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Optimality and Duality for Semi-Infinite Mathematical Programs with Equilibrium
Constraints via Tangential Subdifferentials
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ABSTRACT: In this research, we consider a class of semi-infinite mathematical programs with equilibrium
constraints (SIMPEC). Then, we introduce new generalized Abadie constraint qualifications and stationary
conditions and derive necessary and sufficient optimality conditions for the SIMPEC by aid of the concept of
the tangential subdifferentials. Further, we formulate the Mond-Weir and Wolfe type dual models for SIMPEC
in a framework of tangential subdifferentials. Furthermore, we establish weak and strong duality results for
each of the said models under appropriate convexity assumptions. In addition, we illustrate some results by
given example.
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1. Introduction

In this paper, we consider an extended class of optimization problems that are known in the literature
as the semi-infinite mathematical program with equilibrium constraints. It has the form

(SIMPEC) min T(z)
st m(z) <0 VteT, 6(z)=0, (1.1)
n(z) >0, 8(z)>0, T1(z)78(z)=0,

where T:R" > R, m : R" - R VteT,0:R* - RY II: R* - R™, 8:R” — R™ are given functions.
The index set T  is an arbitrary compact nonempty set, not necessarily finite.

An optimization problem that involves an infinite number of inequality constraints on a feasible set
is referred to as a semi-infinite programming problem (SIP) in the literature. Numerous researchers (see
[1,2,3,4,5]) have explored the fundamental theory and applications of SIP. Additionally, studies [6,7,8,9]
have examined nonsmooth semi-infinite programming problems using certain generalized gradients. Their
approach relaxes the assumptions of differentiability and convexity of the objective functions.

Mathematical programs with equilibrium constraints (MPECs) frequently emerge in in various fields,
including natural sciences, engineering, economic modeling, transportation science, game theory, and
machine learning. As a result, this topic has garnered significant attention from researchers, particu-
larly in recent years; see, e.g.,[10,11,12]. Actually, the class of MPEC is a generalization of the class
of bilevel optimization problems. Moreover, since the feasible area of these problems is not necessarily
convex, MPECs fall into the category of nonconvex optimization problems and, more importantly, the
usual nonlinear programming constraint qualifications (CQ) like the linear independence CQ and the
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Mangasarian-Fromovitz CQ typically are violated at any feasible point (see [13]). The standard nonlin-
ear optimization problem has only one stationary condition that is the KKT-type condition; but since
there are several variant approaches to reformulate MPEC, different stationarity concepts appear such
as S(Strong)-stationary, M(Mordukhovich)-stationary, A(Alternative)-stationary, C(Clarke)-stationary,
W(Weakly)-stationary. Among these stationary concepts, S-stationary is the strongest (which is equiva-
lent to the classical KKT condition) and W-stationary is the weakest. The MPECs have been studied in
both smooth and nonsmooth cases by different authors.

In [14], the authors showed that, under an MPEC variant of the strict MFCQ, S-stationarity is a

necessary optimality condition for smooth MPEC. For MPECs with smooth data, one can see, e.g.,
[15,16,17]. Movahedian and Nobakhtian in [18], by the Michel-Penot subdifferential, introduced a non-
smooth version of M-stationarity and proved that it is a necessary condition for MPEC without any
smoothness requirements. Later on, in [19], they derived new necessary and sufficient conditions for non-
smooth MPEC based on the Clarke-Rockafellar subdifferential. Ye and Zhang [20] studied the enhanced
version of M-stationary conditions for nonsmooth MPEC. Ansari et al. [21] investigated the nonsmooth
optimality conditions for MPEC by means of the convexificator concept. Lafhim and Kalmoun in [22]
have obtained first-order optimality conditions for MPEC using directional convexificators. They con-
sider a nonsmooth MPEC where its functions are not necessarily locally Lipschitz/continuous. Recently,
Pandey et al. [23] introduced a nonsmooth variant constraint qualification and generalized stationary
conditions using the tangential subdifferential and developed optimality conditions for MPEC. Most of
the previous works have been done on ordinary MPEC, but in this paper, with the idea of the article
[21], we study the nonsmooth semi-infinite MPEC.
Duality results are very fruitful and effective in the development of numerical algorithms for solving
certain classes of optimization problems. In nonlinear programming, Mond-Weir and Wolfe dual models
have been studied by several researchers. As an example, one can see [24,25,27,28,29]. Here, we also
introduce Mond-Weir and Wolfe type dual models to the SIMPEC and establish weak and strong duality
theorems for both dual models. Our main tool during this study is the notion of tangential subdifferential.
The notion of tangential subdifferential was offered and applied to obtain optimality conditions for non-
linear programming by Pshenichnyi in [30]. The tangential subdifferentials include both convex subd-
ifferentials and Géateaux derivatives. In [31], Martinez-Legaz used this notion to extend the results of
[32,33] and weakened the convexity or regularity assumptions on the objective and constraint functions.
Recently, several articles applied the tangential subdifferentials for various classes of nonsmooth and non-
convex optimization problems. For instance, in [34], the authors investigated optimality conditions on
a nonsmooth optimization problem with just inequality constraints using this notion. Additionally, the
papers [35,36] applied the tangential subdifferential to study KKT optimality conditions for the multiob-
jective semi-infinite programming (MSIP) problem. To the best of our knowledge, no paper has used this
notion to examine the optimality conditions and duality for the class of SIMPEC. The tangential subdif-
ferentials also include Clarke and Michel-Penot regular subdifferentials. Hence, the optimality conditions
in terms of the tangential subdifferential provide sharper results. Motivated by the above observations,
in this paper, we study optimality conditions and Mond-Weir and Wolfe type duality theorems for a large
class of nondifferentiable and nonconvex equilibrium optimization problems. To highlight the novelty
and contribution of the current study, Table 1 summarizes the key differences and improvements of the
present work in comparison with the existing literature on MPECs and semi-infinite programs.

The organization of the next sections of the paper is as follows. Section 2 is assigned to provide the
essential notations and initial results that be needed in the rest of the paper. In Section 3, new versions
of Abadie constraint qualification are introduced based on the tangential subdifferentials. Also, we define
new SIMPEC stationarity conditions which are expressed in the framework of tangential subdifferentials.
Moreover, we derive some necessary and sufficient optimality conditions for the local minimizer of SIM-
PEC using these concepts. Finally, in Section 4, Mond-Weir and Wolfe type dual models are formulated
for SIMPEC and relevant theorems are presented.

2. Preliminaries

This section consists some primary definitions and auxiliary results from the nonsmooth analysis
that will serve as foundational tools in subsequent discussions; see, e.g., [37] for more comprehensive
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Reference Model description Smooth/Non- Assumptions CcQ Results
smooth
Flegel and Kanzow MPEC-single ob- Smooth - MPEC-LICQ Fritz John optimality con-
(2003) jective MPEC-MFCQ ditions
MPEC-SMFCQ
Flegel and Kanzow MPEC-single ob- Smooth - Abadie CQ Necessary and sufficient
(2005) jective Guignard CQ conditions
MPEC-LICQ
Ye (2005) MPEC-single ob- Smooth Pseudoconvex MPEC-LICQ Necessary and sufficient
jective Quasiconvex NNAMCQ conditions
MPEC linear CQ
Abadie CQ
MPEC Kuhn-
Tucker CQ
MPEC Zangwill
cQ
Flegel and Kanzow MPEC-single ob- Smooth Locally  Lipschitz MPEC-ACQ Necessary optimality con-
(2005) jective continuous ditions
continuously differ-
entiable
Movahedian ~ and MPEC-single ob- Non-smooth  Pseudoconvex MF-CQ Necessary and sufficient
Nobakhtian (2010)  jective conditions
Ansari et al. (2014) MPEC-single ob- Non-smooth  Locally Lipschitz MPEC Abadie CQ  Necessary and sufficient
jective O*-pseudoconvex MPEC KT CQ conditions
0*-quasiconvex MPEC Zangwill
cQ
Pandey and Mishra MPEC-single ob- Non-smooth  9*-pseudoconvex GS-ACQ Duality for MPEC
(2016) jective 9*-quasiconvex
Pandey and Mishra MPEC-single ob- Non-smooth  Locally Lipschitz GS-ACQ Optimality conditions and
(2018) jective 9*-convex duality for MPEC
and semi-infinite
Lafhim and MPEC-single ob- Non-smooth 0} -generalized con- 05-GS ACQ Necessary optimality con-
Kalmoun (2023) jective vex 0H-MPEC ACQ ditions
Van Su (2023) MPEC-single ob- Non-smooth  Pseudo-convex - Sufficient optimality con-
jective ditions and duality for
MPEC
Pandey et al. MPEC-single ob- Non-smooth  Dini-pseudoconvex  dp-ACQ Necessary and sufficient

(2025)

jective

Dini-quasiconvex

conditions

Table 1: Literature comparison: Model description Smooth/Nonsmooth, assumptions, CQ, and main

results.
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exposition. Throughout this paper, R" stands for the n-dimensional Euclidean space. For a given subset
H C R™, denote by cone H, coH, cl H, the convex cone containing the origin generated by H, the convex
hull of H, and the closure of H, respectively. The negative and strictly negative polar cones H~ and H?*
are defined, respectively, by

H™:={ueR"|0>(z,u) ,Vz€H},
W= {u € R™|0> (z,u) ,Vz e H\{0}}.

Definition 1. For H C R",
(i) The contingent cone (or the Bouligand tangent cone) of H at z € cl H is

TH,z) :={veR"| Jv, v, Jt.}0, suchthat =z+tv.€H, Vr}.
(i) The cone of feasible directions of H at z is
D(H,z):={veR"| 36 >0 suchthat z+tveH, Vte (0,0)}.
(ii) The cone of attainable directions of H at z is
A(H, z) :z{v ER™| 36>0 and a:R—R™ such that a(t) e H, Vte (0,0),

g g @) —a0)
a(0) =0, ltlfglf = v} .

Definition 2. Assume that ¢ : R™ — R U {400} be a given function, zZ € domp := {z € R |¢(z) < o0}
and v € R™. Then, the directional derivative (or Dini derivative) of 1 at Z in the direction v is defined
by

If the directional derivative of 1 exists in all directions v, then it is said that v is directionally differentiable
at z .

Definition 3. [98,30] A function ¢ : R® — RU{+o00} is said to be tangentially convez at z € ¥~ 1(R) if
for each of v € R™, ¢/(Z;v) exists, is finite and the function ¥'(Z;.) : R™ — R is a convex function of v.

Note that, 1'(z;.) will be a sublinear function if ) is tangentially convex at Z since 1'(Z;.) is positively
homogeneous. So, there is a nonempty compact convex set of R™ such that ¢’(Zz,.) is the support function
of that set, by [27, Lemma 2.1].

It is noteworthy that the class of tangentially convex functions is relatively broad. Clearly, that
includes Gateaux differentiable functions and convex functions with open-domain. In addition, an ev-
erywhere Gateaux differentiable function with open-domain is tangentially convex. This class is closed
under multiplication by scalars and addition. Thus, the sum of a differentiable function with a convex
function gives an example of a tangentially convex function which, in general, is nondifferentiable and
Nnonconvex.

Corresponding to the concept of a tangentially convex function, the following definition of subdiffer-
ential is implicitly given in [30].

Definition 4. Suppose that ¥ : R* — R U {400} be a function and z € dom)p. Then, the tangential
subdifferential of v at Z is the set

Org(z) == {§ € R"|(v,§) < Y'(%0), Vv €R"}.
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Obviously, Or¥(Z) is a nonempty closed convex subset of R™ if 1) is tangentially convex at z, and also
¥’(z;.) will be the support function of dr1(Z2), that is, for every v € R™ one has

V' (Zv) = gengazf(z)@’w'

If two functions ¢ and ¢ are tangentially convex at a point Z, then the following relationships are
established:

Or(M)(2) = Xory(z), VAeR,,
Or(p + ) (2) = 0rp(Z) + 0ry(2),

where R stands for positive real numbers.

Remark 1. It is noteworthy that every Gateaux differentiable function ¢ : R™ — R at Z s tangentially
convex at Z and Op(Z) = {V(2)}. Also, if ¢ be a convex function at z, then 1) is tangentially convex at Z
and Opy(Z) coincides with the classical convex subdifferential 9y (Z) (see [37]). Further, a locally Lipschitz
function ¢ at Z which is reqular Clarke [39] at Z is also tangentially conver at Z and Ory(Z) = Ocp(Z).
Moreover, if 1 be a locally Lipschitz function at Z and regular Michel-Penot [40] at Z, then 1) is tangentially
conver at Z and Opp(Z) = 0°¢(Z2).

Now, we illustrate some cases by the following examples.

Example 1. Assume that ¢ : R — R be defined by 1(z) = max{z2,3z} and z = 0. Thus, ¥'(z;v) =
max{0,3v} will be a conver function and so Ory(z) = [0,3]. Note that @) is tangentially convexr but is
not Gateaux differentiable at z.

Example 2. Consider 1) : R2 = R as the following

= leiz + 229 if (21722) # (0,0)7
Y(z1,22) = {O + S

For z = (z1,22) = (0,0), ¥/'(Z;v) = 2vs and since ¢ is Gateauz differentiable at z, we get Or(Z) =

{Ve(2)} ={(0,2)}.

Definition 5. (see [41]) Let ¢ : R" — R, H C R" be a convex set and Z € H. Then, ¢ is Dini-convex
at z, if

P(z) > P(2) + (232 - 2), VzeEH.

Remark 2. (see [35]) Let ¢ : R™ — R, H C R"™ be a convex set and Z € H. Assume that ) is tangentially
convex at Z. If 1 is Dini-convex at Z and z € H, then

¥(z) 2 (2) + (£, 2 — 2), V€ € 0ry(2).

Now, we also recall the definitions of Dini-pseudoconvexity and Dini-quasiconvexity of a function
formulated in terms of tangential subdifferential.

Definition 6. [23,35,26] Let H C R™ be a nonempty convex set and zZ € H be given. Further, assume
that v : H — R s a tangentially convex at Z. Then:

1. ¥ is Dini-pseudoconver at Z on H if the relation
Y(2) <P(2) = (€, 2—2) <0, VE€ITy(2)

hold for all z € H.
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2. 1 is Dini-quasiconvex at Z on H if the relation

U(z) SP(z) = (€, 2 —2) <0, ¥E€dTy(z)
hold for all z € H.

Lemma 1. “[;2] Let {A¢|t € T'} be an arbitrary collection of nonempty convex sets in R™ and K =

cone | |J A¢|. Then, every nonzero vector of K can be expressed as a non-negative linear combination
ter
of n or fewer linear independent vectors, each belonging to a different A;.”

Lemma 2. “[1] Assume that P and S are arbitrary index sets, ap, = a(p) = (a1(p),...,an(p)) maps
P onto R™, and so does as. Suppose that the set co{ap,p € P} + cone{as,s € S} is closed. Then, the
following statements are equivalent:

I: { 22’”2 i g’fgg’P 70 has no solution z € R";

IT:0, € co{ay,p € P} + cone{as,s € S}.”

3. Constraint Qualifications and Optimality Conditions

In this section, following Ansari et al. [21], we first introduce two generalized form of Abadie constraint
qualification for SIMPEC (1.1) in the framework of the concept of tangential subdifferentials. Then, we
focus on getting optimality conditions for tangentially convex problems.

Let F indicates the set of feasible solutions of the problem SIMPEC (1.1). Given a feasible point z
of SIMPEC (1.1), we define the index sets:

Tr(2) = Tr = {t € T|m(2) = 0},
a(z) = a:={i[8i(2) > 0,m(2) =0},
8(2) = B = {i|8i(2) = 0, I;(2) = 0},
V(2) == {i[8:(2) = 0,(2) > 0}

Now, assuming that m,, 6;, —0;, II;, —II;, 8;, —8; are tangentially convex at z, we present the following
notations:

T = Uam Z s 0= UaTe UaT( )(2)7

I, = U OrT;(2) Udr(—1;)(2), Tz = orm(2),

i€a i€
8, = Jors(z)uar(-e,)(2), 85 =]Jarei(2),
ey i€p
(W), = | or(~1)(2) U dr(-8;)(2),
i€p

[(z):=7"N6" NI, Ne, N(1e),,
A(z):==m"NO" NI, NB, N(1B); N(I; UBy),

where, t1,ta,...,tx € Tr(2), k < n+ 1. Using the above notations, we now focus on defining some new
version of Abadie constraint qualification in terms of tangential subdifferential.

Definition 7. Let z be a feasible point of SIMPEC where all functions have tangential subdifferential
at z. Also, suppose that at least one of the dual sets used in each of the definitions of I'(Z) and A(Z) is
nonzero. We say that
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(i) the generalized standard Abadie constraint qualification (SI-SACQ) is satisfied at Z if

I'(z) CT(F,2).

(ii) the generalized SIMPEC Abadie constraint qualification (SI-ACQ) is satisfied at Z if

A(2) CT(F,2).

It is worth mentioning that in differentiable case, two the above constraint qualifications coincide with
their corresponding concepts in [17].
since A(Z) C T'(2), it follows that:

SI-SACQ = SI-ACQ.

Now, we present the generalized versions of primal and dual stationarity notions for SIMPEC based
on tangential subdifferentials. The notion of primal stationary (Bouligand-stationarity) condition for
MPEC was first introduced in [43]. A different form of B-stationary was also recommended in [44]. Now,
using the tangential subdifferential, the generalized B-stationarity for SIMPEC (1.1) is defined.

Definition 8. (GB-stationary Point) We say that a feasible point zZ of SIMPEC is a generalized Bouligand
stationary point (GB-stationary Point) if for all v € T(F, z),

(&,v)y >0, for some &€ OpT(Z).

Next, we present dual stationary concepts. All of these concepts are stated in terms of tangential
subdifferentials.

Definition 9. A feasible point z of SIMPEC, is called

(a) a generalized weakly stationary point (GW-stationary point) if there exist vectors A = (A, A% AT \®) €
RE+Fat2m -y = (18 p®, 4®) € RIP2™ and indices ty,ta, . .., tx € T (2), k < n+1 such that the following
conditions hold:

q
0c orT(z +Z)\ O, (2) + > [Nore;(2) + pfor(—0,)(2)]
Jj=1

m

+ 5 [Wor (1) (2) + A20r(-8,)(2)]

i=1

Ms

+ ) [10rI(2) + ufore;(2)], (3.1)
1
AT>0, Aul>0,5=1,2...,q, AN}, u,pf >0 i=12....m

3

where I, = {1,2,...,k}.

(b) a generalized alternatively stationary point (GA-stationary point) if z is GW-stationary point and
pr=0vud=0,Vviep.

(¢) a generalized strong stationary point (GS-stationary point) if z is GW-stationary point and ull =
0Aud=0,Viep.
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Instantly, based on the above definitions, the following diagram indicates the relations between the
dual stationary concepts:

GS-stationary = GA-stationary = GW-stationary.

In the continuation of this section, we investigate the optimality conditions for SIMPEC in the frame-
work of the tangential subdifferentials. The first theorem establishes the necessary and sufficient opti-
mality conditions for a locally optimal point of SIMPEC.

Theorem 1. Suppose that Z is a feasible point of SIMPEC and T is tangentially convex at Z. Then, the
following assertions hold:

(i) If Z be a locally optimal point of SIMPEC (1.1) and T is Lipschitz near z, then Z will be a GB-
stationary point.

(1z) If Z be a GB-stationary point, T is Lipschitz near z and (£,v) > 0 for all v € T(F,z) \ {0}, then z
will be a locally optimal point.

Proof. (i) Let v € T(F,Z), then
dti 1 0, v — v suchthat Z+tpv € F, Vk.

Put 2z, = Z + tgvg. Since Z is locally optimal, we get T(zx) > T(Z) for each k. The locally Lipschitz
property of T near z implies that
T(Z 4 tror) — T(Z + tyv)
tk

< Llvy —v|| =0 (when k — 00),

where L indicates the Lipschitz constant of T near z. Therefore, we obtain that

T(2 + t) — T(2
¥(50) = lim ) 2 TC)
k—o0 ty

T(z —T(z . T(z - T(z
— fim (Z + tgv) — T(Z + trog) + lim (2 + tyvg) — T(2)
k—o0 ti k—o0 tg
~ lim T(Z + trvr) — T(2)
k—o0 tr
T —
N
k—o00 tx
Since T'(z;v) = max (&, v), so

£ear1(z)
(&,v) >0, forsome &€ 0rT(2).
Therefore, Z is a GB-stationary point.

(ii) On the contrary, suppose that there exists a sequence of feasible points z;; — Z such that T(z) < T(Z)

-z

for each k. Taking vy := szifzuv by passing to a subsequence if necessary, it can be assumed that
vy — v(# 0) € T(F,z). By analogy with the proof of part (i), we get to T’(z;v) < 0 which
contradicts the assumptions of the part (ii) and the proof is complete.

O

The next theorem is the main result in this section. As will be seen, it is proved that GS-stationary
is a necessary condition for local optimality under SI-SACQ.

Theorem 2. Let Z be a locally optimal solution of SIMPEC, T is locally Lipschitz near Z and all of the
functions are tangentially conver at zZ. Also, suppose that SI-SACQ holds at Z and the cone

D :=co OrT(Z) + cone (m U U, UB, U (1IB)g)

is closed. Then, z will be a GS-stationary point.
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Proof. At first, we claim that T(F,z) N (9rT(2))* = 0. Suppose by contradiction that there exists
veT(F,z2)N(0rT(z))°. It follows from v € (0rT(Z))® that

(&,v)y <0, VE€e€orr(z). (3.4)

According to part (i) of Theorem 1, z is a GB-stationary point which contradicts (3.4) and verifies
assertion. Since SI-SACQ is satisfied at z, we get

(0r1(2))°NI(z) = 0.
This leads that

(&v) <0, VEedrr(z), -
(n,v) <0, Vne (rUHUI, UL, U (I8)s), (3.5)

has no solution v € R™.Therefore, it follows from (3.5) and Lemma 2 that
0 € co OrT(Z) + cone (TUHUI, UB, U (II8)g).
Lemma 1 together with the above inclusion implies that there would be nonnegative multipliers AT, €

IW={1,2,...,k},A?ﬂ?,jzl,?,...,q,)\ i€aUB, N ieyUpB, ulii €a, ub,i € v such that

q
0e 8TT —|— Z )\ 8T7Tt + Z )\ 8T9 —|—,U]8T( )(5)]
j=1

1€l

+ >0 Nor(-m)(2) + > Nor(-8:)(2)

i€alp ieyUps
+ > pormi(2) + Y ulore;(z). (3.6)
i€ (S

Taking \J = \§, = 155 = p1d,5 = 0 and using (3.6), we get

q
0€ OrT(2)+ > ATorm, (2) + Y _ [Norb;(2) + plor(—0;)(2)]

i€ly j=1

. Z [ATOr(—TL)(2) + A2 (—8:)(2)]

1

.
Il

+ ) [1iormi(2) + pore;(z)],

Ms

i=1
AT >0, M,p§>0,j=1,2,....q N\, pul,pf>0,i=12...,m
)\,Hyz,ugz)\i:,uiz(), wr=pud =0, Viep.

Thus, z will be a GS-stationary point and the proof is complete. O
The following corollary is an instant outcome of Theorem 2.

Corollary 1. Let z be a locally optimal solution of SIMPEC and T is locally Lipschitz near Z. Suppose
that the following conditions hold:

(i) the function m(z) is continuous of (z,t) in R™ x T,
(i1) m,t € T, are convex functions,

(iii) there exists Z € R™ such that m(Z) < 0 Vit € Ty(2).
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Moreover, assume that T and the other constraint functions are tangentially convex at z. If SI-SACQ
holds at Z, then Z will be a GS-stationary point.

k

Proof. Since T is a compact set, it follows from [1, Theorem 7.9] that |J Orm,(Z) is a compact set.
i=1

Furthermore, since T and the other constraint functions are tangentially convex at z, the cone D in

Theorem 2 is closed. O
Now, we give an example to indicate Theorem 2.

Example 3. Consider the following nonsmooth SIMPEC problem in R?:

Pi: min T(z1,22) = |Z2|3 + 21
sit. mi(z,22) = |z -t <0, teT=]10,1],
M(z1,22) =21 >0, B(21,22) =22 >0,
(21, 22)0(21,22) = 0.

Obuviously, z = (0,0) is the global optimum point for Py and all of the functions are tangentially convex
at z. Also, T is locally Lipschitz near Z. We have

Thus,

Ir1(z) = {(1,0)},
U aTﬂ-t(z) = CO{(O7 1) ’ (07 _1)}a Tﬂ(z) = {0}’

teTy (2)

Or(-1m)(z) = {(-1,0)}, 9r(-8)(2) ={(0,-1)}.
Therefore, we get
7 ={(v1,v2) | v2 =0}, (MB)” ={(vi,v2)| v1 >0, v >0}.

Hence, SI-SACQ is satisfied at Z = (0,0) and since the cone D is closed, it is easy to observe that z is a
GS-stationary point.

The next result illustrates that under SI-ACQ, GA-stationarity will be a necessary optimality condi-
tion for SIMPEC.

Theorem 3. Let Z be a locally optimal solution of SIMPEC and T is locally Lipschitz near zZ. Furthermore,
suppse that both T and all constraint functions are tangentially convez at z. If SI-ACQ holds at Z, then
Z will be a GA-stationary point.

Proof. By analogy with the proof of Theorem 2, one can show T (F, 2) N (97T(2))* = 0. Since SI-ACQ is
satisfied at z, thus

(Or1(2))° NA(z) = 0.
On the other hand, since T and all constraint functions are tangentially convex at z, thus

co OrT(Z) + cone (TUOUI, UB, U (II8)g Ulg)
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is closed. Therefore, the following system

(€,v) <0, VE€arf(z),
{ (n,v) <0, Vne AT, (3.7)

has no solution v € R", where A = (rUOUI,UB, U (I8)g UIlg), A~ C A(Z). Then, it follows from (3.7)
and Lemma 2 that

0 € co OrT(Z) + cone (U O UT, UB, U (IB)g UTlR).

Analogous to the proof of the previous Theorem, Lemma 1 together with the above inclusion implies that
there would be nonnegative multlphers Aie I ={1,2,...,k}, A?,,u?,j =1,2,...,q, Nl,i € aUB,
NieyUpB, ulii € aUB, ul,i € v such that

q
0€ Or1(2) + > Aform, (2) + Y _ [Norb;(2) + plor(—6,)(2)]
j=1

1€l

+ 3 Mor(-m)() + > Aor(-8:)(2)

icaup ieyups
+ > plormi(z) + Y plore;(z) (3.8)
icaUB i€y

Taking AT = A§, = 5, = pd 53 = 0 and using (3.8), we get

0€ IrT(2)+ > ATdrm, (2) + Y _ [Nort;(2) + plor(—0;)(2)]

AT >0, Moul>0,j=12..,q¢ N8>0 i=12..,m,
)\g:,ugz)\g:ugzo, ud =0, Viep.
Thus, zZ will be a GA-stationary point and the proof is complete. O
The following example illustrates Theorem 3.

Example 4. Consider the following nonsmooth SIMPEC problem in R2:

Py: min T(z1,2) = |2a| +sin(22 — 21)
s.it. me(z1,22) =max{—z1,—2} —t <0, teT=]0,1],
M(z1,20) =21+ 22 >0, 0B(21,22) =21 —22 >0,
M(z1,22)8(21, 22) = 0.

The graphical representation of objective function T(z1,z29) is shown in Fig 1. Then, F = {(21,22)| 21 =
29, z1 > 0} is the feasible set of Py and its geometric representation is shown in Fig 2. It can be easy to
check that Z = (0,0) is a locally optimal solution of P and all of the functions are tangentially convez at
Z. Also, T is locally Lipschitz at z. We have

"(z;v) = |va] —v1, wi(Z;v) = max{—vy, —va},
( 3 )_UI+U2, @/(E;U):’l)l—’ljz,
(-I)(z;v) = —v1 — v, (—8)(z;v) = —v1 + va.
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T(z1,zz)

Figure 1: Graph of the objective function T(z1, 22) considered in Example 4.

,22

21

Y

1 2 3 4 5

’_]?:{(zl,ZQ):zlzzz, 2’120}‘

Figure 2: The feasible set F of P, considered in Example 4.
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Thus,
Or1(z) = {-1} x [-1,1],
U 0rmi(2) = co{(-1,0),(0,-1)},  T(2) = {0},

teTy (%)
orn(z) ={(1, 1)}, 0r0(z) ={(1,-1)}
or(-m)(z) = {(-1.-1)}, 9r(-0)(2) ={(-1,1)}.

Hence, we get
7~ ={(vi,v2) | v1 >0, v >0}, (I8)" ={(v1,v2)| v1 +v2>0, v1 —v2 >0},
I~ = {(v1,v2)| v1 +v2 <0}, 87 ={(v1,v2)] v1 —v2 <0}.
Therefore,
A(z) ={(0,0)} € T(F,2) = {(d1,d2)| dr = da, dy =0},

that is, SI-ACQ is satisfied at z. For example, by taking \™ = M\ = ' = 0, \® = 1, u® = 2, it would be
fairly straightforward to see that z is a GA-stationary point.

Finally, we prove that under appropriate generalized convexity assumptions, GA-stationarity also
would be a global or local sufficient optimality condition for SIMPEC.

Theorem 4. Let zZ be a GA-stationary point of SIMPEC. We define the following index sets:
af = {ical|ul>0}
= {i €| g >0},
po={ie Bl =0, ui >0}
Bp={iep|p >0, pi=0}

Thereupon, supposing that T be Dini-pseudoconver at z, m,(t € Ty), £0;(j =1,2,...,q), —ILi(i € « U B),
—8,(i € yU B) are Dini-quasiconver at zZ and all functions are tangentially conver at zZ. Then, the
following expressions are valid:

(i) If B UBL Ut Uyt =0, then Z will be a global optimal solution of SIMPEC.

ii) If I; fori € ot UBE and B; for i € v U B8 are continuous and Dini-quasiconvex at Z and further
2 u 1 H
BRU By =0, orif Z is a interior point relative to the set F N{I;i(z) =0, 8;(z) =0, i€ UL},
then z will be a locally optimal solution of SIMPEC.

Proof. (i) Let Z be an arbitrary feasible point of SIMPEC. Then, for each t; € T(Z), we have

7, (2) <0 =, (2).

i

By the Dini-quasiconvexity of m, (t; € T (Z)) at z, it follows that,

(€7, 2 —2) <0, YT €dpm,(2), Vit € Tu(3). (3.9)

70

Similarly, we can get

(nj,z—2) <0, Vnjeord;(z), Vj=1,2,...,q, (3.10)
(vj,z—2) <0, Yv; €0r(—0);(2), Yi=1,2,...,q, (3.11)
(€1 2 —2) <0, VeI €op(—1,)(2), Vi€ aUp, (3.12)
(€2 2—2) <0, V& €or(—8:)(z), Yieyup (3.13)
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Now if 8} U 85 U af Uy, = 0, then multiplying (3.9)-(3.13) by AT > 0(t; € T (%)), )\g >0(j =
1,2,...,q), ,u? >0(=1,2,...,9), \">0( € aUB), \! > 0(i € yUp), respectively and by adding
them together, we get

k q m
<Z ATET+ > [Ny + udv;] + ) [Nl +23¢7), 2 — Z> <0,

i=1 j=1 i=1

for every &7 € Orm,(2), m; € 0r0;(2), v; € Or(=0;)(2), & € Or(-I)(2), & € Or(—8:)(2).
Therefore, as regards z is a GA-stationary point, we can select 8 € 9rT(Z) such that (0, z — z) > 0.
The Dini-pseudoconvexity T at z implies that T(z) > T(z) for every feasible point z. Thus, z will be
a global optimal solution of SIMPEC.

At first, we consider the case when S} U 87 = (). For any i € «, since 8;(2) > 0, the continuity of
8; at z implies that 8,(z) > 0 for every feasible point z sufficiently close to z and so, due to the
complementarity condition, we have II;(z) = 0 for such z. Thus,

HZ(Z) = Hi(f), Vi € a,

for z sufficiently close to z. According to the Dini-quasiconvexity of IT; (i € a:;) at z, for z sufficiently
close to Zz it follows that,

<7’Z‘,Z — §> <0, Vr;e 8THZ‘(§), Vi € a:. (314)

Similarly, for z sufficiently close to z, we can get
(05,2 —2) <0, Vb €0r0;(2), Vier,. (3.15)

Analogous to the proof of part (i), one can find some 6 € 9rT(Z) for z sufficiently close to Z such
that (6, z — z) > 0. By the Dini-pseudoconvexity of T at Z, it is deduced that T(z) > T(Z) for every
feasible point z sufficiently close to z. That is, Z will be a locally optimal solution of SIMPEC when
BLuUBE =10.

Next, let’s assume that Z is a interior-point relative to the set FN{Il;(z) = 0, 8;(z) =0, i € B UBN}.
This implies that for any feasible point z sufficiently close to Z,

M;(z) = 8;(2) =0, ViefB,uUp).
By the Dini-quasiconvexity of II; (i € ﬁg) and 8;(z € Bﬂ), the following conclusions are obtained,

<7—in - >

z) <0, V7 e€drl(z), Vief), (3.16)
<(Si, z — 2> 0,

<
< V6; € 0r8;(2), Vie By (3.17)
Multiplying (3.9)-(3.17) by AT > 0(t; € Tx(2)), A > 0(j = 1,2,...,q), u > 0(j = 1,2,..

Al >0 €aUB), N >0 e€rUp), uf >00 € af), pul >00c¢€n), u >0(3cpy,
pud>0(ie ﬁg) respectively and by adding them together, we get

k q m
<Z NE Y Ny + o] + D [N+ A2€0 + il + 18] 2 — 2> <0,

i=1 j=1 i=1

for z sufficiently close to z and every &7 € Opmy, (2), n; € 0r0;(2), vj € dr(—06,)(2), & € Or(—1L)(2),
€2 € 0r(—8,)(2), m; € Or1i(2), §; € OrB;(Z). Therefore, as regards z is GA-stationary, we can select
6 € O7T(Z) such that for z sufficiently close to z, (9, z—Zz) > 0. Now, using the Dini-pseudoconvexity
of T at z, it follows that Z is a locally optimal solution for SIMPEC. Therefore, the proof of the
Theorem is complete.

O
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4. The Wolfe and Mond-Weir Type Duality

The Wolfe and Mond-Weir type dual models are formulated for SIMPEC in terms of tangential
subdifferentials in this section. Furthermore, the results related to weak and strong duality are studied

using the generalized Dini-convexity. Suppose that 15, I, «, 3,7, 8 aj, a+ be defined as before.

Primarily, we formulate the Wolfe type dual model of SIMPEC based on the GS -stationarity as follows:

m

q
WD-SIMPEC :  max T(u) + Z () + 0 A0 () = 3 [N + 2085 (u)|
=1

w, A i—1

subject to:

q
0€ OrT(u)+ Z AFOrmy, (u) + Y [N0r0;(u) + p§0r(—6;)(u)]

Jj=1

m

+ ) [Mor(—1m) (u) + Aor(— +Z 1971, (u) + pd0re;(u)], (4.1)

i=1
)\7]‘—7‘_207 A?aﬂgzoa]:172a7q7 A?aAgl?Mi?MiZO?221727"'um7
ANy=pl =X =ps, =0, =0, pi=0, Viep,

where u € R, 5\2 = )\0 /‘17 A= A BNe = 28— yf X = (AT, N0, AT N8 € RFFHa+2m yy — (40 1 19) €
RIT2m ¢y o, ...t eT (2), k<n+1.

The following result represents the weak duality relation between the primal problem SIMPEC and
the dual problem WD-SIMPEC.

Theorem 5. (Weak Duality) Let z is feasible for SIMPEC and (u, A, p) is feasible for WD-SIMPEC.
Assume that all functions are tangentially conver at u and further, T, m(t € T), £6;(j = 1,2,...,q),
—I;(i € U B), —8;(i € yU B) are Dini-convex functions at u. If B U B Ut U~ =0, then

+Z)\ e, (u zq;xg i[ ) + 238 (u)].
= j=1 i=1
Proof. Let z be any feasible point of SIMPEC. That is, z € F. By the Dini-convexity of T at u,
T(z) — T(u) > (&, 2z —u), VEe€ IrT(u). (4.2)
Similarly, we can get

i, (2) =y, (u) > (7, 2 —w), VET € Opmy, (u), Vi € Tr(z), (4
, Vn; € 0rfi(u), j=1,2,...,q, (4
(vj,z—u), Yv; €0r(—0;)(u), j=1,2,...,¢q, (4.
(€1 2 —w), Vel € or(—m)(u), Vi€ aUp, (4
(€2 2 —u), VE € or(—8;)(u), VieyUp. 4

>
<
—_
N
~
I
>
[
—~
<
~—
N
—~
&
N
I
S
~
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N'>0(eaUp), \! >0(i €yUp), respectively and by adding them together and to (4.2), we get

() = 1(u)
k k q q q
+ AT ()= BN )+ 3085~ 205 = 2o )

+Zu§0 Z/\“n 2)+ YA (u) — > A% (2) + ) A% (u)
=1 =1 1=1

=1
ks <€ + ZW? + Z [Ny + o]+ I+ 220, 2 — u> :
i=1 j=1 i=1

for every € € OrT(u), &7 € Opm, (u), n; € Orb;(u), v; € Or(—0;)(u), & € Or(—1;)(u), & € I (

From ( 1), there exist & € OrT(u), &7 € Ormy, (u), 1; € Orb;(u), v; € Or(—0;)(u), &8 € Or(—

€% € 0r(—8;)(u) such that,

k
T{'
z

“=\
||MQ
>/
S’
_|_
=,
.
C
M
_l’_
~
I
>
(o]
£y
|

Thus,
T(z) — T(u)

k k q q
+ D AT ()= D ATm () + Y A0 (2) = DA, (u
=1 i=1 Jj=1 j=1
+i“§9j(u) - i/\?nz’(z) +Zm:/\?11i i/\?az
Jj=1 i=1 i=1 =1

‘Z‘

Now, by using the feasibility of z for SIMPEC, it follows that,
T(2) — T(u)

k

q q m m
=D AT () = DO N0 () + D uf0(u) + Y N (w) + > AP8i(u) > 0
i=1 =1 =1 i=1 i=1

Therefore, from (4.8), (4.9) and feasibility of (u, A, u) for WD-SIMPEC, we get

m

k q
W)+ 3 AT, () Zif w) = 3 [Nm(w) + A8i(w),

i=1

where A% = X0 — pf A= AT — ;1 X8 = A% — ;i This completes the proof.

—8;)(u).

O

The next Theorem expresses a strong duality relation between the primal problem SIMPEC and the

dual problem WD-SIMPEC.

Theorem 6. (Strong Duality) Let z be a locally optimal solution of SIMPEC and T is locally Lipschitz
near Z. Suppose that all functions are tangentially conver at zZ, SI-SACQ holds at Z, and D is closed.
Then, there ezists (), i) € RFTaT2m x RI+2m sych that (2, \, i) is feasible for WD-SIMPEC and respective
objective values are equal. Also, if the assumptions of Theorem 5 (Weak Duality) are satisfied at any

feasible solution (u, \, 1) of WD-SIMPEC', then (2, \, i) is an optimal solution for WD-SIMPEC.

Proof. According to Theorem 2, there exist vectors A = (A", A\’ AT \®) € RF+at2m 5 — (pf no 1f)
RIt2m and indices t1,ta,...,tx € Tx(2), k < n+ 1, such that the GS-stationarity conditions are satisfied

at z. Hence, (2, \, i) is feasible for WD-SIMPEC.
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Consequently, from the feasibility conditions z for SIMPEC and (z, A, i) for WD-SIMPEC, we have

=
N
~—
I
-3
—~
W
~—
+
>~I
STy
N
Sy
—
N
~—
_|_
M°
>/H

fj [N (2) + X8 (7). (4.10)

=1

i
—
<.
Il
—

where A? = A — 1%, AT = NI — i, 38 = \¢ —
Moreover, since the assumptions of Theorem 5 are satisfied at any feasible solution (u, A, ) of WD-
SIMPEC, we have

k q m
W+ AT (u Z,\f )= > [ w) + Ae(u)] (4.11)
i=1 j=1 i=1
where A = A% — ;0 AP = AT — 11 X0 = \O —
Using (4.10) and (4.11), (2, \, 1) is an optimal solution for WD-SIMPEC and the proof is complete. [

We now give an example to illustrate the strong duality Theorem 6.

Example 5. Consider the following SIMPEC problem in R?:

P;: min T(Zl,ZQ) =2z + |2’2‘
st. m(z,22)=—21—t<0, teT=10,1],
O(21,22) = 21 — 22 20, B(z1,22) = 22 >0,
H(Zl, 22)9(21, 22) =0.
The graphical representation of objective function T(z1,z29) is shown in Fig /. Then, F = {(21,22)| 21 >

0,21 =22 or z; > 0,20 =0} is the feasible set of the Ps, its geometric representation is shown in Fig
3 and for u € R?,

1o
4,,
3 4
2 i
1,,
Z1
—2 -1 1 2 3 4 5
-1 —_—21 =22, 21 20
— 2 = O7 z1 Z 0
91

Figure 3: The feasible set F of Ps considered in Example 5

ort(u) = {1} x [-1,1], 3T7rt(u) {(-1,0)}, Vt €T,
Or(—Mm)(u) ={(=1, 1)}, 9r(=0)(u) ={(0,-1)},
Orfi(u) ={(1,-1)}, 9r8(u) = {(0,

Therefore, the Wolfe type dual model of P5 is :

D}
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Figure 4: Graph of the objective function T(z1, z2) considered in Example 5.

Ds: max wuy + |usa| + Z)\f(—ul — 1) — Ay — APuy
w A, pprd

st (0,0) € {1} x [=1,1] + 3 AT (=1,0) + A" (=1,1) + A° (0, -1)
teT

+/'LH(L_1)+NB(071)’
AT >0,(teT), \N">0, \*>0, u">0, p®>0,

where N = XU — ;0 X8 = \0 — 18
We take z = (0,0) which is optimal solution of primal problem. Then,

ort(z) = {1} x [-1,1],  [J 9rm(z) ={(-1,0)}, Tx(2) = {0},
te€T(Z)
or(-m)(z) ={(-1,1)}, 9r(-8)(z) ={(0,-1)}.
Hence, D is closed and we have

7 ={(vi,v2)| v1 >0}, (18)" = {(v1,v2)| v1 —v2 >0, vg >0},

that is, SI-SACQ holds. As an example, by taking \™ = p = p® = 0,\' = A\® = 1, it is clear that
Theorem 6 holds between P3 and Ds.

Now, let us formulate the Mond-Weir dual model for SIMPEC (1.1) and investigate the duality
theorems related to it:

MWD-SIMPEC : max T(u)
w,A,
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subject to:

q
0€ IrT(u —|—Z)\ Orme, (u +Z /\ Or0;(u +/’LjaT( )(u)]
=1

m

+ Z AJOr (—10;) (w) + A20r(—8;) (u)]

+ 3 [ulorTi(u) + p0re;(u)], (4.12)

=1

ZWt ZV Zﬂfﬂ
> Am(w) <0, > e,

icaupf i€ BUYy
AL >0, Apf>0,5=1,2,...,q, NNl pl >0, i=1,2,...,m,
)‘g:Mg:Ai:MiZO’ M?:Oa /’Li:Oa V’LGB7

where u € R, A = (A", N0 AT \8) € RF+Ha+2m -y — (19 yl 118) € RIT2M ) by, ... 1y, € Tr(2), k < n+1.

Theorem 7. (Weak Duality) Suppose that z is feasible for SIMPEC and (u, A, p) is feasible for MWD-

SIMPEC. Assume that all functions are tangentially convex at w and further, T, m(t € T), £6,(j =

L,2,...,q), —i(i € «UB), —8;(i € yUB) are Dini-conver functions at u. If B}, Uﬁg Uaf Uyt = @ then
T(2) > T(u).

Proof. Let z € F. By analogy with the proof of Theorem 5, since T is Dini-convex at u,
T(z) — T(u) > £,z —u), V&€ IrT(u). (4.13)

Similarly, one can get

e, (2) — e, () > (€7, 2 —uy, VET € Opmy, (u), YVt € Tr(z), (4.14)
0j(z) = 0(u) = (nj, 2 —u), Vn; € 0rd;(u), j=12,....q, (4.15)
—0;(2) +6;(u) > (vj,z—u), Yv; €0r(—b;)(v), j=1,2,...,q, (4.16)
— M (2) + M(u) > (€], 2 — ), V& € Or(—I;)(u), Vi€ aUp, (4.17)
—8;(2) +0;(u) > (€2 —u), VE €Ir(—8;)(u), VieyUp. (4.18)

T 6 .
-(4.18) by AT > 0(t; € Tx), A > 0(j = 1,2,...,q),

If g1 UGS Ut Uryt = 0, multiplying (4.14
N > 0(i € yUB), respectively and by adding them together

P >0(=1,2,...,9), \ >0(i € aUp),
and to (4.13), we get

T(z) = T(u)
k k q q q
Y AT (2)= ) AT () + ) AT (2) = D NS0 (u) = Y ufh5(2)
i=1 i=1 j=1

|\/\/

j=1

+ Z ,u?Hj (u) — Z )\?H,(z) + Z )\?Hz(u) — Z )\?91(2) + Z /\?E)Z(u)

i=1 i=1 i=1

<£ + ZA“@ + Z N+ 100;] + 3 (AR 4 A2 2 u> ,

i=1 =1
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for every & € Or(u), & € Orm, (u), 1; € Ot (u), v; € Or(=0;)(u), & € dr(—Th)(u), £ € Or(—8;)(u).
From (4.12), there exist £ € OrT(u), &7 € Ormy, (u), 7 € Orbj(u), v; € Op(—0;)(u), & € Or(—1;)(u),
€% € 0r(—8;)(u) such that,

m

§+ZA“£”+Z (X9 + 1] + ) G+ A7) =0

i=1 i=1

Thus,
T(z) = T(u)

k k q
+ D AT ()= AT () + YA (= Z X6,
i=1 i=1 =1

q
)= D H5o
- =~
q m m m
+ 7000, (w) = ST AN (2) + Y AL () — Z 26,2+ Y
J=1 i=1 i=1 i=1 =

Therefore, using feasibility of z for SIMPEC and (u, A, u) for MWD-SIMPEC, it follows that,
T(z) = T(u),
and the proof is complete. O

The following example indicates the weak duality Theorem 7.

Example 6. Consider the following nonsmooth SIMPEC problem in R2:

Py: min  T(z1,22) = 21 + |22]
st m(z1,22) = —20—t <0, teT=]0,1],
O(z1,22) =21 >0, B(21,22) =21 — |22] >0,
N(z1,22)8(21, 22) = 0.
Then, the feasible set of the Py is F = {(z1,22)| 21 = 22, z1 > 0}. If we take Z = (0,0) which is
optimal solution of primal problem, then, the index sets «(0,0) and v(0,0) are empty sets, but 5(0,0) is

nonempty.
Hence, the Mond-Weir type dual model of Py described as follows:

Dy: max |ug| 4+ us
U,

st (0,0) € OpT(u) + A" 0pm(u) + A0 (—10) (u) + X207 (—8) (u), (4.19)
A (—ug —t) >0, teTe(z)={0}, (4.20)
Au; <0, (4.21)
N (uy — |us|) <0, (4.22)
AT >0, AT>0, A° > 0. (4.23)

From (4.19)-(4.23), we get
T(Ul,UQ) S 0= T(Zl, 22),
where (u1,us) is in the feasible region of Dy. Thus, the Theorem 7 holds between Py and Dy.

Theorem 8. (Strong Duality) Let z be a locally optimal solution of SIMPEC and T is locally Lipschitz
near z. Suppose that all functions are tangentially convex at zZ, SI-SACQ holds at Z and D 1is closed. Then,
there exists (\, i) € RFTa+2m 5 RI+2m gych that (2, \, i) is feasible for MWD-SIMPEC and respective
objective values are equal. Also, if the assumptions of Theorem 7 (Weak Duality) are satisfied at any
feasible solution (u, \, 1) of MWD-SIMPEC, then (2, \, i) is an optimal solution for MWD-SIMPEC.
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Proof. According to Theorem 2, there exist vectors A = (A", A9 AT, \8) € RFt+a+2m 5 — (5f " pf) e
R+2™ and indices t1,ta, ..., t; € Tx(2), k < n+1, such that the GS-stationarity conditions are satisfided
at z. On the other hand, since Z is an optimal solution of SIMPEC,

m

k q m
> Mg (2)=0, > No;(z) =0, Y _AGi(z) =0, Y AM'Hiz)=0.
i=1 j=1 i=1

i=1

Hence, (Z, \, i) is a feasible point for MWD-SIMPEC. Obviously, their objective values at Z are equal.
In addition to what is mentioned above, since the assumptions of Theorem 7 are satisfied at any
feasible solution (u, A, 1) of MWD-SIMPEC, we have

T(Z) > T(u).

That is, (2, A, i) is an optimal solution for MWD-SIMPEC and the proof is complete. O

5. Conclusion

In this paper, we applied the tangential subdifferential concept and studied the necessary and sufficient
optimality conditions for semi-infinite mathematical programs with equilibrium constraint (SIMPECs) in
the framework of this concept. Also, we introduced the Wolfe and Mond-Weir type duals for SIMPEC.
We investigated weak and strong duality theorems relating to the SIMPEC under Dini-convexity assump-
tions. All our results are based on the S-stationarity or A-stationarity concepts. Since M-stationarity is
the second strong stationarity concept after S-stationarity, analyzing optimality conditions for SIMPEC
based on the M-stationarity is highly recommended for future studies.
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Algorithm 1 An algorithm for finding GA-stationary point of the problem SIMPEC
Step 1. Provide Problem Data
start by supplying the input data for the given SIMPEC problem:

(a) Input T,m, ¢t € T,0;,0 € {1,2,...,q}, 0,5 € {1,2,...,m},8;,4 € {1,2,...,m}.

Step 2. Identify the Feasible Set

(a) Construct the feasible region as follows:

F={zeR"|m(2) <0, VteT, 6(z)=0, I(z) >0, 8(2)>0, 0(2)8(2)=0}.

Step 3. Select a Feasible Point

(a) If the feasible set F is empty, terminate the algorithm.

(b) Otherwise, choose any point zZ € F, and update the feasible set by removing this point:
F=F\{z}.

Step 4. Check tangential convexity of the functions

(a) If all functions are tangentially convex at Z, proceed to step5.

(b) If any functions fails this condition, return to step3.

Step 5. Verify tangential subdifferentiability

(a) Compute the tangential subdifferential of each function at Zz.

Step 6. Check the SI-ACQ condition
(a) If the generalized SIMPEC Abadie constraint qualification (SI-ACQ) is satisfied at z, proceed to
the next step.
(b) If not, return to step3.

Step 7. Test the generalized allternatively stationary Conditions
Determine if there exist multipliers AT,i € I, = {1,2,...,k}, A?,ug,j =1,2,...,q, N\ 18 =
1,2,...,m such that condition (3.1) and (3.2) is satisfied. Also, ul =0V x? =0,Vi € B.

(a) If such multipliers can be found, then Z is GA-stationary point of SIMPEC.

(b) If not, return to step 3.
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