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Estimate of Hankel Determinant Bounds for the Class of Three-Leaf-Type Bounded
Turning Functions Defined with Subordination

Gagandeep Singh and Gurcharanjit Singh

ABSTRACT: The motive of the present investigation is to study a generalized subclass of bounded turning
functions associated with three-leaf type function in the open unit disc E = {z € C : |z| < 1}. We focus on
the computation of sharp upper bounds of the first four coefficients, Fekete-Szego inequality, second Hankel
determinant, Zalcman inequality and third Hankel determinant, for the class defined here. Furthermore, these
results have also been studied for two-fold and three-fold symmetric functions. Some earlier known results
follow as consequences of the results derived in this paper.
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1. Introduction

Let A denotes the class of functions f of the form f(z) = z + > 7=, axz", which are analytic in the
open unit disc E = {z € C: |z| < 1} and normalized by the conditions f(0) = f/(0) — 1 = 0. In addition
to this, if any function in the class A is injective, then it is known as univalent function and the class of
univalent functions is denoted by S.

Bieberbach’s conjecture, the most important and interesting result of 2 century, was established
by L. Bieberbach [9] in 1916 and is concerned with the class S. It states that, if f € S is a univalent
function, then |a,| < n, n = 2,3, .... Several researchers used their diversified approaches to prove this
challenging result. Finally, L. De-Branges [13] proved this conjecture in 1985. During the course of
proving this conjecture, various inequalities involving moduli of coefficients a,, were come into existence
which helped in defining certain new subclasses of analytic functions.

The well known classes §* of starlike functions and K of convex functions are respectively defined as:

Oth

S*{f:feA,Re(??iZ)))>0,z€E}
" ICz{f:fGA,Re(%(ZZ)))/>>O7zeE}.
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Reade [34] introduced the class CS* of close-to-star functions which is given by

CS*:{f:fGA,Re(f(Z)> >0,g€S*,z€E}.
9(2)
Taking ¢g(z) = z in the above class, MacGregor [26] studied the following subclass of close-to-star

functions:

R/{f:feA,Re(‘ILE'Z))>O,z€E}.

Further by replacing f(z) to zf'(z) in R', MacGregor [25] established the class R of bounded turning
functions which is defined as

R={f:f€ARe(f(z) >0,z € E}.
As a generalization, Murugusundaramoorthy and Magesh [27] studied the class R(«) defined as

)

R(a)z{f:féA,Re((l—a) —|—af'(z)) >0,0§a§1,z€E}.

Clearly R(c) is the unification of the classes R and R as R(0) = R and R(1) = R.

Let f and g be two analytic functions in E. Then f is said to be subordinate to g (denoted by f < g)
if there exists a function w with w(0) = 0 and |w(z)| < 1 such that f(z) = g(w(z)). Moreover, if g is
univalent in E, then the subordination leads to f(0) = ¢(0) and f(E) C g(E). Using the concept of
subordination, various subclasses of S were studied by several authors by associating to different super-
ordinating functions ¢(z), some of which are mentioned below:

(i) Janowski [15] studied the class S*(A, B) for ¢(z) = }igz

ii) For ¢(z) = 1+ sinz, Cho et al. [12] studied the class SZ,,.

ili) Taking ¢(z) = e®, Arif et al. [4] studied the class S.

iv) Chosing ¢(2) =1+ 2z — %, Wani and Swaminathan [46] studied the class Sy .

v) Sokol and Stankiewicz [43] studied the class S; associated with ¢(z) = /1 + z.
i

(
(
(
(
(vi) For ¢(z) = z + V1 4 22, Raina and Sokol [31] studied the class Sc¢.
(
(
(
(

vii) Considering ¢(z) =1+ 5z + 222, Sharma et al. [38] studied the class S¢..
viii) For ¢(z) = 1+ sinh™'z, Arora and Kumar [6] studied the class S;;.
ix) For ¢(z) = H-%’ Goel and Kumar [14] studied the class S§.

x) Alotaibi et al. [1] studied the class Sf,,,, related to ¢(z) = coshz.

For ¢ > 1 and n > 1, Pommerenke [29] defined the ¢! Hankel determinant H,(n) as

Qp an+1 -+ Onig—1
_ Ap+41
Hy(n) =
An+4q—1 ce Apy2g—2

For different values of ¢ and n, the Hankel determinant H,(n) reduces to various coeflicient functionals.
For ¢ =2 and n = 1, it redues to Ha(1) = ag — a3, which is the well known Fekete-Szegd functional. For
q¢=2and n =2, Hy(n) takes the form of Hy(2) = asas — a3, which is known as Hankel determinant of
second order and for ¢ = 3 and n = 1, it agrees with Hs(1), which is the Hankel determinant of third
order.

One more very important and useful functional is given by Jp, i (f) = @nam — amin—1, n,m € N—{1}.
This functional is known as generalized Zalcman functional and was introduced by Ma [24]. For n =
2,m = 3, it reduces to Ja 3(f) = azas —as. The upper bound for the functional J; 3(f) was computed by
various authors over different subclasses of analytic functions. It plays very important role in establishing
the bounds for the third Hankel determinant.
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Now a days, the estimation of Hankel determinants for various subclasses of analytic functions is
a topic of great interest. The second Hankel determinants have been studied by various researchers for
different subclasses of A. Janteng et al. [16] investigated the second Hankel determinant for the classes of
starlike functions, convex functions and the class of functions with bounded boundary rotation. Further,
Lee et al. [20], Altinkya and Yalcin [3], Bansal [8], Caglar et al. [11], Kanas et al. [17] and Liu et al. [23]
studied the second Hankel determinant for some important subclasses of A.

To obtain the sharp upper bounds of third Hankel determinant for different subclasses of A is quite
challenging. Babalola [7] was the first researcher who successfully obtained the upper bound of third
Hankel determinant for some fundamental classes such as the classes of starlike and convex functions.
Further, Shanmugam et al. [37], Bucur et al. [10], Khan et al. [19], Altinkaya and Yalcin [2], Singh
and Singh [39], Singh et al. [40,41,42], Sun et al. [44], Riaz et al. [35], Raza et al. [33], Sunthrayuth et
al. [45] and few other researchers have been actively engaged in the study of third Hankel determinant
for various subclasses of analytic functions.

Recently, Arif et al. [5], Murugusundaramoorthy et al. [28] and Riaz et al. [36] established the sharp
upper bounds of Hankel determinants for various subclasses of analytic functions associated with the
function 1 + %z + %24, which is known as three-leaf function. This function maps the unit disc onto the
region that resembles a three leaf clover.

Inspired by the above remarkable vital research in this direction, now we introduce a new and gen-
eralized subclass of bounded turning functions associated with three-leaf type function and defined with
subordination.

Definition 1.1 A function f € A is said to be in the class Rg(«) (0 < a < 1) if it satisfies the
condition ) A .

4 / 4

(1-a) ; +af'(z) <1+5z+5z .

For a = 0, the class Ra;(a) reduces to the class Ry;. Further for a = 1, the class Ra;(a) agrees with R,
the class studied by Arif et al. [5] and Murugusundaramoorthy et al. [28].

The aim of this paper is to establish the sharp upper bounds of third Hankel determinant for the class
Rai(a). Moreover the bounds of H3(1) are studied for the two-fold and three-fold symmetric functions.
Various known results follow as special cases.

2. Preliminary Results

By P, we denote the class of analytic functions p given by
(o]

p(z) =1+ Zpkzk,
k=1

whose real parts are positive in F.

In order to prove our main results, we need the following lemmas:

Lemma 2.1 [18,38] If p € P, then
Ipk| <2,k €N,
_ |2
2

<2_|p1 ,
- 2

’p2

piv; — ppipj] 2,0 < p <1,

and for complex number p, we have

P2 — ppi| < 2max{1,[2p — 1[}.
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Lemma 2.2 [}/ Let p € P, then

|Jp3 — Kpips + Lps| < 2|J| +2|K — 2J| +2|J — K + L],

where J, K, L are real numbers.
In particular, it is proved in [30] that

p3 — 2p1p2 + ps| < 2.

Lemma 2.3 [21,22] If p € P, then
2p2 = pi + (4 - pi)z,

dps = pi 4+ 2p1(4 — p)z — pr(4 — p})a® + 2(4 — p})(1 — |z[*)z,

for |z] <1 and |z] < 1.

Lemma 2.4 [32] Let m,n,l and r satisfy the inequalities 0 <m < 1,0 <r <1 and

8r(1—7) [(mn —20)* + (m(r +m) —n)?] +m(L —m)(n — 2rm)? < 4m*(1 — m)*r(1 —r).

If p e P, then

3
Ip} + 7p3 + 2mp1ps — §np§p2 —pg| < 2.

3. Bounds for First four Coefficients
Theorem 3.1 If f € Ry(«), then

4
|(12| S ’
5(1+a)

4
5(1 4 2a)’
4
5(1+3a)’

las| <

las| <

and
4

< ——m—.
los] < 5

The results are sharp.

Proof: Using the principle of subordination in Definition 1.1, we have

4 1
- a2 14 du) + HwE)
Taking p(z) = i;gz; =1+ p12z + p22? + p323 + ..., we obtain w(z) = 283

For f € A, we have

f(z)

(1- 04)7 +af(z) =1+ (14 a)agz + (1 + 2a)azz® + (1 + 3a)asz® + (1 + 4a)asz* + ...

On simplification, it can be easily obtained that
Ut uz) + Hw(z)! = 1+ 2prz + (3o — 192) 2

1, 2 2\ , 3, 3., 2 1, 2
+ 1*0191—*1911724-*]73 27+ | —5zp1 + =P1P2 — =P3P1 — =Py + —P4

5 ) 80 10 ) 5

5

)z4—|—...

(3.7)
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Using (3.6) and (3.7) in (3.5), it yields
1+ (14 a)azz + (14 2a)azz? + (1 + 3a)asz® + (1 + 4a)asz? + ...
=1+ 2piz+ (3p2 — 50%) 2° + (1501 — 3pip2 + 3p3) 2°

3 3 2 1, 2 4
- —= = 3.8
+ ( 80p1 10p1p2 5p3p1 5p2 + 5p4> z= 4+ (3.8)

Equating the coefficients of 2, 22, 23 and 2% in (3.8), it gives

2

__c . 3.9
az 5(1+ a)ipl (3.9)
=—— [2py — p? 3.10
a3 = E T 5a) [2p2 — p1] (3.10)
1 [1., 2 2
_ 13 2 2 3.11
4 1—|—3a[10p1 5p1p2+5p3]’ (3:11)
and 1 3 1 2 3 2
4 2
= |t = . 3.12
% = T da { goP1 P2 gpspt 10p1p2 + 5194] (3.12)
Using first inequality of Lemma 2.1 in (3.9), the result (3.1) is obvious.
10) can be writtes as,
sl = = | — 57 (3.13)
BT 51+ 2a) P27 2P '
Using fourth inequality of Lemma 2.1 in (3.13), the result (3.2) can be easily obtained.
(3.11) can be expressed as
2 |1,
= —F—|-p] — . 3.14
|a4 5(1+ 3a) 1 P1— Pip2 T ps (3.14)
Using Lemma 2.2 in (3.14), it leads to result (3.3).
Further, using Lemma 2.4 in (3.12), the result (3.4) is obvious. O

Equality in the results (3.1), (3.2), (3.3) and (3.4) is attained for the functions fi, f2, f5 and fy,
respectively given by

(1-a) fliz) +afi(z) =1+ gz + %24, (3.15)
(l—a)@—kafé(z):l—kgf—kézs, (3.16)
(1fa)@+afé(z) :1+§z3+%212, (3.17)
(1—a) f‘iz) +afi(z) =1+ %z4 + %216. (3.18)

On putting o = 0, Theorem 3.1 yields the following result:

Corollary 3.1 If f € R;l, then

4 4
|&2|< |¢13|< saa < \a5|<g

For ae = 1, Theorem 3.1 gives the following result due to Murugusundaramoorthy et al. [28]:

Corollary 3.2 If f € Ry, then

2 4 1 4
|a2\<* las| < — |a4\< sas| < 5"

- 15’
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4. Fekete-Szego Inequality
Theorem 4.1 If f € Rgi(a) and p is any complex number, then

x{1,8(1+2a)“|}. (4.1)

2
3 — <
|a’3 ﬂa2| 10(1+O¢)2

4
=51 +2a)

The bound is sharp.

Proof: Using (3.9) and (3.10), we obtain

2 51+ a)? +4(1+2a)p
2 2
- = - . 4.2
|a3 :U'GQ‘ 5(1 =+ 20[) D2 10(1 + 04)2 Py ( )
Using fourth inequality of Lemma 2.1, (4.2) leads to
1 8(1+ 20)
_ na?l < 1 .
a5 — naz] < g5y mer { > 10(1 + a)?
Equality in the result (4.1) is attained for the function fo defined in (3.16). O

Substituting for a = 0, Theorem 4.1 yields the following result:

Corollary 4.1 If f € Rél, then
4 4
o < v 1 )
Putting o = 1, Theorem 4.1 gives the following result due to Murugusundaramoorthy et al. [28]:
Corollary 4.2 If f € Ry, then
4 3
oo = | < smas {1, 24}
For ys =1, Theorem 4.1 yields the following result:

Corollary 4.3 If f € Ry (), then

4
laz — a3 < ————.
5(1 + 2a)

For o = 0, Corollary 4.1C coincides with the following result:

Corollary 4.4 If f € R's, then

N

|az —aj| < 5

For a = 1, Corollary 4.1C agrees with the following result due to Murugusundaramoorthy et al. [28]:

Corollary 4.5 If f € Rg;, then

az —a3| < R
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5. Zalcman Inequality

Theorem 5.1 If f € Ry(«), then

4
— < — 5.1
la2as = aal < 7R3 (5.1
The estimate is sharp.
Proof: Using (3.9), (3.10), (3.11) and after some easy calculations, we obtain
_ 1
|azas — as| = 50(1ta)(1+2a)(113a)
x| (9 4 27a + 1002)p} — (28 + 84a + 400°)p1p2 + (20 + 60a + 400°)ps| . (5.2)
Applying Lemma 2.2 in (5.2), the result (5.1) can be easily obtained. O

Equality in (5.1) holds for the function f3 defined in (3.17).

For a = 0, the following result is a consequence of Theorem 5.1.

Corollary 5.1 If f € R;ﬂ, then

4
lagas — ayq| < —.
5

On putting o = 1 in Theorem 5.1, we can obtain the following result due to Murugusundaramoorthy
et al. [28]:

Corollary 5.2 If f € Rg;, then

|a2a3 — CL4| S g
6. Second Hankel Determinant

Theorem 6.1 If f € R3(«), then

16
|a2a4 — a§| S S E————
25(1 + 20)?

The result is sharp.

Proof: Using (3.9), (3.10) and (3.11), we have
lagay — a3| = L

2B(1+a)(1+20)2(1+3a)
x [4(1 + 20)?p1ps — 4a’pips + a’pl — 4(1 + @) (1 + 3a)p3| .

Substituting for p; and ps from Lemma 2.3 and letting p; = p, we get

_ a2 = — (14 2a0)2p2(4 — p2) 22
|a2a4 a3| 25(1+Oé)(1+20()2(1+306) ( + CY) p ( p )‘T
—(14+4a +302)(4 — p*)22? +2(1 + 22)*p(4 — p?)(1 — |z|?)z|.
Since |p| = |p1| < 2, we may assume that p € [0,2]. Using the triangle inequality and |z| < 1 with
|z| =t € [0, 1], we obtain

|
1
|azay — a3| <

1
25(1+a)(14+2a)? (1+3a)

X [(142a)?p?(4 — p2)t2 + (1 + 4a + 3a?) (4 — p?)?t?

+2(1 + 20)%p(4 — p?) — 2(1 + 20)%p(4 — P*)t2| = F(p,t).
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oF 2(4 — p?)
Ot 25(1+a)(1+ 2a)2(1 + 3a)

[(1 +20a)2p*t + (1 4 4a + 30?) (4 — p?)t — 2(1 + 20)*pt|.

ot

Easily we can verify that 2£ > 0 and so F (p,t) is an increasing function of ¢.
Therefore, maxz{F(p,t)} = F(p,1) = 1

25(1+a)(1+2a)%(1+3a)
x |(1420)2p? (4 — p?) + (1 + 4a + 3a2) (4 — p*)?| = H(p).
H'(p) =0 gives p=0. Also H"(p) < 0 for p = 0.

Therefore maz{H (p)} = H(0) = P TIER which proves (6.1). O

The result (6.1) is sharp for the function fo defined in (3.16).

Putting @ = 0, Theorem 6.1 gives the following result:

Corollary 6.1 If f € ngz; then
9 16
lagay — az| < 3%
Substituting for « = 1 in Theorem 6.1, the following result due to Murugusundaramoorthy et al. [28],
is obvious:

Corollary 6.2 If f € Ry, then

16
lagay — a%\ < 295"

7. Third Order Hankel Determinant Hjs(1)
On expanding, the third Hankel determinant can be expressed as
H3(1) = az(azas — a3) — as(ay — azaz) + as(az — a3),
and after applying the triangle inequality, it yields
|Hs(1)| < |as||azas — a3] + |aal|azaz — as| + |as|laz — a3]. (7.1)
Theorem 7.1 If f € R3(«), then

224 + 2240c + 795202 + 1158402 + 544004

[Hs(1)] < 125(1 + 20)3(1 + 30)2(1 + 4av)

Estimate is sharp.

Proof: By using (3.3), (3.4), (3.5), (5.1), (6.1) and Corollary 4.1C in (7.1), the result (7.2) can be easily
obtained. O

The result (7.2) is sharp for the function f3 defined in (3.17).

For a = 0, Theorem 7.1 yields the following result:

Corollary 7.1 If f € R;,z’ then
224

<=
125
For a = 1, Theorem 7.1 gives the following result due to Murugusundaramoorthy et al. [28]:

[H3(1)

Corollary 7.2 If f € Rs;, then
|Hs(1)| < 0.10163.
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8. Bounds of |H3(1)| for Two-Fold and Three-Fold Symmetric Functions

A function f is said to be n-fold symmetric function if it satisfies the following condition,

f(&2) =&f(2)

27i

where £ =e™» and z € E.
By S we denote the set of all n-fold symmetric functions which belong to the class S.
The n-fold univalent function have the following Taylor-Maclaurin series:

FZ) =24 anrpr2™ (8.1)
k=1

An analytic function f of the form (8.1) belongs to the family R:(,f;)(a) if and only if

FE) A =1\ 1 () —1\
-l D rarer=1eg (55 ) +5 (5571) P

where

P = {peP ip(z) =1+ ) puztiz e E} (8.2)
k=1

Theorem 8.1 If f € Rg) (a), then

16
Hi(1)] < . .
Hs(1)] < 25(1 + 2a)(1 + 4a) (8:3)
Proof: If f € jo)(a), then there exists a function p € P such that
f(z) / 4(p(z) =1\ 1 (p(z)—1\"
1—a)— =14 = - . 8.4
(1=a) z +af(z) +5 p(z)+1 +5 p(z)+1 (84)
Using (8.1) and (8.2) for n = 2, (8.4) yields
2
as = mp2> (8.5)
_ 2 L,
a5 = m <p4 — 2p2) . (86)
Also
Hj(l) = asas — ag. (87)
Using (8.5) and (8.6) in (8.7), it yields
4 5(1+2a)? +4(1 +4a) ,
H3(1) = — . .
) = 50T 2a) (1 + 402 {p‘* 10(1+2a)2 12 (88)

Taking modulus and using third inequality of Lemma 2.1 in (8.8), we can easily get the result (8.3). O

Putting @ = 0, the following result can be easily obtained from Theorem 8.1.

Corollary 8.1 If f € R;(lz), then

H;(1)| < —.
Hy(1)] <
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For @ = 1, Theorem 8.1 agrees with the following result due to Murugusundaramoorthy et al. [28].

Corollary 8.2 If f € Rg), then

16
H;(1)| < —.
Theorem 8.2 If f € ’RS) (), then
16
H)| < ——"7—. 8.9
| 3( )| = 25(1+3a>2 ( )
The bound is sharp.
Proof: If f € Rg?)(a), so there exists a function p € P such that
ORI 4 (p(=) =1\ 1 (p(z) —1Y*
1-— =14+-— — | = . 8.10
I-)==+af@ =1+ 071) T 5 Lo 11 (8.10)
Using (8.1) and (8.2) for n = 3 in (8.10), it gives
2 (8.11)
ay = —————ps. .
1T 51130
Also
H3(1) = —a}. (8.12)
Using (8.11) in (8.12), it yields
4
Hs(1) = 3. 1

Taking modulus and using first inequality of Lemma 2.1, (8.9) can be easily obtained from (8.13). O
Equality in (8.9) is attained for the function f5 defined in (3.17).

Putting @ = 0 in Theorem 8.2, it gives the following result:

Corollary 8.3 If f € RSY, then

For ae = 1, Theorem 8.2 yields the following result due to Murugusundaramoorthy et al. [28].

Corollary 8.4 If f € Rg), then
1
H3(1)| < —.
Hy ()] < 5
Acknowledgement: The authors are very grateful to the Principal, Khalsa College, Amritsar-
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September, 2025, to complete this research work.



10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
26.
27.

28.

ESTIMATE OF HANKEL DETERMINANT BOUNDS 11

References

A. Alotaibi, M. Arif, M. A. Alghamdi, and S. Hussain, Starlikeness associated with cosine hyperbolic function, Mathe-
matics, 8(2020), 1-16.

. S. Altinkaya and S. Yalcin, Third Hankel determinant for Bazilevic functions, Adv. Math., Scientific Journal, 5(2)(2016),

91-96.

. S. Altinkaya and S. Yalcin, Upper bound of second Hankel determinant for bi-Bazilevic functions, Mediterr. J. Math.,

13(2016), 4081-4090.

. M. Arif, M. Raza, H. Tang, S Hussain and H. Khan, Hankel determinant of order three for familiar subsets of analytic

functions related with sine function, Open Math., 17(2019), 1615-1630.

. M. Arif, O. M. Barukob, S. A Khan and M. Abbas, The sharp bounds of Hankel determinants for the family of three-leaf

type analytic functions, Fractal and Frac., 6(291), 1-35.

. K. Arora, and S. S. Kumar, Starlike functions associated with a petal shaped domain, Bull. Korean Math. Soc.,

59(4)(2022), 993-1010.

. K. O. Babalola, On H3(1) Hankel determinant for some classes of univalent functions, Ineq. Th. Appl., 6(2010), 1-7.

. D. Bansal, Upper bound of second Hankel determinant for a new class of analytic functions, Appl. Math. Lett., 26(2013),

103-107.

. L. Bieberbach, Uber die koeffizienten derjenigen Potenzreihen, welche eine schlichte Abbildung des FEinheitskreises

vermitteln, Sitzungsberichte Preussische Akademie der Wissenschaften, 138(1916), 940-955.

R. Bucur, D. Breaz and L. Georgescu, Third Hankel determinant for a class of analytic functions with respect to
symmetric points, Acta Univ. Apulensis, 42(2015), 79-86.

M. Caglar, E. Deniz and H. M. Srivastava, Second Hankel determinant for certain subclasses of bi-univalent functions,
Turk. Math., 41(2017), 694-706.

N. E. Cho, V. Kumar, S. S. Kumar and V. Ravichandran, Radius problems for starlike functions associated with sine
functions, Bull. Iran. Math. Soc., 45(2019), 213-232.

L. De-Branges, A proof of the Bieberbach conjecture, Acta Math., 154(1985), 137-152.

P. Goel and S. S. Kumar, Certain class of starlike functions associated with modified sigmoid function, Bull. Malays.
Math. Sci. Soc., 43(2020), 957-991.

W. Janowski, Extremal problems for a family of functions with positive real part and for some related families, Ann.
Polonic Math., 23(1971), 159-177.

A. Janteng, S. A. Halim and M. Darus, Hankel determinant for starlike and convex functions, Int. J. Math. Anal.,
1(13)(2007), 619-625.

S. Kanas, E. A. Adegani and A. Zireh, An unified approach to second Hankel determinant of bi-subordinate functions,
Mediterr. J. Math., 14(6), Article No. 233(2017), 12 pages.

F. R. Keogh and E. P. Merkes, A coefficient inequality for certain families of holomorphic functions, Proc. Amer.
Math. Soc., 20(1969), 8-12.

M. G. Khan, W. K. Mashwani, L. Shi, S. Araci, B. Ahmad and B. Khan, Hankel inequalities for bounded turning
functions in the domain of cosine hyperbolic function, AIMS Math., 8(9)(2023), 21993-22008.

S. K. Lee, V. Ravichandran and S. Supramaniam, Bounds for the second Hankel determinant of certain univalent
functions, J. Inequal. Appl., 281(2013), 17 pages.

R. J. Libera and E. J. Zlotkiewiez, Early coefficients of the inverse of a regular convexr function, Proc. Amer. Math.
Soc., 85(1982), 225-230.

R. J. Libera and E. J. Zlotkiewiez, Coefficient bounds for the inverse of a function with derivative in P, Proc. Amer.
Math. Soc., 87(1983), 251-257.

M. S. Liu, F. Xu and M. Yang, Upper bound of second Hankel determinant for certain subclasses of analytic functions,
Abstr. Appl. Anal., 8(2014), 1-10.

W. Ma, Generalized Zalcman conjecture for starlike and typically real functions, J. Math. Anal. Appl., 234(1999),
328-329.

T. H. MacGregor, Functions whose derivative has a positive real part, Trans. Amer. Math. Soc., 104(1962), 532-537.
T. H. MacGregor, The radius of univalence of certain analytic functions, Proc. Amer. Math. Soc., 14(1963), 514-520.

G. Murugusundaramoorthy and N. Magesh, Coefficient inequalities for certain classes of analytic functions associated
with Hankel determinant, Bull. Math. Anal. Appl., 1(3)(2009), 85-89.

G. Murugusundaramoorthy, M. G. Khan, B. Ahmad, W. K. Mashwani, T. Abdeljawad and Z. Salleh, Coefficient
functionals for a class of bounded turning analytic functions connected to three leaf function, J. Math. Comp. Sci.,
28(2023), 213-223.



12

29.

30.
31.

32.

33.

34.
35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

G. SINGH AND G. SINGH

Ch. Pommerenke, On the coefficients and Hankel determinants of univalent functions, J. Lond. Math. Soc., 41(1966),
111-122.

Ch. Pommerenke, Univalent functions, Math. Lehrbucher, vandenhoeck and Ruprecht, Gottingen, 1975.

R. K. Raina and J. Sokol, On coefficient estimates for a certain class of starlike functions, Hacet. J. Math. Stat.,
44(2015), 1427-1433.

V. Ravichandran and S. Verma, Bound for the fifth coefficient of certain starlike functions, Comptes Rendus Mathe-
matique, 353(2015), 505-510.

M. Raza, A. Riaz, Q. Xin and S. N. Malik, Hankel determinant and coefficient estimates for starlike functions related
to symmetric booth Lemniscate, Symmetry, 14(2022), 1-14.

M. O. Reade, On close-to-convex univalent functions, Michigan Math. J., 3(1955-56), 59-62.

A. Riaz, M. Raza, M. A. Binyamin and A. Saliu, Hankel determinant for a subclass of starlike functions with respect
to symmetric points subordinate to the exponential function, Symmetry, 15(8)(2023), 1-7.

A. Riaz, M. Raza, M. A. Binyamin and A. Saliu, The second and third Hankel determinants for starlike and convex
functions associated with three-leaf function, Heliyon, 9(1)(2023), e12748.

G. Shanmugam, B. A. Stephen and K. O. Babalola, Third Hankel determinant for a-starlike functions, Gulf J. Math.,
2(2)(2014), 107-113.

K. Sharma, N. K. Jain and V. Ravichandran, Starlike functions associated with cardioid domain, Afr. Mat., 27(2016),
923-939.

G. Singh and G. Singh, Hankel determinant problems for certain subclasses of Sakaguchi-type functions defined with
subordination, Korean J. Math., 30(1)(2022), 81-90.

G. Singh, G. Singh and G. Singh, Fourth Hankel determinant for a subclass of analytic functions defined by generalized
Salagean operator, Creat. Math. Inform., 31(2)(2022), 229-240.

G. Singh, G. Singh and G. Singh, Estimate of third and fourth Hankel determinants for certain subclasses of analytic
functions, Southeast Asian Bull. Math., 47(3)(2023), 411-424.

G. Singh, G. Singh and G. Singh, Estimate of fourth Hankel determinant for a subclass of multivalent functions defined
by generalized Salagean operator, J. Frac. Cal. Appl., 14(1)(2023), 66-74.

J. Sokol and J. Stankiewicz, Radius of convexity of some subclasses of strongly starlike functions, Zeszyty Nauk.
Politech. Rzeszowskiej Mat., 19(1996), 101-105.

Y. Sun, M. Arif, K. Ullah, L. Shi and M. 1. Faisal, Hankel determinant for certain nmew classes of analytic functions
associated with the activation function, Heliyon, 9(11)(2023), 1-14.

P. Sunthrayuth, N. Igbal, M. Naeem, Y. Jawarneh and S. K. Samura, The sharp upper bound of the Hankel determinant
on logarithmic coefficients for certain analytic functions connected with eight-shaped domain, J. Func. Spaces, Art. Id.
2220960, Vol. 2022, 1-12.

L. A. Wani and A. Swaminathan, Starlike and convex functions associated with a Nephroid domain, Bull. Malays.
Math. Sci. Soc., 44(2021), 79-104.

Gagandeep Singh,

Department of Mathematics,

Khalsa College, Amritsar(Punjab),

India.

E-mail address: kamboj .gagandeep@yahoo.in

and

Gurcharangit Singh,

Department of Mathematics,

G.N.D.U. College, Chungh(TT), Punjab,
India.

E-mail address: dhillongs82@yahoo.com



	Introduction
	Preliminary Results
	Bounds for First four Coefficients
	Fekete-Szegö Inequality
	Zalcman Inequality
	Second Hankel Determinant
	Third Order Hankel Determinant H3(1)
	Bounds of |H3(1)| for Two-Fold and Three-Fold Symmetric Functions

