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Unified Isomorphism Theory for r-Neutrosophic G- Submodules ∗
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abstract: Neutrosophy is a logical framework that treats uncertainty, truth and falsity as distinct concepts
hence better representing ambiguous information. In this paper, we analyze r-neutrosophic G-submodules,
where r ∈ [0,1], that bring about the application of known neutrosophic ideas in a more constrained algebraic
context. The concept of r-neutrosophic quotient submodules is introduced as an extension of this and some
characteristics are recognized and explained. The paper then focuses on the isomorphism properties of r-
neutrosophic G-submodules by analysing and proving a version of the isomorphism theorems modified to this
limited setting. The results show that the fundamental characteristics of the general neutrosophic G-submodule
isomorphism is preserved in this constrained form. This illustrates that r-neutrosophic G-submodules maintain
the essential algebraic structure of the extensive framework.

Keywords:Neutrosophic set, neutrosophic G-submodule, support, r-neutrosophic G-submodule, r-
neutrosophic G-submodule isomorphism.
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1. Introduction

The analysis of uncertainty in Mathematics began with fuzzy sets [15] which allowed elements to have
degrees of membership rather than fitting into classical categories. Intuitionistic fuzzy sets [8] refined this
approach by differentiating membership from non-membership, capturing partial information or hesitation
. Neutrosophic sets [13], introduced by Smarandache, extended the idea further by treating indetermi-
nacy, truth and falsity distinctly, enabling incomplete or inconsistent data modeling. Further developing
these concepts, neutrosophic algebraic structures—such as modules and submodules—incorporate uncer-
tainty into elements and operations. Their connection with group representations leads to neutrosophic
G-submodules, providing a solid framework for studying uncertainty-based symmetry.

Latest research has advanced neutrosophic theory by introducing concepts such as Complex Neu-
trosophic Soft Groups [11], which integrate soft-set theory and neutrosophic membership functions to
extend algebraic frameworks with truth, indeterminacy, and falsity components. In addition, Neutro-
sophic Soft Hyperalgebras [10] have been developed to generalize classical algebraic operations like union
and intersection, providing a more flexible structure for uncertainty-based reasoning. Decision-making
frameworks has been strengthened by the developments in neutrosophic theory [9] by introducing models
that more successfully model complex and vague information.

Bounding neutrosophic components within r-neutrosophy prevents unregulated variations in member-
ship values and improves numerical stability. In areas where exact control over uncertainty is vital, such
as optimization, classification, algebraic structure analysis and reasoning, it provides an adjustable frame-
work.
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2. Preliminary Concepts

For a better understanding of the sessions that follow, some of the fundamental concepts and results
are discussed here.

Definition 2.1 [3,12] “Let (G, ∗) be a group. A vector space S over the field F is called a G-module, if
for every g ∈ G and s ∈ S; ∃ a product (called the action of G onM), g ·s ∈ S that satisfies the following
axioms

1. 1 · s = s; ∀s ∈ S (1 being the identity element of G)

2. (l ∗m) · s = l · (m · s); ∀s ∈ S and l,m ∈ G

3. g · (k1s1 + k2s2) = k1(g · s1) + k2(g · s2); ∀ k1, k2 ∈ K; g ∈ G; s1, s2 ∈ S ”.

Theorem 2.1 [5,6,4] “(Module-Theoretic First Isomorphism Theorem ) - Let ϕ : S → T be an onto R
module homomorphism then S/Kerϕ ∼= Imgϕ ”

Theorem 2.2 [5,6] “(Module-Theoretic Second Isomorphism Theorem ) - Let S be a module and M,N
be submodules of S, then
i) M +N = {m+ n|m ∈M,n ∈ N } is a submodule of S
ii) M ∩N is a submodule of S
iii)the quotient module, (M +N)/N ∼=M/(M ∩N) ”

Theorem 2.3 [5,6] “(Module-Theoretic Third Isomorphism Theorem) - Let S be a module and M be a
submodules of S, then if N is a submodule of S such that M ⊆ N ⊆ S
i)N/M is a submodule of S/M
ii)(S/M)/(N/M) ∼= S/N ”

Definition 2.2 [13,14] “Let Ω be the universal set and H be a neutrosophic set on Ω defined as
H = {(τ,VH(ωτ ),VH(δτ ),VH(κτ ) : τ ∈ Ω} where VH(ωτ ),VH(δτ ),VH(κτ ) : Ω → (−0, 1+). The three
components VH(ωτ ),VH(δτ ),VH(κτ ) represent membership value, indeterminacy value and non member-
ship value respectively.
If VH(ωτ ),VH(δτ ),VH(κτ ) : Ω → [0, 1], then H is a Single valued neutrosophic set (SVNS)”

Remark 2.1 “Neutrosophic set means SVNS in this study.”

Definition 2.3 [13] “The neutrosophic set H is defined to be contained in the neutrosophic set J, sym-
bolized as H ⊆ J if and only if H(τ) ⩽ J(τ) ∀τ ∈ Ω, this means that VH(ωτ ) ⩽ VJ(ωτ ),VH(δτ ) ⩽
VJ(δτ ),VH(κτ ) ⩾ VJ(κτ ), ∀ τ ∈ Ω ”.

Definition 2.4 [13] “The sum of 2 neutrosophic sets H and J of a G-module S is a neutrosophic set
H + J of S denoted and defined as follows

H + J(τ) = {τ,VH+J(ωτ ),VH+J(δτ ),VH+J(κτ ) : τ ∈ S} where
VH+J(ωτ ) = ∨{VH(ωu) ∧ VJ(ωs)|τ = u+ s, u, s ∈ S}
VH+J(δτ ) = ∨{VH(δu) ∧ VJ(δs)|τ = u+ s, u, s ∈ S}
VH+J(κτ ) = ∧{VH(κu) ∨ VJ(κs)|τ = u+ s, u, s ∈ S}”

Definition 2.5 [2,7] “Let S be a G- module over a field F and H be a neutrosophic set on S. The
neutrosophic set H = {(τ,VH(ωτ ),VH(δτ ),VH(κτ ) : τ ∈ S} is said to be a neutrosophic G-submodule if
the following conditions are satisfied:

1. VH(ωaτ+bs) ≥ VH(ωτ ) ∧ VH(ωs)
VH(δaτ+bs) ≥ VH(δτ ) ∧ VH(δs)
VH(κaτ+bs) ≤ VH(κτ ) ∨ VH(κs)

2. VH(ωgs) ≥ VH(ωs) , VH(δgs) ≥ VH(δs), VH(κgs) ≤ VH(κs)
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where g ∈ G; τ, s ∈ S; a, b ∈ F.”

Definition 2.6 [2] “The support H∗ of a neutrosophic set H on S can be defined as
H∗ = {τ ∈ S,VH(ωτ ) > 0,VH(δτ ) > 0,VH(κτ ) < 1} ”

Proposition 2.1 [2] “If H ∈ Ω(GS), then the support H∗ ∈ Ω(GS), where Ω(GS) denote the family of
all neutrosophic G-submodules of S. ”

3. r-Neutrosophic G-Submodules

This section defines isomorphism of r-neutrosophic G-submodules and provides proof of isomorphism
theorems.

Definition 3.1 [1] “Let H = {(τ,VH(ωτ ),VH(δτ ),VH(κτ ) : τ ∈ Ω} be a neutrosophic set. Then for each
r ∈ [0, 1], the r-neutrosophic subset of H is denoted and defined as

Hr = { τ,VHr
(ωτ ),VHr

(δτ ),VHr
(κτ ) : τ ∈ Ω }

where

VHr
(ωτ ) = VH(ωτ ) ∧ r,VHr

(δτ ) = VH(δτ ) ∧ r,VHr
(κτ ) = VH(κτ ) ∨ (1− r)

”

Remark 3.1 We set Ωr(GS) as the family of all r-neutrosophic G-submodules associated with neutro-
sophic G-submodules of S over a field F.

Remark 3.2 Let H ∈ Ω(GS), then Hr ∈ Ωr(GS).

Definition 3.2 Let H ∈ Ω(GS) and the Hr be r-neutrosophic subset of H. Let M be a submodule of
S, then the restriction Hr|M is defined as
Hr|M = {τ,VHr|M (ωτ ),VHr|M (δτ ),VHr|M (κτ ) : τ ∈ S} where

VHr|M (ωτ ) = VH(ωτ ) ∧ r,VHr|M (δτ ) = VH(δτ ) ∧ r,VHr|M (κτ ) = VH(κτ ) ∨ (1− r)

Definition 3.3 r -neutrosophic quotient submodule (Hr)M of S/M, is of the form (Hr)M = {(τ +
M,V(Hr)M (ωτ+M ),V(Hr)M (δτ+M ),V(Hr)M (κτ+M ) : τ ∈ S} where

V(Hr)M (ωτ+M ) =
∨

m∈M

VH(ωτ+m) ∧ r

V(Hr)M (δτ+M ) =
∨

m∈M

VH(δτ+m) ∧ r

V(Hr)M (κτ+M ) =
∧

m∈M

VH(κτ+m) ∨ (1− r)

Definition 3.4 S , S∗ be two G -modules over F, Hr ∈ Ωr(GS) and Jr ∈ Ωr(GS∗). Let ψ be homomor-
phism of S onto S∗.

If ψ(Hr) ⊆ Jr, then ψ is called a weak neutrososphic G -submodule homomorphism of Hr to Jr and
is denoted as Hr ∼ Jr

If ψ(Hr) = Jr, then ψ is called a neutrososphic G -submodule homomorphism of Hr to Jr and is
denoted as Hr ≈ Jr
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Definition 3.5 Let S and S∗ be G -modules over F, Hr ∈ Ωr(GS) and Jr ∈ Ωr(GS∗). Let ψ be isomor-
phism of S onto S∗.

If ψ(Hr) ⊆ Jr, then ψ is called a weak neutrososphic G -submodule isomorphism of Hr to Jr and is
denoted as Hr

∼Jr

If ψ(Hr) = Jr, then ψ is called a neutrososphic G -submodule isomorphism of Hr to Jr and is denoted
as Hr

∼= Jr

Theorem 3.1 First isomorphism theorem

Let Hr ≈ Jr where Hr ∈ Ωr(GS) and Jr ∈ Ωr(GS∗). Then there exist Tr ∈ Ωr(GS) ⊆ Hr such that
Hr/Tr ∼= Jr.

Proof: Let ψ : S → S∗ be a neutrosophic G -submodule homomorphism of Hr onto Jr . Define Tr ∈
Ωr(GS) as follows:

VTr (ωτ ) =


(
VH(ωτ ) ∧ r)), if τ ∈ Kerψ,

0, otherwise.

VTr (δτ ) =


(
VH(δτ ) ∧ r), if τ ∈ Kerψ,

0, otherwise.

VTr (κτ ) =


(
VH(κτ ) ∨ (1− r)

)
, if τ ∈ Kerψ,

1, otherwise.

Obviously Tr ⊆ Hr.
To show Tr ∈ Ωr(GS)
Case 1: If τ, s /∈ Kerψ then (τ + s) /∈ Kerψ or (τ + s) ∈ Kerψ
(i)If (τ + s) /∈ Kerψ then VTr (δτ+s) = VTr (δτ ) = VTr (δs) = 0
(ii)If (τ + s) ∈ Kerψ then VTr (δτ+s) = VH(δτ+s) ∧ r , but VTr (δτ ) = VTr (δs) = 0
∴ VTr

(δτ+s) ≥ VTr
(δτ ) ∧ VTr

(δs)

Case 2: If τ, s ∈ Kerψ then (τ + s) ∈ Kerψ

VTr
(δτ+s) = VH(δτ+s) ∧ r

≥ VH(δτ ) ∧ VH(δs) ∧ r
= (VH(δτ ) ∧ r) ∧ (VH(δs) ∧ r)
= VTr

(δτ ) ∧ VTr
(δs)

Case 3: If τ ∈ Kerψ,s /∈ Kerψ then τ + s /∈ Kerψ , then

VTr
(δτ ) = VH(δτ ) ∧ r, VTr

(δs) = 0, VTr
(δτ+s) = 0

∴ VTr
(δτ+s) ≥ VTr

(δτ ) ∧ VTr
(δs)

Case 4: If s ∈ Kerψ,τ /∈ Kerψ then τ + s /∈ Kerψ , follows from 3

Thus in all cases we have VTr
(δτ+s) ≥ VTr

(δτ ) ∧ VTr
(δs) and similarly the other inequalities holds.

Now to showVTr
(δgτ ) ≥ VTr

(δτ )
Case 1: Let g ∈ G, τ ∈ Kerψ then VTr

(δgτ ) = VH(δgτ ) ∧ r ≥ VH(δτ ) ∧ r = VTr
(δτ )
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Case 2: Let g ∈ G, τ /∈ Kerψ then if
(i)gτ ∈ Kerψ then VTr (δgτ ) = VH(δgτ ) ∧ r, VTr (δτ ) = 0 gives VTr (δgτ ) ≥ VTr (δτ )
(ii)gτ /∈ Kerψ then VTr (δgτ ) = 0, VTr (δτ ) = 0 gives VTr (δgτ ) ≥ VTr (δτ )
Similarly other inequalities hold. Hence Tr ∈ Ωr(GS)

Now consider the map γ : H∗
r → J∗

r

It is clear that ψ(H∗
r ) = J∗

r and γ = ψ/H∗
r

We have

T ∗
r = { τ ∈ H∗

r | ψ(τ) = 0 }
= { τ ∈ H∗

r | γ(τ) = 0 }
= Kerγ

So there exist a G-module isomorphism ϕ : H∗
r /T

∗
r → J∗

r such that ϕ(τ + T ∗
r ) = γ(τ) = ψ(τ), for all

τ ∈ H∗
r

Now ϕ(Hr|Tr)(z) = {(z,Vϕ(Hr|Tr)(ωz),Vϕ(Hr|Tr)(δz),Vϕ(Hr|Tr)(κz)} where

Vϕ(Hr|Tr)
(κz) = ∧{V(Hr|Tr)(κτ+Tr∗ ) : τ ∈ H∗

r , ϕ(τ + T ∗
r ) = z }

= ∧{∧(VH(κτ+h) ∨ (1− r)) : τ ∈ H∗
r , h ∈ T ∗

r , ψ(τ) = z }
= ∧{VH(κτ+h) ∨ (1− r) : τ ∈ H∗

r , h ∈ T ∗
r , ψ(τ) = z }

= ∧{VH(u) ∨ (1− r) : u ∈ H∗
r , ψ(u) = z, u = τ + h ∈ H∗

r }
= VJr

(κz)

Similarly we can prove other equalities.

Hence proved Hr/Tr ∼= Jr 2

Proposition 3.1 Let Hr, Jr ∈ Ωr(GS), then (H ∩ J)r = Hr ∩ Jr

Proof: Let τ ∈ S, r ∈ [0, 1]

ω(H∩J)r (τ) = ω(H∩J)(τ) ∧ r
= (ωH(τ) ∧ ωJ(τ)) ∧ r
= (ωH(τ) ∧ r) ∧ (ωJ(τ) ∧ r)
= ωHr (τ) ∧ ωJr (τ)

= ω(Hr∩Jr)(τ)

Similarly
δ(H∩J)r (τ) = δ(Hr∩Jr)(τ) , κ(H∩J)r (τ) = κ(Hr∩Jr)(τ) 2

Proposition 3.2 Let Hr, Jr ∈ Ωr(GS), then (H + J)r = Hr + Jr

Proof: Let τ, u, s ∈M, r ∈ [0, 1]

ω(H+J)r (τ) = ω(H+J)(τ) ∧ r

=
∨

τ=u+s

(ωH(u) ∧ ωJ(s)) ∧ r

=
∨

τ=u+s

[(ωH(u) ∧ r) ∧ (ωJ(s) ∧ r)]

=
∨

τ=u+s

[ωHr (u) ∧ ωJr (s)]

= ω(Hr+Jr)(τ)
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Similarly
δ(H+J)r (τ) = δ(Hr+Jr)(τ) , κ(H+J)r (τ) = κ(Hr+Jr)(τ) 2

Theorem 3.2 Second isomorphism theorem

Let Hr , Jr ∈ Ωr(GS), then Jr/(Hr ∩ Jr)∼(Hr + Jr)/Hr

Proof: There exist an isomorphism ψ : J∗/(H ∩ J)∗∼(H + J)∗/H∗ by second isomorphism theorem for
modules if H and J are submodules of G-module S and is defined as ψ(τ + (H ∩ J)∗) = τ +H∗, ∀τ ∈ J∗

Now

Vϕ(Jr/(Hr∩Jr))
(δτ+H∗

r
) = V(Jr/(Hr∩Jr))(δτ+(Hr∩Jr)∗)

=
∨

z∈τ+(Hr∩Jr)∗

(VJ(δz) ∧ r)

=
∨

z∈τ+(Hr∩Jr)∗

(VH+J(δz) ∧ r)

≤ { (V(H+J)(δz) ∧ r : z = τ +H∗
r }

= V(Hr+Jr)/Hr)(δτ+H∗
r
), ∀τ ∈ J∗

r

Similarly Vϕ(Jr/(Hr∩Jr))
(ωτ+H∗

r
) ≤ V(Hr+Jr)/Hr)(ωτ+H∗

r
), ∀τ ∈ J∗

r

Now

Vϕ(Jr/(Hr∩Jr))
(κτ+H∗

r
) = V(Jr/(Hr∩Jr))(κτ+(Hr∩Jr)∗)

=
∧

z∈τ+(Hr∩Jr)∗

(VJ(κz) ∨ (1− r))

=
∧

z∈τ+(Hr∩Jr)∗

(VH+J(κz) ∨ (1− r))

≥ { (V(H+J)(κz) ∨ (1− r) : z = τ +Hr∗ }
= V(Hr+Jr)/Hr)(κτ+H∗

r
), ∀τ ∈ J∗

r

Hence Jr/(Hr ∩ Jr)∼(Hr + Jr)/Hr 2

Theorem 3.3 Third isomorphism theorem

Let Hr ⊆ Jr ⊆ Tr then (Tr/Hr)/(Jr/Hr) ∼= Tr/Jr where Hr, Jr, Tr ∈ Ωr(GS)

Proof: There exist an isomorphism ψ : (T ∗
r /H

∗
r )/(J

∗
r /H

∗
r )

∼= T ∗
r /J

∗
r by third isomorphism theorem for

modules if H, J and T are submodules of G − module S which is defined as ψ(τ + H∗ + (J∗/H∗)) =
τ + J∗, ∀τ ∈ T ∗

Vϕ((Tr/Hr)/(Jr/Hr))
(δτ+Jr∗ ) = V((Tr/Hr)/(Jr/Hr))(δτ+H∗

r+(J∗
r /H

∗
r )
)

= ∨{V(Tr/Hr)(δz+H∗
r
) : z ∈ T ∗

r , z +H∗
r ∈ τ +H∗

r + (J∗
r /H

∗
r ) }

= ∨{∨VTr (δh) : z ∈ T ∗
r , h ∈ z +H∗

r , h+H∗
r ∈ τ +H∗

r + (J∗
r /H

∗
r ) }

= ∨{VTr
(δh) : h ∈ T ∗

r ,V(δh) ∈ τ + J∗
r }

= ∨{VTr/Jr
(δτ+J∗

r
) : τ ∈ T ∗

r }
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Therefore
Vϕ(Tr/Hr)/(Jr/Hr))

(δτ+J∗
r
) = ∨{VTr/Jr

(δτ+J∗
r
) : τ ∈ T ∗

r }
Similarly
Vϕ(Tr/Hr)/(Jr/Hr))

(ωτ+J∗
r
) = ∨{VTr/Jr

(ωτ+J∗
r
) : τ ∈ T ∗

r }
Vϕ(Tr/Hr)/(Jr/Hr))

(κτ+J∗
r
) = ∧{VTr/Jr

(κτ+J∗
r
) : τ ∈ T ∗

r }

Hence (Tr/Hr)/(Jr/Hr) ∼= Tr/Jr 2

4. Application

Application of neutrosophic isomorphism can be done in information systems, data fusion and medical
imaging to convert uncertain data into simpler forms but still retaininig foundational structural proper-
ties. In constrained environments where restrictions on parameters,values or required conditions reduce
the effectiveness of established methods, usefulness of r-neutrosophic G-submodules becomes evident.
Relevant information such as underlying relationships, patterns, and varying degrees of indeterminacy is
preserved despite these restrictions. This ensures that analytical procedures like segmentation and feature
extraction continue to deliver reliable results. Ultimately, r-neutrosophic structures provide a intercon-
nection between neutrosophic methods and classic algebraic approaches, supporting accurate analysis
even under strict value or conditional constraints.

5. Comparison of Different Neutrosophic Frameworks

Table 1: Comparitive study

Structure T–I–F Range Control Mechanism Homomorphism / Iso-
morphism

Applications

General Neutrosophic
Set

(−0, 1+) Maximum flexibility Not applicable Theoretical and philosophi-
cal modeling

Single-Valued Neutro-
sophic (SVN) Set

[0, 1] Precise and computa-
tionally efficient

Not applicable Ranking and decision mak-
ing

Neutrosophic G-
submodule

[0, 1] with mod-
ule operation
compatibility

Controlled by module
operations

Standard module homo-
morphisms and isomor-
phisms extendable

Modeling algebraic uncer-
tainty

r-Neutrosophic G-
submodule

[0, 1] restricted
by r ∈ [0, 1]

Controlled by module
operations and parame-
ter r

Homomorphism and iso-
morphism preserved under
r-restriction

Restricted algebraic uncer-
tainty and controlled deci-
sion making

6. Conclusion

Isomorphisms offer a logical way to understand structural equivalences in r-neutrosophic G-submodules
while preserving truth, indeterminacy, and falsity. They support the construction of quotient modules,
classification of neutrosophic structures and the exploration of higher-order algebraic systems, strength-
ening both conceptual understanding and operational modeling.

In future work, I would like to extend this study by developing hybrid mathematical models that
combine multiple uncertainty frameworks, such as fuzzy, rough, and neutrosophic systems. Such a unified
approaches could support the construction of more reliable isomorphisms capable of delivering results in
highly controlled or multi-conditional environments.
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