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Quantum Difference Relative Uniform Convergence of Double Sequence Spaces of Sargent
Type Functions
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ABSTRACT: This paper introduces two new double sequence spaces of Sargent type functions, denoted
by 2m(¢,ru,Vq) and 2n($,ru, V), which are defined using the concept of relative uniform convergence
in combination with the Jackson g-difference operator for double sequences. In this framework, we define
bounded, p-absolutely summable, convergent, and null double sequences of functions based on the idea of
quantum difference relative uniform convergence with respect to a scale function. These classes are represented
by loo(ru,Vg), €p(ru, Vq), 2¢(ru, Vq) and 2co(ru, Vq), respectively. We also explore the inclusion relations
and isomorphisms between these newly introduced spaces and other existing function spaces. Additionally,
we investigate several algebraic and geometric properties, such as solidness and convexity.
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1. Introduction

The idea of statistical convergence was initially proposed by Fast [14] and later expanded upon from
the sequence-space perspective by numerous researchers [1,15,16,17,20,21,22,23,31,38,39,40]. This concept
has gained significant attention due to its wide-ranging applications in various mathematical fields such
as number theory, mathematical analysis and probability theory. The study of statistical convergence in
double sequences was independently introduced by Moricz [25], Mursaleen and Edely [26] and Tripathy
[32].

Functional analysis offers powerful tools for understanding the geometric and structural properties
of sequence spaces. In this context, the description of extended eigenvalues of operators [11] and the
application of Banach algebra techniques [19] have provided essential insights. Moreover, the study of
reproducing kernels [18] and concrete operators [12] has enriched the literature. Building upon these
functional analytic foundations, recent research has focused on generalized convergence methods including
ideal convergence in linear n-normed spaces [29], lacunary ideal convergence in random spaces [36] and
statistical convergence in 2-normed spaces [37].

The concept of the space m(¢), which is connected to the £,-space, was first introduced by Sargent [30]
who also explored several properties of this space. Later, the space was analyzed from the perspective
of sequence spaces with Rath and Tripathy [27], Tripathy [33] and Tripathy and Sen [34] providing
characterizations of various matrix classes. The idea of a sequence of functions demonstrating relative
uniform convergence with respect to a scale function was initially proposed by Moore [24]. The concept
of relative uniform convergence of a sequence of functions was further developed by Chittenden [2]
who further expanded on the notion of relative uniform convergence in his formulation. Following this,
numerous other researchers contributed to the development of the concept including Demirci et al. [5],
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Demirci and Orhan [6], Sahin and Dirik [28], Devi and Tripathy [7,8,9,10] and Debbarma et al. [3]
among others.

The convergence of function sequences plays a fundamental role in areas like approximation theory,
operator theory and functional analysis. Traditional types of convergence such as pointwise and uniform
convergence often fail to account for irregular or nonuniform behaviors in function sequences. To address
these shortcomings, more generalized convergence concepts such as relative uniform convergence have
gained greater importance.

Simultaneously, quantum calculus known as g-calculus introduced by Jackson [35] provides a discrete
framework for analysis. While Jackson originally defined the ¢-derivative, subsequent studies adapted this
concept to sequence spaces using difference operators. Recently, Debbarma and Tripathy [4] investigated
the behavior of g-difference sequences of functions under relative uniform convergence using the operator
V(1) = G () = gCn1(u):

In this paper, we extend these concepts to double sequences. We present a significant advancement
in the study of double sequence spaces by introducing two novel spaces m(¢,ru,V,) and n(¢,ru, V)
which are defined through the concept of relative uniform convergence combined with the Jackson g¢-
difference operator generalized for double sequences. By exploring the interplay between quantum dif-
ference and relative uniform convergence, this work provides a fresh perspective on double sequences
that are bounded, absolutely summable, convergent and null. These newly defined classes represented
by loo(ru, V), £p(ru, Vy), c(ru, V,) and co(ru, V,) open new avenues for understanding the structure
and behavior of function sequences in a discrete framework. The relationships between these spaces
and existing function spaces are also explored offering deeper insights into their algebraic and geometric
properties.

2. Definitions and Preliminaries

Definition 2.1 Let Q be a compact domain. A double sequence of functions ((;;) is said to converge
relatively uniformly to a function  if, for any given positive value o, there exists an integer ny such that
for all i,5 > ng, the following inequality holds:

1Gij (u) = C(u)| < afw(u)].

In this definition, w(u) is referred to as the scale function, which is defined on the same compact
domain Q). The concept of relative uniform convergence for single sequences was introduced by Chittenden
[2], following Moore [24]. Here, we consider the extension of this concept to double sequences in the
Pringsheim sense.

Example 2.1 Let [0,1] be a compact domain in R and consider the double sequence of functions (;; :
[0,1] = R, fori,j € N defined by

1
25200 for u #0,
Gij(u) = § 7
0, foru=0.

Consequently, it is clear that (¢;;) does not converge uniformly, but rather converges relatively uniformly
to the zero function with respect to a scale function w(u) defined by

() = %, foru#0,
A= 0, foru=0.

Throughout, the space £ will represent the class of all subsets of N x N that contain a maximum of
st elements. The space ® consists of all non-decreasing double sequences ¢ = (¢;;) of real numbers (i.e.,
¢ij < ¢iy1,; and @5 < ¢; j11), such that for every positive integer 7,7, 0 < ¢11 < ¢ij < Pig1,j+1 < 0
and (Z + 1)(] + l)qi)ij > ij¢i+1,j+1- That iS,

Qij 5 Pitlitl e N (2.1)
ij — ((+1)([+1)
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Example 2.2 (1) Let ¢;; =1, for all i,j € N. Then (¢;;) € ®.
(2) Let ¢;; =ij, for alli,j € N. Then (¢;;) € ®.

Generalizing the work of Sargent [30] to double sequences, the spaces m(¢) and n(¢) are defined as
follows:

Definition 2.2 The class of double sequence am(p) is defined by

1
2m(6) = { (x)) € w: sup S oyl <
(s,t)>(1,1),0€€s¢,u€Q Dst | ~©
(i.)€0
The class of sequence on (@) is defined by,

00,00

an(¢) = < (x;5) Ew:  sup Z |zi;| Agij < 00 p,

ueA@i)  j=1,1
where Agi; = ¢ij — ¢i—1,j—1, with ¢op = 0.

Definition 2.3 Let ¢ = (¢;;) be a double sequence of real numbers satisfying equation (2.1). Then,
a double sequence of functions ((;;) constructed on a compact domain Q is said to converge relatively
uniformly to a limit function ¢ if for each o > 0,

1
sup
(s,)>(1,1),0€€00,ueQ Pst

D 1G(w) = Cw)] < alw(u)],

(i,4)€0
where w(u) represents the scale function defined in Q.

The classes of all relative uniform convergence double sequences of Sargent-type functions are denoted
by om(¢, ru) and on(¢, ru), respectively, and are defined as:

1
am(¢,ru) = { (Gij) € wy sup
(s:0)2(1,1),0€€. ueQ Pst

Y G < Tlw(w)] g,

(i,4)€0
we also introduce another class of sequence of functions:

00,00

an(,ru) =< (Gy) €Ewp: sup > |mij(w)| Agy; < Tlw(u)] ¢,

(mi;)€S(C) ij=1,1
where S(C) represents the rearrangement of the double sequence ((;;).

Example 2.3 Let ¢;; = ij, for alli,j € N. Consider a double sequence of functions ((;;) defined on the
range [0, 1] by
220
Gij(u) = Tz, Joru#0
’ 07 fO’i‘ u=0.
Now,

1 U
am(¢,ru) = sup 1Gig (W) = —————+>
(5,:£)>(1,1),0€€.0,ueQ Pst (i;@r ’ st (1+u?)

which is not convergent uniformly. However, it is convergent relative uniformly if we consider a scale
function defined by
1
1 0
w(u) = ¥ for u #
0, foru=0.

Then, (¢;;) € am(@, ru) with respect to the scale function w(u).
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Definition 2.4 The norm of the space am(¢,ru) is defined as follows:

1 [Gij (w)]
@ (w)]

||C||2m(¢,ru) = sup
(,)>(1,1),0€€00,ueQ Pst

(i.4)€o
The following well-known relative uniform convergence double sequence of function spaces can be
given as follows:

bp(ru) = (Gg) €wr s D 1G)I” < alw ()] ¢,
ij=1,1

O (ru) = < (Gj) € wy - Z 1Gij(w)| < alw(u)| p, for p=1,
ij=1,1

loo(ru) = {(Gij) € wy + sup; >y G5 (u)| < alw(u)l}

gc(ru) = {(Qg) €wy: ICT;,?ZJ” L' 50, asi,j — oo

aco(ru) { Cij) €E wy - ‘ﬁ;ﬂ((s))l‘ —0, asi,j — oo}

Remark 2.1 (1) If ¢;; =1, (¢,5) € N, then om(¢, ru) = £ (ru);

(2) if ¢i; =147, (i,5) € N, then gm((b, ru) = loo (ru).

Definition 2.5 A subset Z; C qwy is considered solid or normal if for every i,j € N, |n;;(uw)] < |Gj(w)l,
implies (n;;) € Zy.

Definition 2.6 Convergence-free subsets are defined as Z; C swy if (Gij) € Zy, then (j(u) = § =
m(uw) =0, onu € Q and (n;5) € Zy if (;j(u) # 0 = n;;(u) may be anything.

Definition 2.7 Suppose Z; C qwy is a linear domain. Then M : Z; — [0,00) is a modular in a real
double sequence of functions space if for (Cij) , (nij) € Zg, the following conditions hold.

(1) Mz, (Cij(u)) = 0 iff Gij(x) = 0, where 0 represents the null sequence of function, for allu € Z C R.
(2) Mz, (=Gij(u)) = Mz, (Gij(u)), for allu e Z CR.

(8) Mz, (AGij(u)) = Mz, (Cij(u)), for all scalars with [X| = 1.

(4) Mz, (MGij(u) + Aamiz(u)) < Mz, (Gj(w) + Mz, (nij(w)), for all (Gij) . (mij) € Zf and A1, A2 > 0,
[A1] + A2 = 1.

Further, the modular M is convez if

(5) MZf (Algzj(u) + )\27}2](’LL)) S >\1MZf (C”(u)) + )\QMZf (77”(’[1,)), fOT all (C’LJ) s (77”) c Zf and )\1, )\2 2
0, [A\1| + [X2| = 1. The modular M is called §-convex if

(6) Mz, (M\iGij(u) + Aamij(u)) < MMz, (CGij(u) + AsMz, (1ij(w)) , for all A, X >0,
N +A=10<35<1.

Definition 2.8 A double sequence of functions ((i;) € Mz, is modular convergent to ¢ € My, if there
is a A > 0 such that (M (A(Gi;(uw) — ¢(w)))) = 0 as i,j — oo, for all u € Q.

Definition 2.9 In the normed space om(¢,ru), the unit ball and the unit sphere are defined by

Bunior = {(6) € 2m(@,70)+ [Gallory = 1}
Sym(gru) = (Cn) € 2m(,Tu) : ||Cn||2m(¢,ru) = 1}_

Definition 2.10 A Banach space is considered uniformly convex if, for any e > 0, there exists a U(e) > 0
such that for (Cij) . (i) € Sz,

St il <),

6, = Wl = 12055 =l > e = | <
Zy
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Definition 2.11 (James [13]) A Banach space is considered super-reflexive if it is isomorphic to a
Banach space that is either uniformly convex or uniformly non-square.

Definition 2.12 (Quantum Difference Operator for Double Sequences) For a double sequence of func-
tions (;5(u) defined on a domain Q, the generalized quantum difference operator is defined by

ViGij(u) = Gj(u) — qGi—1j-1(u), 0<gq<1,
where C;o(u) = (o j(u) =0 for all i, j.

Definition 2.13 (Relative Uniform Convergence for Double Sequences) A double sequence (;; converges
relatively uniformly to ¢ on Q with respect to a scale function w(u) if for every p > 0, there exists n,
such that for all i,j > n,,

1Gij(w) — C(u)| < plw(w)|,  uniformly in u € Q.

The purpose of this research is to investigate this form of convergence of a double sequence of the
Sargent type-related function and investigate some of its topological and geometrical characteristics.

3. Main Results

We denote the classes of Sargent-type functions related to quantum difference relative uniform con-
vergent sequences by om(¢, ru, Vy) and on(é, ru, V). These sets are defined as follows

am(¢,ru, V) = < (Gj) : SUP (s,6)>(1,1),0€£4¢,u€Q ﬁ Z IV eGij(u)] < alw(u)| o,
(i,j)€0

2n(¢yru, V) = § (Gg) €wrisup = > [Vany(u)] Ads s < afw(u)]
(mi;)€S(C)

Here, S (¢) represents the rearrangement of (;;) .

Theorem 3.1 The space am(p,ru, V) is a linear space.

Proof: Let (;;) and (7;;) be elements of oam(¢, ru, V). For scalars oy, g > 0, the following inequalities
hold
SUD (5 1)>(1,1),0€6,:,ucQ dft Z IVGij(uw)] < ar|w(u)], forall u € Q,
(i,j)€c
SUD (5,4)> (1,1),0€€01,uEQ ﬁ,t Z IVnij(u)| < aglw(u)|, forallu e Q.
(i,j)€0
We assume the same scale function w for both sequences without loss of generality. Let 5; and (52 be
two scalars. Then we obtain

SUD(5,4)> (1,1),0€€01,uEQ ﬁ Z 181V Gij (w) + B2V gmij(u)]
(i,j)€0
< |51|SUP(s,t)z(l,l),aeﬁst,ueQqf,t Z |Vqu‘j(U)|
(1,5)€0
+ 12l SUP(s 1> (1,1) .0 cturueq For > Vanij(w)]
(i,)€0
81| ar|(u)] + [B2| az|w(u)]
([B1] c1 + |Ba] a2) [ew(u)|
alw(u)l.

I IAIA

Here we define o = |51] a1 + |B2| cve. Hence, (81Gi; + Banij) € am(@, ru, V). Therefore, om(¢, ru, V4) is
a linear space. O
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Theorem 3.2 The space om(¢,ru, V) is a BK-space with the norm defined by

1 |V qGij ()]
1€l = sup el
2m(¢,mu, V) (,)2(1,1),0€€00,ueQ Ps,t (if)eo | (u)]
Proof: We first demonstrate that om(|[.[|q,®,ru, V,) constitutes a normed space. ~The norm

H(Cij)||m(”~HQ $iruVy) is zero if and only if ¢;; = 0 for all 4,5 € N, where 6 is the null sequence of
functions. regarding scalar multiplication, let 8 be a scalar. We observe that

_ ! 1BY 46y ()]
1BC, (g6, 70) = SUP2 (1) 0t ueQ For 2o Tt

(i,j)€0
= |6| ||(Cij)HQm(”_HQ,(pJ-u,vq) .

For the triangle inequality, let ((;;) and (7;;) be elements of ym(¢,ru, V4). We have

1(Gis + 77ij)H2m(|\,||Q,¢7ru,vq)
_ 1 [V Gij (u)+Vgnij(u)]
= SUP(s,1)>(1,1),0€¢00,u€Q G, 5 > Hetu EOINE
(i,4)€c
1 [V ¢Gij(u)]
< SUD(s 4)>(1,1),0€€00,uEQ Foy REOE
(i,5)€0
1 |V gmij(u)]
+SUP(s,1)>(1,1),0€¢.0,u€Q B, = I
(i,5) €0

= 1), W) mai e .m0 -

This implies

165 + 23 Lm0 v0) = NG amq o @ v) H 10 Lo iiguoruv,) -

Thus, om (||.||q, ¢, Tu, V4) is a normed space. We now prove the completeness of om (||.||q, ¢, 7u, V). Let
é-kl

<7 ¢ be a Cauchy sequence in om (||| g, ¢, 7u, V), where sup,, ; @ (u) exists for all u € Q. We define

Kl “ 00,00
supy @k (u) = w(u) for every u € Q. Thus we write %l = {C;{((u))} for each fixed k,! € N. For
i,j=1,1

any « > 0, a positive integer ng(a) > 0 exists such that for all k,! > ng(a) we have

‘ am(||-llq,¢,mu,Vy)
CE (u)=V ¢ (u)]

_ 1 v
= SUDP(s,4)>(1,1),0€€.1,uEQ E T < a.
(i,j)€0

kl kl
Cij _Cij

If we choose (s,t) = (1,1) and vary o € &, we find
VoG (1) = VGl ()]

| (u)]

< agy for each fixed 7, j € N and all k,1 > no(«).

Consequently, we conclude that

’Vq zk]l(u)’ - ‘Vq zkgl(u)‘

| (u)] @ (w)|

< agy, forall k,l > np(a).

¢ (w)

w(u)

This implies that {

} is a Cauchy sequence in R x R for every fixed 4,7 € N. Since R x R is
k,leN

complete, the sequence converges for each i, j € N. Hence we obtain

ki
lim | ()
koo | w(u)

(3.1)
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U_ ¢kl Kl
We now have limy, ;o0 ’ wc” = 0. We consider nkl(u) = Z %. Then (nkl) € Lo (Vy, ru).
(i,j)€0
Therefore il
VoCE(u
sup ||qZ(J()|)‘ < (3.2)
w(u
RIEN i j)eo
We observe that
|VqCis( |V4Cij ()= Vo ¢F (u)+V o ()]
Rt = > = ’
(i,j)€0 (1, j)€U| . | |
VCij (2) =V a¢E ()] VaCH (u)
<> B+ 3 Bl
(i,j)€c (i,5) €0
=ap1 1+ 0.

The last step follows from (3.1) and (3.2). This result implies that {( = (¢;;) € am(®,7u, V,). Since

kl
%} is an arbitrary Cauchy sequence in om (||.||q, ¢, 7u, V4), the space is complete. Finally, we show

that om (]|.]|q, ¢, ru, V4) has continuous coordinate projections py, where
prrwp = K and  py(Gj(u) = Gj(u), uweQ.
The coordinate projections py are continuous because the following inequality holds

|Gij(u)] < sup GstllCllom(.1g.6ru,vy) [ (w)|,  for each i, j € N.
(s,t)>(1,1),0€€s¢,u€Q

In light of Theorem 3.2, we state the following theorem without providing a proof.
Theorem 3.3 The sequence space of functions an(¢,ru, Vy) is a BK -space.

Theorem 3.4 The sequence space of functions om(d, ru, V) is solid.

Proof: Let ((;;) € am(,ru, V4). By assumption, we have

Y IVeGi(w)l < afew(u)]. (3-3)

i,j)€0

sup
(s,)>(1,1),0€60¢,u€Q ¢st

We consider another sequence of functions (1;;) € wy such that

Ini (w)] < 1G5 (w)] - (3-4)
Combining (3.3) and (3.4) yields the following inequality

sup [Vanij(u)] < sup VG (w)] < alw(u)].
(,)>(1,1),0€€00,ueQ Pst (i%éa R (,0)>(1,1),0€E00,ucQ Pst (i%éf >
Hence, (1;;) € am(p,7u,Vy). As a result, om(p,ru, V) is solid. O

Theorem 3.5 The space om(¢,ru, V) is isomorphic to the space £,(Vq,1ru) for 1 < p < co.

Proof: We define a transformation 7 : om(¢, ru, Vq) — £,(Vg4,7u) by

T (Gij(u) = sup 1 3 Z |Vqu'j(u|)|

(s,t)>(1,1),0€€4:,u€EQ ¢St (i,j)€c \ij=1,1 | (u)
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The linearity of 7 follows directly from its definition. Furthermore, if 7 ({;;(u)) = 6 where v € @ and
6 =(0,0,0,...), then (¢;;(u)) = 6. Hence T is injective. Consider an arbitrary sequence (1;;) € £,(Vgq, 1)
such that

T (Gij(w)) = mij(u)

00,00
1 [VgGij (w)]” o
= o0 > | X St | =

(i,5)€0 \4,ji=1,1

=

= VqGij(u r _
= | > T = X dun(w)
1,j=1,1 (i,7)€0

00,00 P

= Cij(“) = SUP(s,6)>(1,1),0€€4¢,uEQ Z Z (¢st77ij(u))p | (u) < ala'(u)],
(i,5)€0 \4Jj=1,1

where w@’(u) denotes the new scale function corresponding to the sequence (7;;). Thus the space
am(¢,Tu, V) is isomorphic to £,(V,, ru) for 1 < p < . O

We state the following corollaries based on the reasoning outlined above.
Corollary 3.1 If ¢;; = 1, the space sm(¢,ru, V) is isomorphic to the space £1(Vg,ru).
Corollary 3.2 If ¢;; =ij, the space am(p,ru, Vq) is isomorphic to the space oo (Vg,Tu).
Corollary 3.3 Convergence is not free in the sequence space of functions m(¢,ru,Vy).

The following example illustrates the validity of Corollary 3.3.
Example 3.1 Consider a sequence of functions ;;(u) defined on the compact domain [0,1] as follows

1
Gij(u) = {S{M ;Z:Zig

This sequence does not converge uniformly. Instead, it converges uniformly to the zero function with
respect to a scale function w defined as

L, foru#0,
w(u) = (’)‘ P o
, foru=0.

We consider the sequence (¢i;) where ¢;; =1 for all i,j € N. In this case, we have

=
S

1
sup
(5:)2(1,1),0€€,0 ueQ Pt

< a.

g =

i,j)EoT ‘
Hence, (Cij) € am(d,7mu, Vy). Now, let us consider another sequence of functions on the same compact

domain [0, 1], defined by

iju, foru #0,
mij(u) = o
0, foru=20,

We use w(u) as the scale function. However, in this case we have

1 [ijul

|ul

sup

— 00, aS1,j —> 00
(5.)2(1,1),0€€00ueQ Pst

(i,5)€0

Therefore, (1;;) ¢ am(p,ru, Vy). Hence, om(¢,ru, V) is not convergence-free in general.



QUANTUM DIFFERENCE RELATIVE UNIFORM CONVERGENCE 9

Theorem 3.6 The following properties hold.
1. The space om(¢,ru, V) is symmetric. If ((;;) € am(@,ru, Vq) and (ni;) € am(¢,ru, Vy), then

1M vy = 1o
2. Suppose (Gij) € am(¢,ru,Vy) and |(n35)| < [((ij)| for all i,j € N. Then, (1) € 2m(¢,ru,V,) and

1), 6,009 ) S NGy, -

Proof: The proof of the first property follows directly from Lemma 5(a) in Sargent [30]. For the second
property, let (¢;;) € am(¢,ru, V) and consider a sequence of functions (7;;) such that |n;;(w)] < |¢;;(w)]
for all 7,5 € N. We have

SUP(s,0)3 (1 1)oeenuc 57 DO |Vamig(u)]
(i,j)€0
<SPGy (11)wetn e 7 D |VaGis(w)] < alw(u)l
(i,)€0
g ||77ij||2m(¢,ru,vq) < HCinzm((;;,ru,vq)'

The last inequality uses the fact that ((;;) € am(@,ru, V). Hence, (1;5) € am(¢, ru, V). O
Theorem 3.7 The space om(¢,mu, V) is a subset of am(p, ru, V) if and only if sup, 4> (11) % < 00.

Proof: Let U = sup(, 4)>(1,1) % < 00. We can express this as
@5t <Uthg, forall s,t€N. (3.5)

Assume ((;;) € am(¢, ru, V,). We have

1 [VgCij(w)]
SUP(s,t)>(1,1),0€6:1,u€Q Gy REOIRNS
(i,4)€c
VoCis . .
== SUP(4,4)>(1,1),0€€40,u€Q U?}m | Iqwc(i(ﬁ)‘ < a, using (3.5)
(i,j)€0
1 ‘V Gi ( )‘
= SUD(5,6)>(1,1),0 €51, uEQ Pt 7@(&)7 <Ua
(i,j)€0
1 |V Gij (u)]
= SUP(5,0)>(1,1).0 €601 uEQ Ty S <V’
(i,5)€0
where U = Ua. This implies () € oam(¥,ru, V). Thus, we conclude that

om(é,ru, V) C am(y,ru, V,). Conversely, assume that om(¢,ru, V,) C om(¢,ru, V,). Consider the
case where sup(, 4> (1,1 % = 00. Let

sup st _ sup Vg, and () € am(e, ru, Vy).
(s,6)>(1,1) T/Jst (s,t)>(1,1)
Therefore | -
sup VaGis(w)l _
(‘S t)>(1 1)7Ue§st7uEQ ¢St (’L j)ea_ |w(u)|

We observe that

1 i V i

sup [VoGis(w)| _ sup ba 1T | ch .
(s,6)>(1,1),0€€51,u€Q wét |W(U)| (5,6)>(1,1),0€&5¢,u€EQ ¢st w

(i,)€0 (i,5)€0
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This implies that ({;;) ¢ 2m (¥, ru, V4), which is a contradiction. Thus we conclude that

sup djst
(s,t)>(1,1) ’l/)st

< 0.

Theorem 3.8 The inclusions £y(ru, V,) C om(¢,ru, Vy) C oo (ru, Vy) hold.

Proof: If we suppose that ¢;; = 1 for all i,j € N, we have £,(ru,V,) = am(¢,7u,Vy). Let (¢;) €
m(¢,ru, Vy). Then
VqGij(u
SUD(s,t)>(1,1),0€£54,uEQ ﬁ | \w(u()\ l<a.
(i,j)€0

Vo Cig .
== SUD (s t)>(1,1),0€E5:,uEQ [¥olis(w)] |qm<(;()lr)‘ < agg, foralli,jeN.

Thus, (Cij) € loo(ru, V). Hence, £,(ru, Vy) C om(d,ru, Vy) C Lo (ru, V). O
Theorem 3.9 om(¢,ru, Vy) = (¢, 7u, Vy) if and only if im, 4—yo0 dsr < 00.
Proof: The theorem follows from Lemma 5(c) of Sargent [30]. O

4. Geometric Properties

This section investigates the geometric properties of the function sequence spaces om(¢, ru, V,) and
an(¢,ru, V,) through the following theorems.

Theorem 4.1 We define the modular function M, (4.u,v,) o the space am(d, ru, V) by the expression

Mym(o,ru,v,) (G (1)) = sup ! S My (W> .
Jj)€a

(s,t)>(1,1),0€€4¢,u€Q Ost (g | (u)]

Proof: Let the function M,.,(¢ru,v,) be defined as M, (pru,v,) @ 2m(¢,ru,Vy) — [0,00). Let
(Cij) » (mij) € am(e,ru, V). First, it is evident that M, (Gj(u)) = 0 implies ¢j(u) = 6 where
)

u€ Qand d=(0,0,0,...... ). Second, we have M., ,(4.ru,v,) (—Gij (1) = Mym(pru,v,) (Gij(uw)
(Gij) € am(o,ru, Vq) and v € Q. Third, for a scalar A with |A| = 1, we obtain

1 AV 4 Gij (u)]
M m(¢p,ru, (ACZ(’U/)) = sup —
S R X 2 P L O]

= MQm(¢,Tu,Vq) (CZ] (U)) 5 (41)

i,j)Eo
for u € Q. Finally, for any two scalars A1, A2 > 0 such that A\; + Ay = 1, the following inequality holds

Mm(gru) (MGij(u) + Aanij(u))
(w)+X2Vgniz(u)]

_ 1 MV 4Gij
= SUP(s,6)>(1,1),0€€:¢,u€Q $op Z S EI]
(i,5) €0

< IAlsup (s 4> (1,1),0e60,ue@ ﬁ | |fz<(i()1f)‘
9y

+ A2 SUP(s,¢)>(1,1),0€€.¢,uEQ ﬁ |Z;7(1;)|
(i,9)€0

< Mom(pru,vy) (Gig (1) + My, v,) (165 (1)) -

Note that since A\; + Ao = 1, both scalars are less than 1. O

The following results are immediate consequences of the preceding theorem.
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Theorem 4.2 We define the modular function M, (4 ru,v,) on the space on(¢,ru, Vq) by the expression

Mon(o,ru,v,) = sup
(nij)EA(Cij),uEQ i,j=1,1

~ M (|quj(u)| Adij

@ (u)

), for allu € Q.

Proof: This result follows directly from Theorem 4.1. O
Based on the preceding discussion, we state the following corollary.
Corollary 4.1 The modulars M, (p.ru,v,) and M,n(pru,v,) are 1-convex or convexr modulars.

Theorem 4.3 The modular function M,y (g ru,v,) 0N the space am(¢,ru, V) is §-convez.

Proof: Consider (;;) , (0ij) € Mym(p,ru,v,) and scalars A1, A2 > 0 such that A§ 45 =1, where 5 € (0,1].
We write

Mgm(qb,'ru,vq) ()\1@]‘ (u) + )\2771](“))
— |)‘ chi'( )+)\ Vq z( )‘
= SUD(s,1)>(1,1),0 €601 uEQ Fr > Mij( = ) R )
(i,5)€0
VqGij(u
< Mlsup(s > (1,1),0e600,ue i Z Mij (7| |w(u()\)‘>
(i,j)€c
Vq ij (U
+ ol SUP (o )5 (11 eniuce 27 D, M (%)
5 “E waca)
< ML SUP( 1> (1,1) 0 e60ue@ 3o Bl
5 9
+2l”SUp(y > (1,1 oee.ue s = T
(i,5)€0
Since A1, Ag > 0 and A + A5 = 1 with § € (0, 1], the scalars A1, Ao must belong to [0,1). Hence, the space
M,m(pru,v,) 18 S-modular. O

Given the analysis above, we present the following theorem.
Theorem 4.4 The modular function M, (4 ru,v,) on the space on(¢,ru, V) is 5-convez.

Theorem 4.5 The modulars M, (¢.ru,v,) and Mg ru,v,) are continuous on the spaces am(eé, ru, V)
and on(¢, ru, V) respectively.

Proof: Because the function M, (¢, r4,v,) is modular on the space om(é,ru, V), we can take the limit
as A — 1Tin (4.1) to observe that

lim Mgm(d),ru,vq) ()\Clj (U/)) = Mgm(¢,ru,vq) (ng (U)) ) for all (C’L]) S Mgm(d),ru,vq)

A—1+

and for all u € Q. Hence, M, (4,ru,v,) is right continuous. Similarly, taking the limit as A — 17 in
(4.1), we find

u.V,) (AGij (w))

limy - Mym(gru,v
) (Gij(u)),  forall (¢;) € Mym(é,ru,v,) and for all u € Q.

= Mzm(qﬁ,ru,vq

These two results lead to the conclusion that the function M, (4 ru,v,) is a continuous modular. In a
similar manner, we can establish this property for the modular M, 4 ru,v,) on the space an(e,ru, V).
O

The following corollary follows directly from the previous theorem.
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Corollary 4.2 The modular M., (4. ru,v,) i modular convergent to ¢ € M4 ru,v,)-

Theorem 4.6 The sequence space of functions S,m(pru,v,) 18 uniformly convex.

Proof: Let ((i;), (i) € am(¢, ru, V) satisfy

1Giills, 000y = N@s, oy =L MG =il o 2P (4.2)

Using the parallelogram identity

2 2
=2 (NG, NI )

2 2
1G5 +mii)lls, . cp 0y T NG =iy o

we write

2
1G5 =il 00y -

2 2
=2 (1, ooy HNOE o) =

[I(e7; +77ij)”?s‘

am(¢,ru,Vq)

From (4.2) we obtain

2
1 [VqGij (w)+Vgmnij(u)]
Sup(s,t)z(l,1),0€§St’ueQ bst Z | (u)]
(i.j)€c
2
1 [VqGij(u)—=Vgnij(u)]
< 4= 5P ) >(11). 06600 uEQ By Z [ (w)]
(i,j)€o
This simplifies to
2
1 Vi Vnij
sup L Z [VqGij(u) + Vgnij (u)| <4-p2
(s,t)>(1,1),0€&s¢,uEQ ¢st (i.j)co |w(u)|
which implies
‘Cijerj Sl gyl
2 lomgruvy 2
Further rearrangement gives
Gij + Mij 1
R <1-(1-5vVa-p7),
aom(p,ru,Vy)
and finally
RSN -
Since this condition holds for any p > 0 with some U(p) > 0, the space S,,,(4,ru,v,) is uniformly convex.
O
Remark 4.1 The modulus of convexity 1" m(éru,v,) 18 defined as the best possible U(p) > 0 corre-

sponding to the uniformly convex space om(,ru, V)

: Gij + i
s =00 {1 = | (S522) | 600 005) € Sumtorume 165 = mills ey = 0}
The proof of the following proposition is analogous to that of Theorem 4.6.

Problem 1 The space on(¢,ru, Vy) is uniformly conve.
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Theorem 4.7 The spaces om(¢,ru, V) and on(p, ru, Vy) are uniformly non-square.

Proof: Since om(¢,ru, V) and on(¢, ru, V,) are both Banach spaces and uniformly convex (James [13]
Theorem (1.1)), it follows that both spaces are uniformly non-square. O

Corollary 4.3 The spaces om(¢,ru,V,) and on(¢,ru, Vy) are reflexive.

Proof: Since the spaces om(¢, ru, V) and on(¢, ru, V,) are uniformly convex and also uniformly non-
square, Theorem (1.1) in James [13] implies that both spaces are reflexive. O

Corollary 4.4 The sequence space of functions om(d,ru, V) is super reflexive.

Proof: The space om(¢, ru, V,) is isometric to the Banach space ¢, (ru). Furthermore, om(¢,ru, V,) is
uniformly convex. Thus the space om(¢, ru, V) is super-reflexive. Similarly, we can prove that the space
an(¢,ru, V,) is also reflexive. O

We summarize the main structural and geometric characteristics of the sequence spaces am(¢, ru, V)
and on(¢,ru, V) in Table 1 to provide a concise overview of the findings obtained in this study.

Table 1: Summary of structural and geometric properties for the sequence spaces

Property om(¢,ru,Vq) 2n(¢,ru,Vq)
Linearity Yes Yes
BK-Space Structure Yes Yes
Uniform Convexity Yes Yes
Uniformly Non-Square Yes Yes
Reflexivity Yes Yes
Super Reflexivity Yes Yes
Isomorphism to ¢, Yes -

The information presented in Table 1 highlights that both spaces exhibit robust geometric structures.
In particular the presence of uniform convexity and reflexivity suggests that these sequence spaces are
suitable for further applications in fixed point theory and approximation theory.

5. Conclusion

This study successfully introduced and examined the classes of quantum difference relative uniform
convergent sequences of Sargent-type functions denoted by om(¢,ru, V) and on(¢,ru,V,). We es-
tablished that these spaces possess a linear structure and form Banach spaces with the BK-property.
Furthermore we demonstrated that these sequence spaces are solid and exhibit specific inclusion rela-
tions. Our investigation revealed that the space m(¢,ru, V) is isomorphic to the space £,(Vy,ru) for
finite values of p. A significant portion of this work focused on the geometric properties of these spaces
through the lens of modular function theory. We defined the modulars for these spaces and verified their
convexity and continuity. The analysis confirmed that these spaces are uniformly convex and uniformly
non-square. Consequently we deduced that the spaces am(¢, ru, V) and on(¢,ru, V,) are reflexive and
super reflexive. These results contribute to the broader understanding of summability theory and func-
tional analysis. Future research may extend these concepts to different types of convergence or apply
them to other generalized difference operators.
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