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Weakly Berwald Space with («, 5)-Metric

Sheelavathi Ramaswamy, Vasantha Dogehalli Mylarappa

ABSTRACT: Douglas spaces and Landsberg spaces are regarded as generalizations of Berwald spaces. S.
Bacso proposed weakly Berwald space as one more general form of it. This paper provides a detailed insight
into the verification of the conditions of a weakly Berwald space under which a Finsler space equipped with an

2
special (a, 8)-metric of the form L(a, 8) = cia+c2fB+ 0‘7 reduces to a weakly-Berwald space, here a denotes
Riemannian metric and 3 denotes differential 1-form.
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1. Introduction

A Berwald space is said to be Finsler space if it satisfies the condition szk =0 [1]. The notions of
Douglas spaces, Landsberg spaces and weakly Berwald spaces are regarded as generalizations of Berwald
spaces [2]. S.Bacso and B. Szilagyi [3] proposed the concept of a weakly Berwald space as a one of the
general form of Berwald space. The idea of weakly Berwald spaces has been studied by several authors,
like II-Yong Lee and Myung-Han Lee [6], particularly in the context of various (a, 8)-metrics ([4], [5],
[7], [8])- A Finsler space equipped with an («, 8)-metric is said to be weakly Berwald space if and only
it B)" = % is a 1-form i.e., B™ is a homogeneous polynomial of degree one in y°.

In this article, we verify the conditions r;; = 0 and s; = 0 [3] under which a Finsler space equipped

with an («, 8)-metric of the form L(a, 8) = cia + o8 + %2, c1 # 0, becomes a weakly Berwald space.

2. Preliminaries

Let F™ = (M™, L) be the Finsler space for an (o, f)-metric L(c, /), where
a = (a;;(x)y'y’)?, B =bi(x)y,

is called Riemannian metric and f is a differential 1-form on the M™. The geodesic spray coefficients G*
for F™ with L(«, B)-metric is defined as,

2G" = 5y’ + 2B,

where, ’yjik are the Christoffel symbols of the Levi-Civita connection with a and ~,', = ’yjik yy*.
From this, we have the following derived quantities:

0?Gt

@ = dyioy

7T Ay =%+ B Gi'k

= ’yj?k + Bjik,
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where, the notations B*; = 9; B and By, = 5kBij are used and 9; = 8/dy’ denotes the derivative with
respect to the directional argument y’.
We now introduce the information listed below [7]:

1 ) ) )
(a) 7ij :§(bi:j +bj.0), 75 = a'rng, Ty = bir
1

(b) Sij :i(bz] - bj:i)a S; = aihshj’ Sj = bZS;

(c) b =aby,, b* = bib,,

where, the symbol (:) denotes the h-covariant derivative with respect to the Riemannian connection in
the space (M™, «)[7].
Now, consider the relation of G™ to F™ with an («, 8)-metric as,

2G™ = 4,7 + 2B™, (2.1)
where 5 I I
m * m aLg m ALligo * ﬂ o g m
e (G () () e d(5) -Gy e
where, we put [3]
«_ (BLgY\ s
o (M)
o — {af (rooLa — 2as9Lg)}
{2(82La + @7?Laa)}t '
7? =b*a® — 2. (2.3)
We have the following [6]:
1
B, = SaL(BL.)% {202 AC* + 2aLQ?Bsg + a*LLoLaa(Croo + Dso + Erg) } (2.4)

where

A= (14+n)Lo(B*LoLs — aB?LLus) + av*L{a(Laa)? — 2LaLao — @LoLaaa s
B =0a%LLa,,
C = gy {~B*(La)® + 20°a° Lo Laa — 0% (Laa)® + 0®7* LaLaaa},
D =2a{8*(v* = *)LaLp — &*8°7° LaLaa — 2087*(v* + 26%) L Lo
_ 04374(Laa)2 . a25'y4L/3La,m},
E =2a%6%L,0. (2.5)

Also we use the following statements:

Theorem 2.1 [3] A Finsler space F™ with an («, )-metric is a weakly Berwald space if and only if
G =~ 4+ B" and B]? is a homogeneous polynomial of degree one in the directional variables (y™).
The expression for BI' is given by the equations (2.4) and (2.5), such that @ # 0.

Lemma 2.1 /3] If o® = 0(modf), that is, if the expression a;;y'y’ contains B = b;(z)y" as a factor,
then the manifold must be two-dimensional, and b* = a*b;b; vanishes. In this case, there exists a 1-form
§ = d;i(z)y" such that o = 36 and the condition d;b® = 2 holds.
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3. Conditions of a Weakly-Berwald Space for an («, ()-Metric

Theorem 3.1 A Finsler space F" = (M™,L) for an (a, B)-metric, L(a, 8) = cra + 28 + %2 s a
weakly-Berwald space iff the conditions r;; =0 and s; = 0 are satisfied.

Proof: : Consider the metric

2

L(a, B8) =cra+ e+ %, where ¢1 # 0. (3.1)
From (3.1), we have
2a a? 2
Lo =ca+ Fv Ll?: 02*@7 Lo = Ba Loaa =0. (3'2)
Now consider
m E*N alL m oL . m a\ .,
o (S () () e () - ()rp o
where
. aP
c* = @,
2 _ 2
E* — a(Cgﬂ « )‘P , (3.4)
2(craf + 2 + a?)Q
P = Broo(cif 4 2a) — 2asg(ca8? — o?),
Q = c18% +2a°%. (3.5)
Substituting (3.2), (3.4), (3.5), in (3.3), we get
B (ﬁroo(clﬂ + 2a0) — 2asp(c28% — on)) {oﬁbm N c1e23% — 3c10%B — 4o m}
B (183 +2a3b2)(c1 8 + 2a) Ié; 2(craf8 + 282 4+ a?) 4
a(ceff? — a?)
m 3.6
(o) 30
Substituting (3.2) in the equations of (2.5), we get
E =2a%(c1 8% + 20°0?)(c1 8 + 20),
1
A= g {52@ +1)(e1 +2a)(c1628° = 3c10?B — 4a’) — da(a + a1 ) (b*a® — %) (craf + c2° + ®) |,
craf + caB% + o
B =242 { 52 )
b*a? — 5 2.2 52 2 4 24
C= — 5 {4clozﬂ(b a® — %) +4b a” — ¢if },

D =2« {(b2a2 —2B8%) (18 + 2a)(c28? — a?) — 2% (V?a? — %) (c18 + 2a)

_ % {(b2a2 +62)(62ﬁ2 _a2) —a2(b2a2 _B2>} )
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Thus from the above equations, (2.4) reduces to

By {04456(40%2 + 16¢3cab® + 4c%) + a656(320%b2 + 40%021)4) +o?B'(5ct + 4c§02)

+ a854(200fb4 + 1601b4) +cleaf + aﬁll(ci + 4c§02) + a7ﬁ5(4c‘;’b4 + 16c1c2b® + 160162)

+ QBBQ(SC? + 4c‘11b2) + a9ﬂ3(3261b4) +a4ﬁ7(206?b2 + 166162112) + 16a10,82b4}

= 700 {aﬁn((n + 1)ciea) + a®B2(c1(1 — 3n) + 4cica(n 4 6) + 265 + 4erez)

+ a5ﬁ7((n + 16)0? — 4ctb? — 20c2cab® — 26307 — dercob® + dey + An + 40302) +a’B° (c%bQ(—SQn —80))
+ a953(732(n + 1)b2) + a458(7160£{’(n +1)+ 2463 + ci’csz(Qn —2) + 24cic2 + 4c? — 2c§czb2)

+ o804 ca(n + 2) + 2¢3 ¢a) + a® B (3% (—6n — 30) — ¢1(16n — 8) + c1c2b®(8n — 16) — 6¢3b7)

+ a®B*(c1b®(—56n — 80)) +a'°B?(16¢1b* — 16c2b")}

+ so0 {a4/39(c‘;’62(2n +8) — 8cics — 8¢i — 320?02) + a6/87(c:{’(76n +18) + 8cheab® + c1b® + 162 c2b?

— 64c] + c1ca(16n + 96) — 112¢20%) + a*°B%((=50n — 170)c1b” + 48c1¢2b” — 32¢1)

+ a®B°((40n — 20)c1cab® — (16n — 152)¢1 + 8cica — 16¢ib° + 16¢1c3b® — 28¢1b% + 24¢3D%)

+ a'?B(16c1b* + 32¢1) + ' BT (16¢1c2b?) 4+ a® B (—16¢1b* — 32¢1c2b°) + a® B (16¢1c2b°) 4 o' 5(48¢1b%)
+ a®B°(—48¢] + 16¢1c2) 4+ a®B%(64c1 4 16¢1¢2b”) + a* BT (—16¢ ¢2) + ' B(—32¢1b°)

+ a8 (=2(n 4 1)cic3) + a” B (cieab (16n + 18) — (20m — 70)ci 4 12¢5c2b® — 16¢30° + 20¢ib°

+ creab® + 96¢9 — 32c¢1) + a558(c?c§b2(—4n +4)+ ey (8n +32) + 4c2cab® — 32c100 — 4063 + 40‘;’)

+ B ((—12n — 56)cTb® + 32(n + 1)e2b® + 32¢3b* + 16¢Te2b” + 96)

+ o B'((—4n — 8)cics — 8cica) + ' B2(—32(n + 1)b? + 48cab® — 16¢5b* + 16¢5b% — 96b°)

+ a°B°(8ciez) + o (32b") + " B (16¢2b") + o' B8 (16c70") + " B7 (8¢} + 16¢; — 16¢7c2b?)

+ a”B?(16c1b° + 32c2b” + 64) + a”B%(—16¢] — 32c1¢2) + o’ B*(16¢; + 64c1) +a’B%(—48c1b%) + o' (3207) }
+70{a’B8%(20¢} + 16c1c2) + a®B°(8c1b” + 32c1e2b” + 16¢1) + ' 5% (64c1b7)

+ a®B7(8cie2b®) + ' B0 (4ct ) + o B7(32¢1) + ° B (4ci + 16¢i¢2) 4 o B°(40¢ib” + 32¢2b%)

+ o' B(320%)} .

Separating rational and irrational parts, we get

F1ﬂ2Bg; + 7’00B2G1 + OéQSoHl + 7"00446211 =0,
FQ/BQB:Z + TOO/BQGQ + a280H2 + TOO{462_[2 =0, (37)

where

Fy = B%(c) +4c3ca) + a8 B3 (4cib* + 16¢1c0b™ + 16¢10%) + a7 (8¢5 + 4cib?)
+ a®B(32¢1b*) + a*B°(20c30? + 16¢1cob?) + 16a°b*,
Fy = o' B3(4cib® + 16cicab? + 4cd + o553 (32¢30% + 4cteab?)
+ 287 (5¢t 4+ 4ckcy) 4+ a®B(2062b* 4 16¢1b%) + e 52,
G1 = —a?B%(=16c3(n + 1) + 24¢3 + 3cab?(2n — 2) + 24cicy + 4T — 2c3cob?)
—af(4cica(n + 2) + 2cicy) — ® B30 (—6n — 30) — ¢ (16n — 8)
+ c1¢9b%(8n — 16) — 6¢2b?) — o B2 (c1b%(—56n — 80)) — a”(16¢1b* — 16¢9b),
Gy = —af®((n+ 1)cica) — a®B8(cl (1 — 3n) + 4cica(n + 6) + 2¢3 + 4eicy)
—aPBY((n 4 16)c? — 4ctb? — 202 cab? — 26307 — deicpb® + 4y + 4n + 43 cy)
—a’B2(c3V?(—32n — 80)) — a®(—32(n + 1)b?),
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H = —a*B5(2eab?(16n 4 18) — (20n — 70)c? + 12c2¢9b® — 16¢2b2 + 20630 + ¢1¢0b® + 96¢y — 32¢1)
— a?B3(Acab?(—4n + 4) + cica(8n 4 32) + dcteab? — 32¢icp — 406 + 4cY)
—a®B%((—=12n — 56)cib® + 32(n + 1)cab® + 32¢3b* + 16¢7cab” + 96)
— BY0((—4n — 8)c3c3 — 8c3cy) — a®B(—32(n + 1)b? + 48¢ob* — 16¢3b* + 16¢2b% — 96b?)
—a?B%(8ckcy) — o' (32b%) — o B%(16c2bY) — ®B%(16c3b%) — a*B7(8¢3 + 16¢2 — 16¢3cob?)
— aSB%(16¢3b? + 32c2b% + 64) — a?B5(—16¢3 — 32¢1c2) — a* BH(16¢3 + 64cy)
— afB33(—48c5b?) — a®(3207),
Hy = —a?B8(c3ca(2n + 8) — 8cica — 8¢t — 32¢kcy) — a* B3 (—6m + 18) + 8cicab? + c1b?
+16c2c2b? — 64¢2 + c1co(16n + 96) — 112¢20%) — a®B2((—50n — 170)c1b? + 48c1cb® — 32¢1)
— 8B ((40n — 20)c1c2b?(16n — 152)c; + 8cica — 16¢3b* + 16c2c2b* — 28¢3b% + 24c2b?)
— a'%(16¢1b* + 32¢1) — a®B%(16¢1c2b?) — a®B3(—16¢30% — 32¢1¢0b?) — a8 B(16¢1c2b%) — (48¢1b?)
— a*B(—48¢F 4 16¢1c9) — aPB%(64c; + 16¢1cob?) — o B%(—16c3cy)
—a®B(—32¢1b%) — BO(—2(n + 1)c3cd),
I = —a?B%(32¢2) — B7(4ct + 16c2cy) — a B3 (40302 + 32¢2b%) + a* B(3207),
I, = —a?B°(20¢8 + 16¢1c0) — a*B3(8cib? + 32¢1c2b® + 16¢1)
— a8B(64c1b%) — a8 cab?) — BT (43 cy).
Now eliminate B from the above two equations, we get
B*rooR + a®soS + o' B2roT = 0, (3.8)
where
R= G F;, — Ga2F1,
S=HF, — HyF1,
T =5LF,—I,F.

17yt of Ssp does not contains 3, then we have hp(17)Vi7 such that

1
(67 780 = 6V17.

Since the only term 16«

We consider two different cases:
Case (i): Suppose if a? # 0(mod ) and b? # 0 then there exits a function k(z) satisfying Vi7 = ka'”
and hence sy = k.

Then (3.8), reduced to
2

o
rooR + ESk +a*Trg = 0. (3.9)
Then only the term of (3.9) which is free from 3 is a'8(512b*) such that
5126 = BU4,

which is a contradiction .. k=0, gives 59 =0, = s; =0.
Thus from the expression (3.9), we get

rooRR + a*rgT = 0. (3.10)

In Rrgg the term which does not contain a? is B7rgo((n+1)cica(cs +4cica) + (4ciea(n+1) +2c2ez)cies),
thus we have hp(17)Vi7 such that 817rgq = V7.
Thus for a2 # 0(mod 3) there exists a function f(z) such that

Too = Oé2f(£L'); Tij = awf(x) (311)
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Transvecting (3.11) by b'y?, gives
ro=Bf(x); rj =0b;f(x). (3.12)
Using equations(3.11) and (3.12) in (3.10), we get

f(@)(R+a?BT) = 0. (3.13)
Let us assume that f(z) # 0, then the equation (3.13), gives
R+ o?BT = 0.

The term of (R + o*T) which does not contain 3 is a7(512(n + 1)b°).
Thus there exits hp(16)Vig satisfying a7 (512(n + 1)b%) = BVig, implies Vig = 0, provided b? # 0.
Hence f(z) = 0.

Gives 1o = 0, 735 = 0, hence 79 = 0 and r; = 0.
Thus, since 790 =0, 790 =0, 50 =0 = B =0.
Hence, A F™ with the metric L(c, ) = cia+ 28 + %; is a weakly Berwald space.

Conversely, if rop = 0, 1o = 0, and so = 0 = B = 0 from (3.7). Thus a Finsler space with
the metric L(a, B) = cia+ a8 + O‘Tj is a weakly Berwald space.
Since the the Finsler space F™ with the metric L(«, 8) = cia + coff + %2 is a weakly-Berwald Finsler

space, then we have rog = 0, rg = 0, and so = 0, from the above discussions.
Substitute above in B™, we get B™ = 0.

Case (ii): Suppose if o = 0(mod ), then n = 2, b = 0 and a? = 3§ where § = d;(z)y".
Consider (3.8), substitution the above it reduces to

B2rooR + BdsoS + *6%rT = 0. (3.14)

In this equation the term which does not contain & is 32rgo R, hence there is a hp(1)V; such that 3%rqg =
ovi.
Thus equation (3.8), reduces to

B%rooR + az(Sso + azﬂzroT) =0,

= SSO + OZQﬂQT‘()T =0 and 00 = 0.

Then there exists a function g(x) such that sg = dg(x) = s; = d;g(x).

Transvecting by b?, we get s;b' = d;b'g(x) and d;b* = 2 therefore g(x) = 0 hence sy = 0, then ro = 0.
Thus, we have rog = 0, 79 = 0, and sg = 0 therefore B; = 0. O
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