let r¢ be an element in ¥ (£) and put
r5(€) = re.
Now,
+

riws = {r5(Ewi () : € € Supp” wp}
= {rew(€) : € € Supp® wp}

= {wB Ore € € Supp™ wB}

= {wB (©)rf(€) : € € Supp™ wB} = wir}.

Hence, the BS*-left coset and BS™- right coset of wp in ¥4 are the same.
Conversely, suppose that the BS*- left coset and BST- right coset of wp in 4 are the same. This

means that, Tgwg = wBrB for each 7“ Let ¢ be any fixed point in Supp’ wp and r € wX(f). Let

75 SuppT wp — ¥ be a function given as rf5(¢) = r and r5(¢/) = er for each & € Suppt wp and
€ # &. Then, riwf = whrh. That is, {rwh(€)} U {wh(&) €& € Supp wp\ {¢}} = {wi(@r} U
{wh(€) ¢ € Suppt wp\{€}}

Thus, wi(&)r = rwh(€). Hence, w}h(€) <} (€). Since & is a fixed but arbitrary point of
Supp™ wp, by Definition(2.7), we get wpi)a. O
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4. Quotient BS-Groups and Maximal Normal BS'-groups

In this section, we present the concepts of the quotient BS-groups and the maximal N BS*subgroups,
as well as the notion of a simple BST-group, and establish several significant results related to their
structure and properties.

Remark 4.1 Let wp be an NBST-subgroup of a BST-group ¥4 over a group R.

1. The quotient 4 /wp = Tp = {?"ELUB : for all ?"E}

= { ("B (wE(©). 75 ()w5(€),6) : € € Supp™ wp, 1§ (6) € YA€)}
is a BS-set over R.

2. For each ¢ € Supp™ wp,

T5(8) = va(©/wp(&) = {rwi () [r € vi(©)}
1S a quotient group.
3. We give the operation * on Y = 4 /wp as follows: For any BS-left cosets rng, t‘ng €EYalwp,
(rpwp) * (tpwp) = (r5th)ws,
where r5t5(€) = r5(EtE(E) € vh(€) for each € € Suppt wp.
4. The map eJ]g, : Suppt wp — 1/}2 is defined by
eh (&) =er for each & € Supp™ wpg,
where er s the identity element of R, which is also the identity element of each wj;(f) with € €
Suppt ws.
5. For each rg € wj{, we define the inverse 7";71 :SuppT wp — ZZJX by
rg_l(f) = (r;g(f))_l for each ¢ € Supp™ wp.

Lemma 4.1 Let wp be an NBS™ -subgroup of a BST -group over a group R. Then, the operation x which
is defined on ¥ a/wp in part (3) of Remark (4.1) is well-defined. Furthermore, wp is the identity element
of Ya/wp.

Proof: Let rEwB = sng and tng = ung in ¥4 /wp. Then,

(rgth)ws = (rfws) * (thwp) (by part (3) of Remark (4.1))
= (spwp) * (ufwg) (it is given)
= (spuj)wp (by part (3) of Remark (4.1)).

So, the operation on ¥4 /wg is well-defined.
Furthermore,

(rng) * (wp) = (r g B) * (eEwB) (since eEwB =wp).
= (rjef) wp (by part (3) of Remark (4.1))
T‘g wp

(since rief(§) =rf(§er = r§(€) for all £ € Supp™ wp) .

Similarly, wB(rng) = TEOJB. Thus, wp is the identity element of ¥4 /wp. O
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Theorem 4.1 Let wp be an NBS™-subgroup of a BST-group 14 over R. Then, (Ya/wg,*) form a
group.

Proof: Clearly, from Lemma(4.1), the operation * is closed, and wg is the identity of ¥4 /wg. (That is,

w} (&) represents the identity element of ¢ (€)/w(€) for each & € Supp™ wg ).

rfwp * (thwp xsfwp) = (rfws) * (t5sh5)ws)(by part(3) of Remark(4.1))
= (r} (t5s})) wi(by part(3) of Remark(4.1))
= ((r{th) s5) wa ( since ¥} (€) is a group and r5(€), t5(€) and s5(€)
are subsets of 7 (¢) for each &€ € Supp™ wp )
= ((r§th) wp) * (sfws)(by part(3) of Remark(4.1))
= (rfwp * tfwgp) * (s5wp)(by part(3) of Remark(4.1))
Let rwp € ¥4 /wp. Then by part(5) of Remark(4.1), 7“571 exists such that 7";71 ©)=(r5©)  €vi©
for each & € Supp™ wg, so rJBrfle € Ya/wp. Now,
(rf;r}; )ws (by part(3) of Remark(4.1))
=eswp (by part(4) of Remark(4.1)), since for all £ € Supp’ wp,

(5 )E) =15 ©) s (6) = e5(6))

= WpB.

(rfws) * (1l wp) =

Similarly, we can get (rgflwg) * (rgwg) = wp. This means that each member rng of ¥4 /wp has the

. . . 4+t .. . + -1 41
inverse which is rj; wp. This implies that (rBwB) =715 wp. Thus, (¥a/wp,*) form a group. O

Definition 4.1 Let wp be an NBST-subgroup of a BS*-group ¢4 over a group R. Then (14 /wp, *)
is called a quotient BS-group (or simply, a BS-group).

Remark 4.2 For simply of writing, we will write TEwB tEwB in place of (rng) * (tEwB).

Example 4.1 Let A = {Cy,C3} = B and group R = {e,a,b,c} given as in the following table.

[x[elalblc]

|||
ool
ISE G RSN RS S
DN OO

Ol ®

1/11{ and ¥, given as follows

wj(cl) = {eva}7 ¢Z (Cl) - {b}
Vi(Co) ={e}, ¥5(Ca) =0

And

wh(C1) = {e.a}, wp(C1) = {b,c}

wp(C2) = {e}, wp(Ca) = {b}
Clearly, wg is an NBS*-subgroup of BS™-group 14 and Supp™ 14 = A = Supp’ wp = B. For all
rg € Z/JX, We have the following table
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L[5 [rep ]
Ci|e a
Cy | e e

TlBOJ

(ewp (C1), ewp(Ch), Ch) , (ewp(Ca), ewp(Ca), Ca) }
(o.) Cl OJB 01) C1) (UJB(CQ),OJE(CQ),CQ)}

({e,a}, {b,c}, C1), ({e}, {b}, C2)} = wp.

{
{
{
{(awg(C1), awp(C1), C1) , (ew§ (Ca), ewp (C2), Ca)
{(a{e, a}, a{b,c},Cq), (w;g(Cg), wp(Ca), Cg)}
{({e.a}.{b,c}, C1), ({e}, {b},C2)} = wp.

Clearly, (rleB) (rgng) = rgng = (rggwg) (rlng) and (rlng) (rlng) = eEwB = wpg, also
(r2pwp) (r2pws) = (r2prafy) wp = ejwp = wp.
Thus, (Y a/wpg,*) form a BS-group.

’I"QBW

Remark 4.3 Let wp be an NBS™T-subgroup of a BS™-group 14 over R. Then, ¥} (£)/w}(€) is a group
for all ¢ € Supp™ wp = Supp™ Y4 /wp.

We recall the following result

Theorem 4.2 Let R be a group and N, K be two subgroups of R. If N< R, K <R, and N C K, then
N < K.

Theorem 4.3 Let wp be an NBS™-subgroup of a BST-group ¥4 over R and D = Supp Twg. Then:

1. If Yk is an N BSt-subgroup of a BST-group 14 containing wp, then the quotient BS-group Yk /wp
is a normal BS-subgroup of the BS-group a/wp.

2. If Yk/wp 14s a mnormal BS-subgroup of a/wp, then TYg containing wp and
Tp = {(T}(f),T;{(f),g) A D} is an NBS™-subgroup of 14 containing wg.

Proof: 1. Since wBawA,wBiTK and T g<tp4. This means that wE(f) N zbj(f) and wg(f) C T}(ﬁ) for
each ¢ € Supptwp C Suppt Y C Suppt ¥4 and Y5 (&) <} (€) for each £ € Supp™ Y. Then, by
Theorem (4.2), so w}; (€)<Y} (&) for each € € Supp™ wp and by Definition (2.7), we have wp<Y k. Then, by
Definition (4.1), we have Y /wp = L5 is a BS-group. Since TKiz/JA, then L = Tk /wp C ¥ a/wp. This
means that L = Tk /wp is a BS-subgroup of ¢4 /wp. Let rng € Y /wp and tEwB € Tk /wp, where
r;g € Y4 and tg € Txk. Now, (rEwB) (tEwB) (rg_le) = ( +tBrB )wBéTK/wB (by Remark(4.1),
7"}43571 exists such that 7"571 (&) = (rf(€)) € k(&) for each £ € Supp™ wp and since Y1 (&) < f(€) for
—1 —1 —
each € € Supp* Tic, we have (r5tirs ) (©) = r5(@E5ErS (€)= rb(O5(©) (r5(©) " € TE(©)
and 15 (6)t5(€) (rg(f))ilwg(f) € T}}(&)/wB({)) Thus, Lp = Yk /wp is a normal BS-subgroup of
Ya/ws. _ ~
2. Let Tk /wp be a normal BS-subgroup of ¥4 /wp. Clearly, wgCYT g and also wgCYp. So, we only
have to show Y p<ip 4. To this end, let & be any fixed but arbitrary point of D = Supp™ wB Letr € wA €)
and 5 € Y5 (€). Then, rw}j(€) € v} (€)/wih(€) and swi(€) € TEH(E)/wh(€). Define rf : D — +fand
th D — Yas r;g(ﬁ) = r and tE(€) = s and rf(e) = er = th(e) for all e € D/{¢}, implies that
rngEz/JA/wB and thBETK/wB. Since T /wp 44 /wp, SO (rng) (tng) = (tng) (rBwB) That
is, (rgtg) wp = (tBrB) wp. This implies that
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(rs)wh (€) = (sr)wi(€), then rsr! € swi(€) € Y5 (€)/wh(€).
Hence, rsr—! € TF(€), implies that Y5 (£) = T1(£) is a normal subgroup in 1% (£). Thus, Tk is an
NBST-subgroup of ¢4. O

Theorem 4.4 Let 4 be a BS™T-group over R, and wp be a BS™-subgroup of 1 4. Then, rng = wBrJlg

for all r}; € % if and only if r+wB7’+71 =wp for all v} € .
B A B B A

Proof: Let rEwB = wBrg, for all rg € wﬁ. Then

rhwprh  =wprk 7“;71 (by hypothesis)

=wpep =wp (by part (4) of Remark (4.1), since for all £ € Supp™ wp, we have
—1 —1
(rgrg ) =15 rE () = er).

-1
Conversely, suppose that TEWBT+ = wp for all rg € wj. Then, we have
+ _ .t + : + _
rfwp =Tgwgeg (since wpef = wpg)
-t +7 4 + : + +7'
=rLWwBry T = WBTE (since rwpry =wp

and by Remark (4.1), since for all ¢ € Suppt wp, we have
(rgrg )€ =15 rh (&) =er).

Definition 4.2 An NBS™-subgroup wg of BST-group 14 is called a maximal NBS*-subgroup
if there is no proper NBS*-subgroup Y¢ of 14 that contains wp properly with Supp™ wp =
Supp™ Ye.

Example 4.2 Let R = S3 be the symmetric group A = {C1,C2,C3} and B = {C1,Ca} be two sets of
parameters. Consider the following BS-set over R.

U (C1) ={(1), (12)}, Pa(Cr) =0
Ui (C2) ={(1), (13)}, Pa(C2) =0
U4 (Cs) = {(1),(23)}, Pa(Cs) =0
wi(C1) ={(1), (12)}, wp(Cr) =10
wp(C2) ={(1), (13)}, wp(C2) =10

Now, Suppt iy = A and Supp*wp = B. Clearly, 14 is a BST-group of R and wp is a
NBST subgroup of the BST-group 4. Therefore, wp is not properly contained in any other NBST-
subgroup of Y4 with the same support. Thus, wg is a mazimal N BST-subgroup of 1 4.

Lemma 4.2 An NBS™T-subgroup wp of BST-group 1 4 is a mazimal N BST-subgroup of 14 if and only
if wg(f) is a mazimal normal subgroup for all £ € Supp™ wp.

Proof: Let wp be a maximal NBS*-subgroup of 1 4. If possible, suppose that there is & € Suppt wp =
D such that w}; (&) is not a maximal normal subgroup in ¥ (£y). This means that there exists a normal
subgroup K of 97 (&) such that K is properly contained in 17} (&) and properly contains w} (£).

; + + wp(&) €#& -
Now, consider the NBS*-subgroup Yp of ¢4 such that Y5 (§) = and T5(§) =

K §€=¢&o
wp(§)  §#&
wp(§)/K €= ¢&
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Clearly, YTp is an NBST-subgroup of ¥4, Tp # 14 and wp # Yp, and Supp’ wp = Supp™ YTc.
Thus, wp is not a maximal N BS™-subgroup of 4. This is impossible. Thus, w§(§ ) is a maximal normal
subgroup of ¢} (¢) for all £ € D.

Conversely, let wg be an NBSt-subgroup of 14 in which wg (£) is a maximal normal subgroup of
Y1 (&) for all ¢ € D = Supp Twp. To show wp is a maximal N BST-subgroup of 1/4. On the contrary,
we suppose that it’s not true. That is, there is an NBST-subgroup YT of 14 such that wp # Tp # ¥4
and wpCTpCihs. This means that there exists & € D such that wh (&) € Y3 (%) S vh (&) with
Y5 (&) <k (&) which is a contradiction. Thus, wp is a maximal N BS*-subgroup of ¢ 4. O

Definition 4.3 Let ¢4 be a BST-group over R. Then,

1. 14 is said to be an identity BS*-group over R if v} (€) = {er} and ¢, () = {R/ {er}} for
all £ € Supp™ ¢4, where e is the identity element of R. Identity BS*t-group is represented
by IIPA .

2. 14 is said to be a relative absolute BST-group over R if ¢} (¢£) = R, for all ¢ € Supp™ 14 and
it will be denoted by R4.

3. If R is any group and G is a set of parameters, then the absolute BS-set Ry, = (R, 0,G) is said
to be an absolute BST-group over R.

Remark 4.4 1. Since the absolute BS-set Ry, = {(R,),C) : C € G} is a BST-group over R. Then,
for any group R and any set of parameters A C G and any BS*-group 14 over R can be treated as
a BST -subgroup of Ry.

2. Each BS™ -subgroup of a BS*-group 14 over R is a BST-group over R.

Definition 4.4 A BST-group ¢4 over R is called a strong simple BS*-group over R if and only if
it has no NBS*-subgroup except the NBS*-groups ep = {(er, R/ {er},£) : £ € D C Suppt ¥4}
and 4 itself.

Definition 4.5 A BS*-group 14 over R is said to be a simple BS*-group over R, if wg = I, or
wp = 14 for all NBS*-subgroup wp of ¥4 with Supp™ wp = Supp™ 4.

Example 4.3 Tuake the group R = {e,m,n, nz,mn,an} which is generated by two m and n which
satisfy the relation ord(m) = 2,ord(n) = 3,ord(mn) = 2,mn = n*m and nm = mn?. Consider the
set of parameters A = {a, 8,7} such that ¥} () = {e,m}, v} (8) = {e,n,n*} ,¢vi(7) = {e,mn} and
vi(a) = {n,n?} 03 (B) = {m}, ¢, (y) = {m,n}. Then, ¢4 is a BS*-group over R. The NBS'-
subgroup of a are only Y4 and I, = {(e,R/{e}, a), (e, R/{e}, B), (e, R/{e},v)}. Thus, 14 is a simple
BS™-group over R.

Theorem 4.5 Let 4 be a BST-group over R. An NBST-subgroup wp of ¥4 is a mazimal
N BS*subgroup of 4 if and only if the BS-group 1 a/wp is a simple BS-group.

Proof: Let wp be a maximal N BS™-subgroup of 4. On the contrary, we suppose that 14 /wp is not
simple. Then, there is a normal BS-subgroup Y /wp in which Tk /wp # {wp} and Yk /wp # Ya/wp.
Then, wBiTKiwA and Yx is an NBST-subgroup of 4. This implies that, wp is not a maximal
NBS™T-subgroup of 4.

Conversely, let 14 /wp be a simple BS-group . If possible, suppose that wp is not a maximal NBS™-
subgroup of ¥4. This implies that there is an NBS*-subgroup Y5 of ¥4 with Supp® wp = Supp™ Y5
and wBETBQwA with wp # Tp and T # ¥4. Then, by Theorem (4.3), we get T 4/wp is a normal
BS-subgroup of ¢4 /wp with T4/wp # {wp} and Ta/wp # Ya/wp. Which means 14 /wp is not a
simple BS-group, which is impossible. So, wp must be a maximal NBS™ _ subgroup of 1 4. O
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5. Solvable BST-Group

In this section, we introduce the concept of a solvable BST-group and demonstrate its properties
through representative examples.

Definition 5.1 A BS™-group ¥4 over R is called a solvable BS*-group over R, if there exists a finite
sequence of BS*-subgroups

Ya=9u>. . SS9 = {1y, } such that:
1. Each wf;fl is an NBST-subgroup of wi&'
2. The BS-groups wf;‘ / z/Jf;fl are abilian BS-groups.

Example 5.1 Let the alternating group R = As, and A = {C1,C2} be the set of parameters. Consider
the absolute BST -group 4 = Ry. Then,

YA (Ch) = As, YPA(C1) =10
P (Co) = As, Y1(C2) =10
wf(C1) = As, wp(C1) =0
wh(C2) = {(1)}, wp(C2) =0
T5(C) ={(1)}, Tp(C1) =10
T5(C2) = {(1)}, Tp(C2) =10

are BST -subgroups of 14 such that paSwa>Ya = Iy, and Suppt Y4 = A =SuppT wa = Supp™ Y 4.

Then, Y5 (Ci)<w} (C;) for all C; € Supp™ T4 andi = 1,2 and w} (C;)<p} (C;) for all C; € Suppt wa
and i = 1,2, implies that Y gs<w and wa<th4.

Also, find
wA/TAz{thA: for alltJrEwA} {(fr (0), tX(C)T;l(C),C) :CESupp+TA,t+EwA}

For all tjg € w;{, we have the following table:

L Ith [ tox [ tsh |
il () | (123 ] (132)
C | (1) | (1) (1)

( )TX(Cl) ( )T;\(Ol),cl) (DYE(Ca), ()T 4(Ca),Ca) }
a(TX T_(02)702)}
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Thus, wa/Ta = {TA,tQ:XTA,t:gXTA}. Since Y g4<wa by Definition (4.1), we get wa/Y 4 is a BS-group
over R. Clearly,

(t1ATa) (t24Ta) = t23Ta = (24T a) (14 Ta)
(tlATA) (t3ATA) = tﬁTA = (thA) (tlATA)
+ + _ s+ _ (st
I = =
(t2 TA) (tSATA) tiaTa (t3ATA) (tQATA)

Thus, wa/Y 4 is an abelian BS-group over R.
Now, find

Ya/wa = {Tij . for all rj € wj} = {(rj(O)wj(C’),rj(C)w;(C’),C’) :C € SuperwA,rj S ¢j}.

For all rj € LZJX, we have the following table:

HIEMIESEESEESEESEESEESEESEEDE
Gl @ (1) [ (123) [ (123) | (123) [ (132) | (132) | (132)
Co | (1) | (123) | (132) | (1) | (123) | (132) | (1) | (123) | (132)

rijwa = {(DwA(C), Mwy (C1),Cr), (1wi(Ca), (1wy (C2),Ca) }
= {((D{(1),(123),(132)},0,C1), ({(1)},0,C2)}
= {({(1),(123),(132)},0,C1), ({(1)},0,C2)} = wa
rafiwa = {((Dwh(Ch), (D)wy (C1),Ch), ((123)wh (Ca), (123)w; (C2), C2) }
= {((D{(1), (123),(132)},0,C1), ((123){(1)},0,C2)}
= {({(1),(123),(132)},0,C1), ({(123)},0,C2)} .
rawa = {(Cr, (Dwh(C1), (w(Cr) . (132)wf (Ca). (132)wy (C2), C2) }
= {(C1, (D{(1), (123), (132)} 0),((132){(1)},0,C2)}
= {(C1,{(1),(123),(132)},0), ({(132)},0,C2)} .

ryfiwa = {((123)w} (C1), (123)w, (C1), C1) ,
((123){(1), (123), (132)},0,C1) ,
(12

Jwi (Ca), (Nwy(Ca),Co) }
( 0,
3),(132)},0,C1), ({(1)},

(1
{3}, C }
@, CQ)} = WA
rsawa = {((123)wA (Ch), (123)w (C1), Ch) , ((123)w (Ca), (123)w, (Ca), Ca) }
((123){(1), (123), (132)}, 0, C1) , (123){ (1)}, 0, C2)}
(123)3 (132)}7 (Da Cl) ’ ({(123)}7 Q)a 02)} .

rofwa = { (123w} (C1). (123)w; (C1). C1) . (1320w} (Ca). (132)w; (C2). C2) }
((123){(1), (123), (132)}, 0, C1) , (132){(1)}, 0, C2) }
(123)3 (132)}7 (Da Cl) ) ({(132)}7 Q)a 02)} .
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rrhwa = {((132)w} (C1), (132)w, (C1), C1) , (1)wh (C2), (1w, (C2), C2) }
= {((132){(1), (123), (132)}, 0, C1) , ({(1)},0, C2)
={({(1),(123),(132)},0,C1) ,({(1)},0,C2)} = wa

rsiwa = {((132)wi(Ch), (132)w, (C1),C1) , (123)w i (Ca), (123)w; (Cs),C2) }
{((132){(1), (123), (132)},0,C1) , (123){(1)}, 0, C2)}
{({(0), (123), (132)},0,C1) , ({(123)},0,C2) } .

TgAwA = {((132)&12(01) (132)OJA Cl ) y ( 132 LUA 02) (132)&];(02)702)}
= {((132){(1), (123), (132)}, 0, C1) , (132){(1)}, 0, C2) }
= {({(1),(123),(132)},0,C1) , ({(132)},0, C2) } -

Clearly, T1XOJA = 7“4ij = r7zw,4 = wy, TQX(A)A = 7“5ij = ’I“gXOJA and ngwA = 7"6ij = ’I“QXOJA.
This implies that, Ya/wa = {leWA,TQXOJA,Tg—A_WA}. Since wa<a by Definition (4.1), we get ha/wa
is a BS-group over R.

Clearly,

(rhwa) (rafwa) = refwa = (rzawa) (riawa)
)

J’_

A
(riawa) (rshwa) = rajwa = (rszwa) (miwa

+

A

(rohwa) (rsawa) = rijwa = (rshwa) (rzawa) -

)

Thus, Ya/wa is an abelian BS-group over R. Hence, 14 is a solvable BST-group over R.

Theorem 5.1 Any abelian BS™-group over R is solvable BS™-group over R.

Proof: Let 14 be an abelian BST-group over R and consider a finite sequence of BST-subgroups
VaS Iy, = {(& er, R/ {er}) : £ € Supp™ ¥4 }. Clearly, I, is an NBST-subgroup of ¢4 and for all
rh,th € ¥, we have

rathly, = {3 (©th(©){er}, rA(©)tA(E){R/{er}}, §) : & € Supp™ Ya}.
Since 14 is abelian, 74 (&)t (€) = t(€)r} () for all £&. Hence,
rathls, = {(EAE)rk(©){er}), tA©ri(©)R/{er}, )+ € € Supp™ va} = tirily,

. Thus, ¥a/I,, is an abelian BS-group. Thus, 14 is a solvable BS™-group. O

Theorem 5.2 Any BST-subgroup of a solvable BST-group 14 over R is a solvable BST -group.

Proof: Let wp be any BST-subgroup of a solvable BST-group wA over R, and let
Yo = YrS .. >¢A>wA = {I,,} be the finitie sequence of 14 such that wA is an NBS+—Subgroup

7,/1A and each 1/1A/1/)A is an abelian BS-group. Since wp is a BS*subgroup of 4. Let wh = wBW/)A
for all j = 0,1,2,...,n. Since for all £ € Supp’ wg, we have wj+(§) = wh(&) N F(€), since w(€)
is a subgroup of 1/1,4(5) and (&) < f(€), so wh(€) Nyl (€) is a subgroup of 7 (€) and since

Wi () = wi (&) NPT (&) Cwh(©) NYiT (&) = wh (€, since ¢ (&) a9 (¢) for all € € Supp Ty
S0 w?(f) N w?“(f) for all ¢ € SuppTwp. This means that, w) is an NBST-subgroup of wl .
Also, wB/wB Qz/JA/de;l and since 1/134/1/}1(1 is an abelian BS-group and w%/wf;l is a BS-subgroup of

Wl Jwh ™, we get wl /wly ! is an abelian BS-group. Thus, wp is a solvable BS*-group over R. m)
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Definition 5.2 Let wp be a BST-subgroup of a BST-group 14 over R. Then, the index of wp in 14,
denoted by [¥4 : wg], is the number of the distinct BS -left cosets of wp in ¥4, and the positively
index of wp in ¥4, by [tha :T wp], is the number of the distinct BST-left cosets of wp in 4.

Example 5.2 Let A = {Cy,C5} and group R = {e,a,b,c} given as in the following table:

with ﬂ)X and Yy given as follows:

Y1(C1) = {e,a}, P, (Cr) = {b}

P4 (Cs) = {e}, Y5 (Cy) =0
And

wi(Ch) = {e, a}, w5 (Cy) = {b}

wi(Ca) = {e}, w5 (Cy) =0

Clearly, wp is a BS*-subgroup of BST -group 14 and Supp™ ¢4 = A= B = Supp™ wp. For all ’/‘E € ¢X;
we present the table:

L[5 [rep ]
Ci|e a
Cy | e e

{(ewi (C1), ewp (Ch), Ch), (ewf(Ca), ewp (Ca), Ca)}
{(Wh(Ch),wp(C1),Cr), (wh(Ca), w5 (Ca), Ca)}
{({e;a},{b},C1), ({e},0,C2)} = wp.

TleB

rapwp = {(awg(C1), awp (C1), C1), (ew (Ca), ewp (Ca), Ca)}
= {(a{e,a},a{b}, C1), (Wi (C2),wp(C2), C2)}
={({e;a},{c}, C1),({e},0,C2)}.

T pwn, repwp are distinct BS-left cosets of wp in ¥a. Thus, [ha : wp] = 2.
On the other hand,
ripwp = {r15(C1)wi (C1), 115 (C2)wy (C2)} = {{e, a}, {e}},
rapwp = {r24(C1)wy (C1),m2 5 (C2)wh (Ca)} = {{e, a}, {e}}.

This implies that rlgwg = rggwg is the only BST-left coset of wp in a. Thus, s :T wp] = 1.
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