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Weakly Berwald Space with (α, β)-Metric

Sheelavathi Ramaswamy, Vasantha Dogehalli Mylarappa

abstract: Douglas spaces and Landsberg spaces are regarded as generalizations of Berwald spaces. S.
Bacso proposed weakly Berwald space as one more general form of it. This paper provides a detailed insight
into the verification of the conditions of a weakly Berwald space under which a Finsler space equipped with an

special (α, β)-metric of the form L(α, β) = c1α+ c2β+ α2

β
reduces to a weakly-Berwald space, here α denotes

Riemannian metric and β denotes differential 1-form.
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1. Introduction

A Berwald space is said to be Finsler space if it satisfies the condition Gi
hjk = 0 [1]. The notions of

Douglas spaces, Landsberg spaces and weakly Berwald spaces are regarded as generalizations of Berwald
spaces [2]. S.Bacso and B. Szilagyi [3] proposed the concept of a weakly Berwald space as a one of the
general form of Berwald space. The idea of weakly Berwald spaces has been studied by several authors,
like Il-Yong Lee and Myung-Han Lee [6], particularly in the context of various (α, β)-metrics ( [4], [5],
[7], [8]). A Finsler space equipped with an (α, β)-metric is said to be weakly Berwald space if and only
if Bm

m = ∂Bm

∂ym is a 1-form i.e., Bm
m is a homogeneous polynomial of degree one in yi.

In this article, we verify the conditions rij = 0 and sj = 0 [3] under which a Finsler space equipped

with an (α, β)-metric of the form L(α, β) = c1α+ c2β + α2

β , c1 ̸= 0, becomes a weakly Berwald space.

2. Preliminaries

Let Fn = (Mn, L) be the Finsler space for an (α, β)-metric L(α, β), where

α = (aij(x)y
iyj)1/2, β = bi(x)y

i,

is called Riemannian metric and β is a differential 1-form on the Mn. The geodesic spray coefficients Gi

for Fn with L(α, β)-metric is defined as,

2Gi = γ i
0 0 + 2Bi,

where, γ i
j k are the Christoffel symbols of the Levi-Civita connection with α and γ i

0 0 = γ i
j k yjyk.

From this, we have the following derived quantities:

G i
j =

∂Gi

∂yj
= γ i

0 j +Bi
j , G i

j k =
∂2Gi

∂yj∂yk
= γ i

j‘k +B i
j k,
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where, the notations Bi
j = ∂̇jB

i and B i
j k = ∂̇kB

i
j are used and ∂̇j = ∂/∂yj denotes the derivative with

respect to the directional argument yj .
We now introduce the information listed below [7]:

(a) rij =
1

2
(bi:j + bj:i), rij = aihrhj , rj = bir

i
j

(b) sij =
1

2
(bi:j − bj:i), sij = aihshj , sj = bis

i
j

(c) bi =aihbh, b2 = bibi,

where, the symbol (:) denotes the h-covariant derivative with respect to the Riemannian connection in
the space (Mn, α) [7].
Now, consider the relation of Gm to Fn with an (α, β)-metric as,

2Gm = γ m
0 0 + 2Bm, (2.1)

where

Bm =

(
E∗

α

)
ym +

(
αLβ

Lα

)
sm0 −

(
αLαα

Lα

)
C∗

{(
ym

α

)
−
(
α

β

)
bm

}
, (2.2)

where, we put [3]

E∗ =

(
βLβ

L

)
C∗,

C∗ =
{αβ (r00Lα − 2αs0Lβ)}
{2 (β2Lα + αγ2Lαα)}

,

γ2 =b2α2 − β2. (2.3)

We have the following [6]:

Bm
m =

1

2αL(βLα)2Ω2

{
2Ω2AC∗ + 2αLΩ2Bs0 + α2LLαLαα(Cr00 +Ds0 + Er0)

}
, (2.4)

where

A = (1 + n)Lα(β
3LαLβ − αβ2LLαα) + αγ2L{α(Lαα)

2 − 2LαLαα − αLαLααα},
B = α2LLαα,

C = βγ2{−β2(Lα)
2 + 2b2α3LαLαα − α2γ2(Lαα)

2 + α2γ2LαLααα},
D = 2α{β3(γ2 − β2)LαLβ − α2β2γ2LαLαα − 2αβγ2(γ2 + 2β2)LβLαα

− α3γ4(Lαα)
2 − α2βγ4LβLααα},

E = 2α2β2LαΩ. (2.5)

Also we use the following statements:

Theorem 2.1 [3] A Finsler space Fn with an (α, β)-metric is a weakly Berwald space if and only if
Gm

m = γm
m + Bm

m and Bm
m is a homogeneous polynomial of degree one in the directional variables (ym).

The expression for Bm
m is given by the equations (2.4) and (2.5), such that Ω ̸= 0.

Lemma 2.1 [3] If α2 ≡ 0(modβ), that is, if the expression aijy
iyj contains β = bi(x)y

i as a factor,
then the manifold must be two-dimensional, and b2 = aijbibj vanishes. In this case, there exists a 1-form
δ = di(x)y

i such that α2 = βδ and the condition dib
i = 2 holds.
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3. Conditions of a Weakly-Berwald Space for an (α, β)-Metric

Theorem 3.1 A Finsler space Fn = (Mn, L) for an (α, β)-metric, L(α, β) = c1α + c2β + α2

β is a
weakly-Berwald space iff the conditions rij = 0 and sj = 0 are satisfied.

Proof: : Consider the metric

L(α, β) = c1α+ c2β +
α2

β
, where c1 ̸= 0. (3.1)

From (3.1), we have

Lα = c1α+
2α

β
, Lβ= c2 −

α2

β2
, Lαα =

2

β
, Lααα = 0. (3.2)

Now consider

Bm =

(
E∗

α

)
ym +

(
αLβ

Lα

)
sm0 −

(
αLαα

Lα

)
C∗

{(
ym

α

)
−
(
α

β

)
bm

}
, (3.3)

where

C∗ =
αP

2Q
,

E∗ =
α(c2β

2 − α2)P

2(c1αβ + c2β2 + α2)Q
, (3.4)

P = βr00(c1β + 2α)− 2αs0(c2β
2 − α2),

Q = c1β
3 + 2α3b2. (3.5)

Substituting (3.2), (3.4), (3.5), in (3.3), we get

Bm =

(
βr00(c1β + 2α)− 2αs0(c2β

2 − α2)

(c1β3 + 2α3b2)(c1β + 2α)

){
α3

β
bm +

c1c2β
3 − 3c1α

2β − 4α3

2(c1αβ + c2β2 + α2)
ym

}
+

(
α(c2β

2 − α2)

β(c1β + 2α)

)
sm0 . (3.6)

Substituting (3.2) in the equations of (2.5), we get

E = 2α2(c1β
3 + 2α3b2)(c1β + 2α),

A =
1

β3

[
β2(n+ 1)(c1β + 2α)(c1c2β

3 − 3c1α
2β − 4α3)− 4α(α+ c1β)(b

2α2 − β2)(c1αβ + c2β
2 + α2)

]
,

B = 2α2

{
c1αβ + c2β

2 + α2

β2

}
,

C =

(
b2α2 − β2

β

){
4c1αβ(b

2α2 − β2) + 4b2α4 − c21β
4
}
,

D = 2α

[
(b2α2 − 2β2)(c1β + 2α)(c2β

2 − α2)− 2α2(b2α2 − β2)(c1β + 2α)

− 4α

β2

{
(b2α2 + β2)(c2β

2 − α2)− α2(b2α2 − β2)
}]

.
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Thus from the above equations, (2.4) reduces to

Bm
m

{
α4β6(4c41b

2 + 16c21c2b
2 + 4c21) + α6β6(32c21b

2 + 4c21c2b
4) + α2β10(5c41 + 4c21c2)

+ α8β4(20c21b
4 + 16c1b

4) + c41c2β
12 + αβ11(c51 + 4c31c2) + α7β5(4c31b

4 + 16c1c2b
4 + 16c1b

2)

+ α3β9(8c31 + 4c41b
2) + α9β3(32c1b

4) +α4β7(20c31b
2 + 16c1c2b

2) + 16α10β2b4
}

= r00
{
αβ11((n+ 1)c41c2) + α3β9(c41(1− 3n) + 4c21c2(n+ 6) + 2c31 + 4c1c2)

+ α5β7((n+ 16)c21 − 4c41b
2 − 20c21c2b

2 − 2c31b
2 − 4c1c2b

2 + 4c1 + 4n+ 4c21c2) + α7β5(c21b
2(−32n− 80))

+ α9β3(−32(n+ 1)b2) + α4β8(−16c31(n+ 1) + 24c31 + c31c2b
2(2n− 2) + 24c1c2 + 4c21 − 2c21c2b

2)

+ α2β10(4c31c2(n+ 2) + 2c21c2) + α6β6(c31b
2(−6n− 30)− c1(16n− 8) + c1c2b

2(8n− 16)− 6c21b
2)

+ α8β4(c1b
2(−56n− 80)) +α10β2(16c1b

4 − 16c2b
4)
}

+ s0
{
α4β9(c31c2(2n+ 8)− 8c1c

2
2 − 8c41 − 32c21c2) + α6β7(c31(−6n+ 18) + 8c31c2b

2 + c41b
2 + 16c21c

2
2b

2

− 64c21 + c1c2(16n+ 96)− 112c2b
2) + α10β3((−50n− 170)c1b

2 + 48c1c2b
2 − 32c1)

+ α8β5((40n− 20)c1c2b
2 − (16n− 152)c1 + 8c1c2 − 16c21b

2 + 16c21c
2
2b

4 − 28c31b
2 + 24c21b

2)

+ α12β(16c1b
4 + 32c1) + α10β7(16c1c2b

4) + α8β4(−16c31b
2 − 32c1c2b

2) + α8β2(16c1c2b
2) + α10β(48c1b

2)

+ α6β5(−48c21 + 16c1c2) + α8β3(64c1 + 16c1c2b
2) + α4β7(−16c21c2) + α10β(−32c1b

2)

+ α2β11(−2(n+ 1)c31c
2
2) + α7β6(c21c2b

2(16n+ 18)− (20n− 70)c21 + 12c21c2b
2 − 16c22b

2 + 20c31b
2

+ c1c2b
2 + 96c2 − 32c1) + α5β8(c21c

2
2b

2(−4n+ 4) + c21c2(8n+ 32) + 4c21c2b
2 − 32c1c2 − 40c31 + 4c31)

+ α9β4((−12n− 56)c21b
2 + 32(n+ 1)c2b

2 + 32c22b
4 + 16c21c2b

4 + 96)

+ α3β10((−4n− 8)c21c
2
2 − 8c31c2) + α11β2(−32(n+ 1)b2 + 48c2b

4 − 16c21b
4 + 16c21b

2 − 96b2)

+ α5β5(8c21c2) + α14(32b4) + α7β2(16c2b
4) + α11β6(16c21b

4) + α7β7(8c31 + 16c21 − 16c21c2b
2)

+ α9β2(16c21b
2 + 32c2b

2 + 64) + α5β6(−16c31 − 32c1c2) + α7β4(16c21 + 64c1) +α9β3(−48c21b
2) + α11(32b2)

}
+ r0

{
α6β8(20c31 + 16c1c2) + α8β6(8c31b

2 + 32c1c2b
2 + 16c1) + α10β4(64c1b

2)

+ α6β7(8c21c2b
2) + α4β10(4c31c2) + α7β7(32c21) + α5β9(4c41 + 16c21c2) + α9β5(40c21b

2 + 32c2b
2)

+ α11β3(32b2)
}
.

Separating rational and irrational parts, we get

F1β
2Bm

m + r00β
2G1 + α2s0H1 + r0α

4β2I1 = 0,

F2β
2Bm

m + r00β
2G2 + α2s0H2 + r0α

4β2I2 = 0, (3.7)

where

F1 = β9(c51 + 4c31c2) + α6β3(4c31b
4 + 16c1c2b

4 + 16c1b
2) + α2β7(8c31 + 4c41b

2)

+ α8β(32c1b
4) + α4β5(20c31b

2 + 16c1c2b
2) + 16α9b4,

F2 = α4β3(4c41b
2 + 16c21c2b

2 + 4c21 + α6β3(32c21b
2 + 4c21c2b

4)

+ α2β7(5c41 + 4c21c2) + α8β(20c21b
4 + 16c1b

4) + c41c2β
9,

G1 = −α3β6(−16c31(n+ 1) + 24c31 + c31c2b
2(2n− 2) + 24c1c2 + 4c21 − 2c21c2b

2)

− αβ8(4c31c2(n+ 2) + 2c21c2)− α5β4(c31b
2(−6n− 30)− c1(16n− 8)

+ c1c2b
2(8n− 16)− 6c21b

2)− α7β2(c1b
2(−56n− 80))− α9(16c1b

4 − 16c2b
4),

G2 = −αβ8((n+ 1)c41c2)− α3β6(c41(1− 3n) + 4c21c2(n+ 6) + 2c31 + 4c1c2)

− α5β4((n+ 16)c21 − 4c41b
2 − 20c21c2b

2 − 2c31b
2 − 4c1c2b

2 + 4c1 + 4n+ 4c21c2)

− α7β2(c21b
2(−32n− 80))− α8(−32(n+ 1)b2),
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H1 = −α4β6(c21c2b
2(16n+ 18)− (20n− 70)c21 + 12c21c2b

2 − 16c22b
2 + 20c31b

2 + c1c2b
2 + 96c2 − 32c1)

− α2β8(c21c
2
2b

2(−4n+ 4) + c21c2(8n+ 32) + 4c21c2b
2 − 32c1c2 − 40c31 + 4c31)

− α6β4((−12n− 56)c21b
2 + 32(n+ 1)c2b

2 + 32c22b
4 + 16c21c2b

4 + 96)

− β10((−4n− 8)c21c
2
2 − 8c31c2)− α8β2(−32(n+ 1)b2 + 48c2b

4 − 16c21b
4 + 16c21b

2 − 96b2)

− α2β5(8c21c2)− α11(32b4)− α4β2(16c2b
4)− α8β6(16c21b

4)− α4β7(8c31 + 16c21 − 16c21c2b
2)

− α6β2(16c21b
2 + 32c2b

2 + 64)− α2β6(−16c31 − 32c1c2)− α4β4(16c21 + 64c1)

− α6β3(−48c21b
2)− α8(32b2),

H2 = −α2β8(c31c2(2n+ 8)− 8c1c
2
2 − 8c41 − 32c21c2)− α4β6(c31(−6n+ 18) + 8c31c2b

2 + c41b
2

+ 16c21c
2
2b

2 − 64c21 + c1c2(16n+ 96)− 112c2b
2)− α8β2((−50n− 170)c1b

2 + 48c1c2b
2 − 32c1)

− α6β4((40n− 20)c1c2b
2(16n− 152)c1 + 8c1c2 − 16c21b

2 + 16c21c
2
2b

4 − 28c31b
2 + 24c21b

2)

− α10(16c1b
4 + 32c1)− α8β6(16c1c2b

4)− α6β3(−16c31b
2 − 32c1c2b

2)− α6β(16c1c2b
2)− α8(48c1b

2)

− α4β4(−48c21 + 16c1c2)− α6β2(64c1 + 16c1c2b
2)− α2β6(−16c21c2)

− α8β(−32c1b
2)− β10(−2(n+ 1)c31c

2
2),

I1 = −α2β5(32c21)− β7(4c41 + 16c21c2)− α4β3(40c21b
2 + 32c2b

2) + α4β(32b2),

I2 = −α2β5(20c31 + 16c1c2)− α4β3(8c31b
2 + 32c1c2b

2 + 16c1)

− α6β(64c1b
2)− α2β4(8c21c2b

2)− β7(4c31c2).

Now eliminate Bm
m from the above two equations, we get

β2r00R+ α2s0S + α4β2r0T = 0, (3.8)

where

R= G1F2 −G2F1,

S= H1F2 −H2F1,

T = I1F2 − I2F1.

Since the only term 16α17b4 of Ss0 does not contains β, then we have hp(17)V17 such that

α17s0 = βV17.

We consider two different cases:
Case (i): Suppose if α2 ̸≡ 0(mod β) and b2 ̸= 0 then there exits a function k(x) satisfying V17 = kα17

and hence s0 = kβ.
Then (3.8), reduced to

r00R+
α2

β2
Sk + α4Tr0 = 0. (3.9)

Then only the term of (3.9) which is free from β is α18(512b4) such that

512b4 = βU19,

which is a contradiction ∴ k = 0, gives s0 = 0, ⇒ sj = 0.
Thus from the expression (3.9), we get

r00R+ α4r0T = 0. (3.10)

In Rr00 the term which does not contain α2 is β17r00((n+1)c41c2(c
5
1+4c31c2)+(4c31c2(n+1)+2c21c2)c

4
1c2),

thus we have hp(17)V17 such that β17r00 = α2V17.
Thus for α2 ̸≡ 0(mod β) there exists a function f(x) such that

r00 = α2f(x); rij = aijf(x). (3.11)
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Transvecting (3.11) by biyj , gives
r0 = βf(x); rj = bjf(x). (3.12)

Using equations(3.11) and (3.12) in (3.10), we get

f(x)(R+ α2βT ) = 0. (3.13)

Let us assume that f(x) ̸= 0, then the equation (3.13), gives

R+ α2βT = 0.

The term of (R+ α2T ) which does not contain β is α17(512(n+ 1)b6).
Thus there exits hp(16)V16 satisfying α17(512(n+ 1)b6) = βV16, implies V16 = 0, provided b2 ̸= 0.
Hence f(x) = 0.

Gives r00 = 0, rij = 0, hence r0 = 0 and rj = 0.
Thus, since r00 = 0, r0 = 0, s0 = 0 ⇒ Bm

m = 0.

Hence, A Fn with the metric L(α, β) = c1α+ c2β + α2

β is a weakly Berwald space.

Conversely, if r00 = 0, r0 = 0, and s0 = 0 ⇒ Bm
m = 0 from (3.7). Thus a Finsler space with

the metric L(α, β) = c1α+ c2β + α2

β is a weakly Berwald space.

Since the the Finsler space Fn with the metric L(α, β) = c1α + c2β + α2

β is a weakly-Berwald Finsler
space, then we have r00 = 0, r0 = 0, and s0 = 0, from the above discussions.
Substitute above in Bm, we get Bm = 0.

Case (ii): Suppose if α2 ≡ 0(mod β), then n = 2, b2 = 0 and α2 = βδ where δ = di(x)y
i.

Consider (3.8), substitution the above it reduces to

β2r00R+ βδs0S + β4δ2r0T = 0. (3.14)

In this equation the term which does not contain δ is β2r00R, hence there is a hp(1)V1 such that β2r00 =
δV1.
Thus equation (3.8), reduces to

β2r00R+ α2(Ss0 + α2β2r0T ) = 0,

⇒ Ss0 + α2β2r0T = 0 and r00 = 0.
Then there exists a function g(x) such that s0 = δg(x) ⇒ si = dig(x).
Transvecting by bi, we get sib

i = dib
ig(x) and dib

i = 2 therefore g(x) = 0 hence s0 = 0, then r0 = 0.
Thus, we have r00 = 0, r0 = 0, and s0 = 0 therefore Bm

m = 0. 2
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