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Analysis of Semi-Discrete Finite Element Approximations for the Fisher-Kolmogorov
Model

Mustafa N. Al-Fatlawi and Ghassan A. Al-Juaifri

ABSTRACT: In this paper,der we investigate the numerical analysis of Fisher-Kolmogorov Model type reaction-
diffusion equations on open bounded convex domains Q C R (L =1,2,3) with Neumann boundary conditions.
Tow finite element schemes have introduce which is the semi discrete approximation. The existence and
uniqueness of their solutions is demonstrated for semi discrete finite element approximations.The convergence
of semi-discrete approximations to the exact solutions is presented.Analysis is done on the error boundaries
between semi-discrete and exact solutions, semi-discrete and completely discrete solutions.

Keywords: Semi-discrete approximations, Neumann boundary conditions, the Fisher-Kolmogorov
system, error bounds.
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1. Introduction

During the modeling of chemical and biological processes, reaction-diffusion equations are crucial.
The Fisher-Kolmogorov Model is a reaction-diffusion equation established by Brussels School [7,4,5] to
investigate the behavior of chemical models with non-linear oscillations, this model is widely applied
in Chemical reactions and diffusive mass transport, include enzymatic processes, the triple collision
production of ozone from atomic oxygen, and the multiple mode coupling in laser and plasma physics.
In [19,6], Fisher-Kolmogorov Model has been introduced in the following form.:

Find {¢} so that

0 G(pevety = pecr— ) on a0,7) (L.1)
ot ¢

% =0, on 09, (1.2)

¢(+,0) = Co, in Q. (1.3)

Here, © denotes a bounded domain in RY(L = 1,2,3) with Lipschitz boundary 02, ¢ denote dimen-
sionless concentrations , v represents the exterior unit normal to 912, (o denote initial data,where D, is
diffusion coefficients; furthermore, p: represents the net tumor cell proliferation rate and 6 is the tissue
carrying capacity. (i.e., the maximum admissible tumor cell density). In general, these parameters may
be defined pointwise and over time (i.e.,D¢ = D¢(z,t),0; = (x,t), pc = (z,t)) [28]. We assume D¢ , p¢
and 6, are a non-nagative functions satisfying the following condition:

|D¢| > ar,|pe| < aa s [0c] < as (1.4)
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where a1, as, ag are posstive constant.
Throughout, we assume the following result:

Owing to the widespread prevalence use of the Fisher-Kolmogorov model and the lack of an exact
solution, several studies have employed various numerical methods. Notwithstanding the above, there is a
lack within the scope of research on numerical solution of the Fisher-Kolmogorov Model. In [27], For clar-
ification, the second-order finite difference method has been implemented to obtain a numerical solution
for the diffusion-free Fisher-Kolmogorov Model. It also introduced a dual-reciprocity boundary element
method in [11].For a system of two dimensions, a composite cubic B-spline curve method with a Runge
Kutta technique was employed in [17]. It also introduced a differential quadrature method for reaction-
diffusion Fisher-Kolmogorov systems in [22], this approach Condenses the system into an ordinary dif-
ferential equation, which is then solved using the fourth-order Runge Kutta method.. In [14],Galerkin
has also developed element-free variable multiscale and discontinuous local Galerkin methods. In [9], It
presents a non-lattice radial basis function approach for a two-dimensional Fisher-Kolmogorov system.
The Crank-Nicholson ETD method was applied in [20] to solve the Fisher-Kolmogorov Model in one and
two dimensions. Furthermore, a boundary knot method has been proposed for solving two-dimensional
reaction-diffusion equations in [15]. Additionally, the boundary node method for the purpose of solving
two-dimensional response-diffusion differential equations was proposed in [10,25]. Furthermore, many
recent studies have focused on analyzing a nonlinear diffusion system using the finite element method ,
see for example [16,3,29,24,23,8,30,18,1].

In this study, a semi-discrete approximation of finite elements to the diffusion equations of the pro-
callator reaction is carried out. The existence and uniqueness of the approximation of finite semi separate
elements is also determined. Then some stability limits are derived. And determines the error associated
with the semi-discrete approximation. The next step is to present an approximation of a completely
discrete finite element in which some stability limit was found in the solution and a study of its existence
and uniqueness was carried out. Moreover, the error associated with the approximation of completely
discrete finite elements is given. Moreover, at each time step, an efficient algorithm is proposed to cope
with the approximation of completely discrete finite elements. Numerical simulations are performed in
one and two dimensions to show the expected behavior of a physical problem.

Section 1.1 the notation employed in this study is advanced. Sections 2 define the semi-discrete ap-
proximation for the problem 1.1, and Sections 2.1, 2.2, and 2.3 demonstrate the local existence, global
existence, and uniqueness, respectively.. Section 2.4 presents the error bounds of semi-discrete approxi-
mation.

1.1. Notation and auxiliary results

We present a weak formulation of the Model (1.1)-(1.3).
find ¢(.,t) € H'(Q) so that ¢(.,0) = (o(.), Vop € HY(Q2) and for a.e. t € (0,T)

9¢

(57+%) + (DeVE, T9) = (e (1 -

), ), (1.5)

Let ©" be a quasi-uniform partitioning of {2 into disjoint open simplices {Z} with hz := diam(Z) and
h := max hz, so that Q = UzcpnZ. The space of basis functions that are piecewise linear D" Can be
formulated as follows:
Sh.={£eCQ): €7 is linear VT € D"}
Let {9, ?:0 the basis functions of the space should be S”, which hold for the relation ¢;(¢;) = &;;, where

{¢:}E, is the set of nodes of ®". Let 7" : C(Q2) — S” be the Lagrange interpolation operator such that
mv(¢) = v(¢), V§ =0,..., k. We also introduce a discrete L? inner product on C(Q) via

k
(w(r), v(K)" = /Q M {w(r)o(s) e =Y Njw(C)v(g), (1.6)
§=0

where ij = (6(¢5), d(¢))" = (1,6(¢5)) > 0 it is referred to as the concentrated mass matrix.



ANALYSIS OF THE FISHER-KOLMOGOROV MODEL 3

It can be demonstrated that

(thw(r), v(K)" = (W(k),v(k)" for all w(k),v(k) € C(Q), (1.7)

We present N” = (¢i, ¢;)", Hij := (Vi, V;). The inner product (1.6) induces a norm on S” such that
lw|? = (7hw,w)", for all w(k) € S, |.|n and ||.||o are norms that are equivalent to each other, namely,

Ti||wllo < |wln < Tal|wllo for all w € S*, (1.8)

where Z; and Z, are independent of h. For all w(x) € S"clarify:

k

hg = (/Qﬂhﬂw( )" }dn)% = (Z ‘1) if 0<gq< o0, (1.9)

=0

Q=

|w

and
e = na, w(G;)" if g = oo (1.10)

The discrete Holder and Minkowski inequalities can be formulated, Vw;,ws € C(Q), see [21], pp. 271-274,
as follows:

h 1 1

(w1, w2) | < lwilhg lwolhg, —+—=10<q,q <o, (1.11)
q1 Q2

’wl -‘1-(.&}2|h,q < |w1|h,q + |(/J2|h’q7 0<q<o0. (112)

The following estimate is required (see [26], Lemma 15.1):

(w1, w2) — (wl,wg)h| < CR* L |wr ||pllwz |1, for all wy,wy € S® k=0or 1. (1.13)
Also the following estimates are required [13]):
(I = 7™)wllo + R|(I — 7")w|; < Ch2|wlz, for all w € H*(Q), (1.14)

(I —7™)w|lo1 < Ch?|wla, for 1 <p < oco. (1.15)

Also, it is useful to introduce the following result for 1 < g < co. We have that:

wlo.a = / Z ‘ &ka

Moreover, the inverse inequalities are also presented here, for all w € S" Theorem 3.2.6 in [12]), We
obtain

)a < 20 |wlag, for all w e W2I(Q). (1.16)

|(U|1 q,’ " < Ch ‘W‘O q,’ 7> 1 < q < o, (117)
d(+—2)

o llo,g2 7> < Chopr ™ |wllogr 777, 1< @1 < ga < o0, (1.18)
d(E—-2%)

lwl1,gy,777 < Chs. o P wlg s 1< < g < 00 (1.19)

Let p" : L? — S" be the orthogonal projection from L? onto S", which achieves
"v,x") = (v,x") forall velL? x"esh (1.20)
We shall utilize the projection property can be written in the following :

Ip"v| < C|v|y forall, ve H. (1.21)
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Moreover, the Sobolev interpolation theorem will be studied , which is stated in the following form [2]):

Let v € WER(Q), for h € [1,00], k > 1, then there are constants C and w = ¢ (% — %) In such a way

that the following Gagliardo-Nirenberg inequality valid

[, o] ifk—4 >0,
[vllo.e < Cllvllg 77 olFs,  for & € < [h,00) ifk—%=0, (1.22)
[h,— 547 ifk—§ <0

We also require the following Grénwall lemma in differential form: Let T'(¢t) € W(0,T) and
01(t),02(t),05(t) € L*(0,T), where all functions are non-negative. It follows from

dar(t
% +05(t) < O3(1)T(t) + 01(t) ae. t €[0,T7],
that
T T T T
I(T) —|—/ O2(t)dt < e;vp(/ O3(7)dm)I'(0) + eacp(/ 93(T)d7')/ 01(7)dr. (1.23)
0 0 0 0
We will be frequently need Young’s inequality in the form
oy VS 2 11
140%] < Eai + _127 — — = 1, (124)
€1 135} €1 135

that valids for any vi,v5 > 0, € > 0 and 1,62 > 1.Another valuable implication of Young’s inequality is
as follows:

Y, ve € R, Ve > 0. (1.25)

" (0)[7 = [P"@oli < Cllp"¢ollf < Cligoll < C. (1.26)
2. A Semi-Discrete Approximation

We consider a semi-discrete (in time) of the Model (1.1)-(1.3).
Find ¢"(.,t), % € S™(Q) in a way that ((.,0) = (gin L2(1), % =0 on 90 and the relation is satisfied
fora.e te (0,7)
(3 ¢ (¢")?
ot ’ 6¢
Theorem 2.1 Let Q C RY (L =1,2,3) is an convex , bounded , open domain and (o € H'(Q), then the
Model (1.1)-(1.3) possesses a unique semi-discrete solution (" satisfying
M, t) € L"T2(0,T; LM F2(9)) N L™(0, T; H'(Q)) N L>(0,T; L™*(Q)) N L° (7))
o,
— € L“(Q7). 2.2
or € L) (2:2)

Proof: The proof is organized into three parts, outlined according to the following;:

)" 4 (DeVER, V) = (pe¢t (1 - ), )" (2.1)

2.1. Local existence

Initially, the parameters (" is fined and expressed according to the following :

k

M) =D Cilt)mi(.), (2.3)

i=0
and set ¥"(.,t) = w,;(.) for j = 0,..., k, where C;(t) represents a time-dependent constant. The initial
condition can be approximated as follows:

k

Q) =P" Go() =D Ci(0)mi(.), (2.4)

=0
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with
k
3 Ci0) (@i ) = () my) = (P Go(),wy),  §=0,....k,

=

0
Through substitution (2.3) and (2.4) in (2.1) , and having ¢ = @;, j=0,...,k, lead to

k

k
Z dc:;t(t) (s, ;)" + ZCi(t)(DCVwi, V) = (e (Ch), @)™,
=0 i=0

where ¢ (¢") = pe¢h — PC%’ such that

k
(1€ )" = (e (> GO, 5"
1=0
k
= [ 732 Ot ) e = e,
1=0

Thus from (2.6) and (2.7) we obtain a system of (k + 1) ordinary differential equations:

dC;(t)
dt

M;; + Ci(t)V M = Mjjpc(Cy),

where Mj = (wi,wj), V]\ZJ = (D(V’{DZ,V’(DJ)

2.2. Global Eistence of a Semi-Discrete Approximation Solution

(2.5)

(2.6)

(2.8)

To establish the global existence of approximate solutions, we will determine bounds for the solutions

¢" the fact that these bounds do not depend on the function h.

Estimate I:
Setting " = ¢" in (2.1) and noting (1.4), we have

h2 hp2 , 92 n4 h)2
= < )
5 1+ el VIR + Z21¢ME, < sl

Multiplying by 2 and using (1.23), we have that
h 2 g |2 ag [T hi4 B2
M@+ 200 [ 1R +252 [ e < explCTY(COR)

and noting that (y € H'(2) ,this lead to

(&%)
|Ch(T)‘%°°(O,T;L’h2(Q)) + 2@1|Ch|%2(o,T;H1(Q)) + QZS\C}IQM(QT) <C.

we obtime to ¢” is uniformly bounded in ¢"* € L°°(0, T; L"2(2)) N L2(0,T; H*(Q)) N L™*(Q7r).

Estimate IT :
Setting " = (¢")? in (2.1) and noting (1.4) , we get

IC o on(VCh T(EP) < an(d (€ — 22((¢P, (M),

as

FaICH 301 (TCP, (€29 < aslCh (€M) = S (¢

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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and

Qg
I a3l IR < el - <R (214)

By transferring the negative term from the right-hand side to the left-hand side and using (1.23),and also
multiplying by 4, we have that

T T
o
ICh(T)Iﬁ,4+12a1/ IIC"Vchl\%dtﬂL‘lfaz/ [<"[h.6dt < exp(CT)(I¢"(0)]}.4)- (2.15)
0 0

By recalling (o € H'(Q) and H' < L* this lead to
(D) 200 (0.7, 2m1 (52 + 1200 [C" VP T2 +4 |Ch Lo < C. (2.16)
we arrive to (" is uniformly bounded in L>(0,T; L"*(Q)) N Lé(Qr)and ¢"V¢M € L2(Qr).

Estimate III:
Setting " = % in (2.1) and noting (1.4) ,this lead to

ac" h ac" B ez g O
= 2 ) < S yh 2 = )
1S+ an(V6h V() < asl¢h, Gt - S, 5 (217)
2+ 2Ly < 228 g 22 ghye, Xy (218)
ot 2dt 0= gt as T ot ’
By using (1.24) and (1.11)
8Ch
2L R I P11 & (219)
substituting (2.19) in (2.18) lead to
1 ach, h h Q2 o hi6
3G+ B LIV < IR + 22 (220)
Multiplying the result by 2 and Integrating over time, we have that
¢, by |2 h(o (2
| |L2(0TLh 2(q)) + a1 V(D) + [¢"(0)]3,
< a1|vch< 0) + 1¢"[Zs(or) + I (T3 (2.21)

By recalling ¢y € H!() and using Estimate II , and Estimate I, noting that 2 is uniformly bounded
in L2(0,T; L™%(Q))and ¢" € L>=(0,T; H(Q)).

Estimate IV:
Setting " = (¢")?"~! in (1.1) where 1 < n < oo ,and noting (1.4) we have

n— a2 n
oM+ aall(C") VEHIE < aal¢in — I R (222)
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multiplying by 2n, we have that

_ Qnag
|Ch h,on T+ 271@1”(@)n 1VCh||g |Ch %n;;iz < 2na2|§ |h 2n

By using (1.23) lead to

h( T hyn=1y7¢h| (24 2”a2 T h2nt2 g
(T )h2n+2n041 ; (¢ ¢t Bdt + —— | 5 ot

< exp(2na2T)(|Ch( i)

By recalling ¢, € H'(Q) and H' — L?" | this lead to

T T
e 2no n
T +2n0 [ IVCE) e+ 222 [ < c

we arrive to (" is uniformly bounded in L°°(0, T; L"2"(Q)) N L2"+2(0, T; L"2"+2(Q))
and (CM"1VCh € L2(0, T; H ().

2.3. Uniqueness

Let ¢I', ¢h are represent solutions of the semi-discrete approximations (1.1). Assignment g =

and setting ¢" = 8", in (2.1), this leads to the following formulation:

5 10"+ rlIVBPI < a8 = 2t - (el 8

Now,by using (1.24)and (1.11)

s B3 — Z2((C1)P = ()3, B < anl B2 — Z2((¢)P — (¢)?, BM)™,
(0% as
< ay|B2 - j—j((d — (M2 + cheh + (b)), 87",

a9 3 3
< |8 (a2 + o |§(C{1)2 + 5((5)2|7
Substituting (2.28) in (2.27) lead to
L1 + aalIVB" I3 < 18" oz + 22 1 2(cty + S(hy?
2 dt as ‘241 2 ’
multiplying by 2 and using (1.23) ,lead to

3042

T T
BM (TG + 200 [ 198"t < 18" ) expl | (an + 22I(C) + (G
0 0

(2.23)

(2.24)

(2.25)

(2.26)

_Cgv

(2.27)

(2.28)

(2.29)

(2.30)

By recalling ( € H'(Q) and using Estimate I,noting that (" is uniformly bounded in

L>(0,T; L"*(Q))
and since L>=(0,T; L"2?(Q)) — L*(Qr)
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B (D)5 + 200 18" |32 (111 ) < C1 B"(0)]3- (2.31)

Thus if ¢'(0) = ¢£(0) hence we deduce uniqueness for all ¢ ;however,if (}(0) # ¢5(0) ,then we have
continuous dependence in L?(€2). O

2.4. A Semi-Discrete Error

An error estimate between the solutions of equations (2.1) and (1.5) is derived.

Theorem 2.2 The outcome {¢"} of (1.1) and (1.3) fulfills the error bound:
1€ = ¢l Lo 0,122 (2) + 1€ = CPllz2 (0,731 2y < CR. (2.32)

Proof: Define E = ¢ — ¢h, EA = ¢— WhC, EM = Wh( - Chv
we have that

E=FE*+ EM (2.33)

Choosing 1 = 1" = E" in (2.1) and (1.5), and subtract (2.1) from (1.5), yielding

¢ ach h oo
(5 JEM) — (- o JEM" +(DVE", VE")
~ (¢ = B 5 — (s - KT oy (239

1 dPerforming addition and subtraction for each terms (%, E™), and (%, E™) to (2.34) and rearranging
eads to

¢ ach h\ a¢h b a¢h 7 fh
(57 B") = (G B = (G BN 4 (5 B + (DVE, VE?)
2 h\2
= (p¢ —pZS ,Eh)—(Pcéh—pC(Oi)aEh)h. (2.35)

By transferring the negative term from the left-hand side to the right-hand side

(%7 E") + (D:VE,VE")
o - 0 hy2
= (%aEh)h ( C Eh) (pCC pgf Eh) (pCCh B /k(ei)’Eh)h. (236)

By useing (2.33) and noting that (1.4),this lead to

1d oF . .
MIIEIIO +a1|VE[§ < (E,EA) + a1 (VE,VE?)

ach ach

h\2
(ﬁ) )" - (at EM) + (pc¢ — pe BN — (PCCh—M7Eh)h. (2.37)

O’ Oc

+
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Now , bounded right-hand side of(2.37)

by using (1.11) and (1.15) , to give
)< || 22 1B < cmH ¢l (2.38)
By using (1.11), (1.1 )and (1 24) and choosing € = <, we obtain that
(VE,VE4) < HVElloHVEAllo < 1B B4
< ChE[C]l2
a1, - o
< ORI + SHIBIR + HBR. (2.39)
By using (1.13)and (1.24)and choosing € = %, we obtain that
o pn 8C
(5 B = (5 BN < Ch” || 1E" |y
ah, s -
< Ch||[ -l - E4,
ac"
SCthgHO HEH1+*HEAH1
« ~ .
< C’h2|| ||0+—1||EH3+gIEI%ChQHCH% (2:40)

(pcn — 2425 By

2 ~
_ ng JEM) —
p<C , E™) and useing (1.15) and rearranging

Now,to prove bounded (p¢¢
By Performing addition and subtraction for each term (pc¢ —

leads to
h2 o h2 o 2 h2 o
asfict - EL - @ - E L ] v e - S - ¢ - 8 5]
<C[(¢h = (M2 BN = (" = (2B + O[(C = BN = (¢ = (¢ BN (2.41)
Firstly , bounded the first term in(2.41) ,by using (1.15)and (1.16), we obtain that
h h\2 ok h h h 2 9*(( )%, EM)
(¢" = (¢ EM — (¢" — (¢ EM] < on Z/ et M% da (2.42)
Now, to find partial derivative in (2.42),we have
(" = ("?EM) _ coch o 0c W (2 OB
O a (5‘% % axz) -5
and
s hac W (eh ey O a¢m ot sy (O 1, OC"\ OE"
83:3 [(8:1:1 - >E (=) )71} o ox; (9ij * (8% - 8:1:1) Ox;
ach ach W OCh aEh agh OEM

- axza
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Substituting (2.43) in (2.42) lead to
Cl(C" = (M2 B = (¢ = (M2 B

2 ¢h 3C jy O™ OE" py OCh OE"
= Ch Z/’_anl (1_24)81‘2 0z (1_24)8% ox; du

HEM
ax

act
ox;

ach H@Eh

9 h

<oy (|35

2y

\\Eh\ + (1+2¢"))

< CR2[ICM 35 1B los + (14 1€ o) 1C" 1,3 1E" 1.0]

< on?[|Ich3 1+ 1 o 1€ .3 1E" 5] (2.44)

We use the injections H' < L3, (1.19) in the following form |w|; 3 < Ch~%6|w|; 5, One can say that
¢" is bounded in L*°(0,T; HY(Q2)), (1.24), and (1.14), to have that

Cl(" = (M2 B = (¢ = (¢ B
< CR2[CRT ¢ IB™ | + IS 1Bl + ORI 7 1B

& - —d -
< CREE (¢ Iy 1Bl + IS IEM 1| < o2~ [I1E™)1] (2.45)
after using Estimate ITI and (1.24) We have obtained that result.

It follows from the fact that e = e — e, Cauchy Schwarz inequality (1.14),(1.15) and (1.24) and
choosing € = - that

O[(c" = (2% B = (¢" = (M) BN < Cht=$ 4+ SHIBIE + THIEI + CR2CME . (246)

Secondly,we prove the bounded of the second term in(2.41)

ClC= ¢ EM = (¢" = (% BN < o((C - M - (= M), BY)

c((c=¢" == M+ B (2.47)
since E = ¢ — ¢" ,we obtain that
< C(E — B¢+, Eh) (2.48)
Using Holder (1.12), it follows that

C(E= B+, B") < C[IElo B0+ ||E"
< CJIEIg + Ch?C I3 (2.49)

Now,put the equations (2.38),(2.39),(2.40),(2.47) and (2.49) in equation (2.37), this lead to
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oF a1, ~ ar |~
\||<||2+0h2||<||%+—||E||3+—|E|1+Ch2}| e+

|5
1, & aq |~ _d
gllEH% + F\Ell +CR2|C)13 + ChA™% + *”E”o + fIIElll

S SIBIR + an [VEIE < on?

+CR?(|C"13 + CIIE|G + ChQHCHz-

MHEHO + Doy | VE|} <

en?)| 22| el + ontici + or 02 + o2l + o4,
2dt”EHO 10‘1||VEII3 <
Ch*|¢[I§ + Ch? [1+H o H I¢ll2 + NI¢13 + H Ho+||C|| }

We noting hi—% < h? and h2—% <h? ash<1land d<3

d, - .
ZNBIZ + ot | VB3 <
cr813 + 01+ | 22| et + 1t + N1ZE0 )2 + i)

By Integral the two said on time (T) , this lead to

T
VB2 + o / IVEIR dt <

IEO) +Ch? / [+ 22| et + 118 + NS0 2 + ) e

11

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

Furthermore ,by usingEstimate I and using Estimate IIIthe other terms on the right hand side of

equation(2.54) are bounded
1B oo 0,7, 220)) + 1| Ell 20,7, 11 () < O,
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