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of Differential Equations
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ABSTRACT: In this paper, we investigate best proximity point results for two non-self proximal mappings
K:M — N and X : N — M using the weak P-property and proximal cyclic contraction. We present an
example to illustrate the main result and provide an application of our main theorem to a system of differential
equations.
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1. Introduction

Fixed point theory plays a crucial role in nonlinear functional analysis. The concepts of fixed points
and best proximity points are natural generalizations of the Banach contraction principle. A best prox-
imity point theorem for contractions was established in [8]. In [4], Anuradha and Veeramani studied
the existence of best proximity points for proximal pointwise contractions. Furthermore, several best
proximity point theorems for variants of contractions have been analyzed in [2]. S. Basha proposed a
fixed point theorem for contractive mappings in [9]. Relevant common best proximity point theorems
have been explored in [10]-[20]. On the other hand, a generalization of best proximity point theorems
for non-self proximal contractions of the first kind was presented in [7].

The famous Banach contraction principle has been extended to various spaces. Following this direc-
tion, Geraghty contractions [13] and Matkowski contractions [14,15] have attracted several authors. For
more extensions and results, see for example [6]-[11]. Some investigations using the weak P-property
were conducted by S. Komal et al. [16]. Moreover, in [5], M.I. Ayari used the P-property to provide
results on the existence and uniqueness of best proximity points for a-proximal Geraghty mappings.
A generalized version of such a theorem was presented in [7] for proximal B-quasi contractive non-self
mappings S: M — N and X : N — M.

The main objective of this article is to establish best proximity point and fixed point theorems for
a pair of non-self mappings (K, X) forming a proximal cyclic contraction in complete metric spaces.
We present an example to support the main result and provide an application to differential equations,
obtaining a unique solution as best proximity points.
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2. Preliminaries and Definitions

Let (M, N) be a pair of nonempty subsets of a metric space (X, d). We adopt the following notations:
o dM,N) :=inf{d(a,8): . € M, 8 € N};

e My :={a € M : there exists 5 € N such that d(«, ) = d(M,N)};

e Ny :={B € N : there exists « € M such that d(a, 8) = d(M,N)}.

Definition 2.1 ([8]) Let K : M — A be a non-self mapping. An element a is called a best proximity
point of K if d(c, Kaw) = d(M,N).

Definition 2.2 ([8]) Given non-self mappings K : M — AN and X : N' = M, the pair (K, X) is said
to form a proximal cyclic contraction if there exists a non-negative number k < 1 such that

d(u, Ka) = d(M,N) and d(v, Xb) = d(M,N) implies d(u,v) < kd(a,b) + (1 — k)d(M,N)
for all u,a € M and v,b € N.

Definition 2.3 ([21]) Let (M,N) be a pair of nonempty subsets of a metric space (X,d) such that
My is nonempty. Then the pair (M, N) is said to have the weak P-property if and only if for any
a1, az € Mo and By, B2 € Ny with d(aq, 1) = d(ag, B2) = d(M,N), we have d(a1, as) < d(B1, f2).

Let F denote the class of all functions B : [0,00) — [0, 1) such that for any bounded sequence {t,}

of positive reals, B(t,) — 1 implies ¢,, — 0.

Definition 2.4 ([13]) Let (X, d) be a metric space and X : X — X be a given mapping. We say
that X is a B-Geraghty contractive mapping if there exists B € F such that

d(Xz, Xy) < B(d(x,y))d(x,y)
for all z,y € X.

Definition 2.5 ([14,15]) Let (X, d) be a metric space and X : X — X be a given mapping. We say
that X is a Matkowski contractive mapping if there exists a nondecreasing function ¢ : [0,00) —
[0,00) such that lim,_,c ¢™(t) = 0 for all ¢ > 0 and

d(Xz, Xy) < p(d(z,y))
for all z,y € X.

Remark 2.1 If ¢ : [0,00) — [0,00) is a nondecreasing function such that lim, . ¢™(t) = 0 for all
t >0, then ¢(t) <t for allt >0 and thus ¢(0) = 0.

3. Main Results and Theorems

We begin by recalling the concept of proximal Geraghty mappings, which generalize Geraghty con-
tractions:

Definition 3.1 ([16]) Let (X,d) be a metric space and (M, N') be a pair of nonempty subsets of X.
A non-self mapping K : M — N is called a proximal Geraghty mapping if there exists B € F such
that

d(Kx, Ky) < B(d(z,y))d(x,y)

for all z,y € M.

Remark 3.1 Every non-self proximal Geraghty mapping K : M — N is uniformly continuous since it
1s Lipschitz continuous with constant 1.
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Theorem 3.1 Let (M, N) be a pair of nonempty closed subsets of a complete metric space (X,d) such
that Mg is nonempty. Let K: M — N and X : N — M be two non-self mappings satisfying:

1. K(Mo) C Ny and X(No) C My;

2. The pair (M, N) satisfies the weak P-property;

3. KK and X are proximal Geraghty mappings;

4. The pair (K, X) forms a prozimal cyclic contraction.
Then K has a unique best proximity point o, € M and X has a unique best proximity point B, € N.
Moreover, these best prozimity points satisfy d(c, B:) = d(M,N).

Proof: Since M, is nonempty, there exists ag € My. As K(Mgy) C Ny, we have K(ag) € Ny, so there
exists a1 € My such that d(ay, Kag) = d(M,N). Similarly, since K(My) C No, we have K(ay) € N,
so there exists as € My such that d(as, Kai) = d(M,N). Continuing this process by induction, we
construct a sequence {a,} C Mg such that

d(ant1, Kay) =dM,N) foralln=0,1,... (3.1)
From condition (2), the pair (M, N) satisfies the weak P-property, so
d(ant1,0n) < d(Kayp,Kay—1) for all n € N. (3.2)
Moreover, by the definition of proximal Geraghty mappings, we have
d(Kap, Kan—1) < B(d(an, an—1))d(an, an—1) for all n € N. (3.3)
Since B(t) < 1, from (3.2) and (3.3) we obtain
d(ops1, n) < Bld(ap, an—1))d(ap, 0n—1) < d(an,an—1) forall n e N. (3.4)

Thus, the sequence {d(a,+1,a,)} is decreasing. We consider two cases:
Case 1: There exists k € N such that d(ag,ar+1) =0, i.e., axr1 = ag. Then by (3.1), we have

d(ag, Kag) = d(ags1, Kag) = d(M,N),

and consequently «j is a best proximity point of K.

Case 2: d(ay—1,ap) > 0 for all n € N. Then the sequence {d(c, 1, )} is decreasing and bounded
below by 0, so there exists p > 0 such that p = lim,, o d(ap, Qrt1)-

We show that p = 0. Assume by contradiction that p > 0. From (3.4),

d(an—i-la an)

< _ 1 for all . .
A o 1) = B(d(on, an—1)) < orallneN (3.5)

Taking the limit as n — oo in (3.5), we get

nILH;O B(d(ap,an—1)) = 1.
Since B € F, this implies

p=lim d(a,,a,—1) =0,
n—oo

which is a contradiction.

Now we show that {«,} is a Cauchy sequence. Suppose the contrary, i.e., there exists e > 0 for which
we can find two subsequences {a,, } and {an, } of {a,} and an integer k such that ny is the smallest
index with

d(am,, m, ) > € foreach np > my >k and  d(oum,,on,—1) <e. (3.6)
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Using the triangle inequality, we have

€< d(ankvamk) < d(ankaankfl) + d(ank717 amk)
< d(ap,,0n,—1) +€ forall k. (3.7)

Taking the limit as kK — oo in (3.7) and using (3.6), we conclude that

lim d(om,,, an,) = €. (3.8)

k—o0

Using the triangle inequality again,

(amk—laank—l)
(amk*h amk) + d(amk7ank) + d<ank>ank*1>' (39)

d(amkaank) - d(amkaamk—l) - d(ank—17 ank) S d
<d

Taking the limit as k — oo in (3.9), using the fact that lim,, . d(a,, anr1) = 0 and (3.8), we obtain

lm d(am, —1,0m,—1) = €. (3.10)

k=00
From condition (2), the pair (M, N) satisfies the weak P-property, so
d(am,, Om,) < d(Kap,—1,Kotm,—1) forall ke N.
Then, by the definition of proximal Geraghty mappings,
(., oy ) < B(d(am, —1, 0ny—1))d(Qmy —1, 0y —1)-
Hence

d(Qm,,; ainy, )

d(amk—la ank—l)

< B(d(agmy—1,0n,-1)) <1 forall k € N.
Taking the limit as k — oo and using (3.8) and (3.10), we obtain

lim B(d(om,—1, Onj—1)) = 1.

k—oc0

Since B € F, this implies

lim d(am,—1,an,-1) =0,
k— o0

which is a contradiction. Thus, {«,} is a Cauchy sequence in the closed subset M of (X, d).
Since (X, d) is complete and M is closed, the sequence {a,} converges to some element o, € M.
Using Remark 3.1 that K is continuous and (3.1), we get

d(ay, Kay) = d(M,N).
For uniqueness, suppose there exists another best proximity point ¢, for K such that ¢, # a,. Then
d(a, Kov,) = d(cy, Key) = d(M,N).
Since the pair (M, N) satisfies the weak P-property and K is proximal Geraghty, we have
0 < d(u, i) < d(Ka, Kew) < B(d(ov, ex))d(, e4) < d(au, ci),

which is a contradiction. Therefore, ¢, = a.

Since X (Np) C My, using a similar argument as above with K replaced by X, there exists a sequence
{Bn} C Ny such that d(B,11, XBn) = d(M,N) for each n.

Similarly, one can show that {8, } is a Cauchy sequence in the closed subset A of the complete space
X. Thus {3,} converges to 5. € N and 3, is unique.
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Finally, we show that d(au, 8:) = d(M,N). Since d(a., Ka,) = d(Bs, XBs) = d(M, N) and the pair

(K, X) forms a proximal cyclic contraction, it follows that
d(as, Be) < kd(ax, Bi) + (1 = k)d(M,N),
and so
(1= k)d(as, Bs) < (1= k)d(M,N),
which implies
d(ay, Bx) < d(M,N). (3.11)

Using the fact that d(M,N) < d(ax, B:), we conclude that d(ax, 8x) = d(M,N). )

The following example illustrates the validity of Theorem 3.1.
Example 3.1 Consider the complete Euclidean space X = R? with the metric

d((ai, 1), (2, B2)) = |1 — az| + |B1 — Bal.
Let
M={(1,z):x € R} and N ={(3,y):ycR}.
Consider the non-self mappings K : M — N and X : N' — M defined by

_ || _ |yl
Ko = (357 g ) %60 = (L)
and B : [0, +00) — [0,1) defined by
Blu) = {0 it u =0,

5 ifue(0,00).

Clearly, M = Mg and N' = Ny. Moreover, K(My) = Ny, X(Ny) = My, and M and N are closed
subsets of the complete space (R?, d). One can see that d(M,N') = 2, which occurs only for (1,z) € M
and (3,z) € N.
Now, let (1, 1), (1,a2) € Mg and (3, 81), (3, B2) € Np. If

2=d((1,),(3,51)) = 2| + |oa = f1| = 1 = B,
and similarly

2=d((1,2),(3,82)) = 2| + |2 = Ba| = 2 = fa,
then

d((1,01), (1, a2)) = |a1 — as| = [B1 — B2| = d((3, B1), (3, B2))-

Thus, the pair (M, N') satisfies the weak P-property.

Next, we show that K is a proximal Geraghty mapping. Let (1,a1),(1,a2) € M. If a1 = g, the
result is clear. Suppose a1 # ay. Then

d(K(1,01), K(1,02)) = d ((3, srieily), Gy sty

[o ] |az|
3(1+[a1]) — 3(1+]az])

_ Joa|—=foa|
3(1+[en)(A+[e2])

|ar—as]
3(1+]a1])(1+]az])

|ar—as|
I+|a1[+]az]+]aa ][]

IN

IN

|y —a|
1+|ar—az|

IN

= Trm—alon — a2
B(lar — as|)|on — az
= B(d((1,a1), (1,2)))d((1, 1), (1, 2)).
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Thus K is a proximal Geraghty mapping. Similarly, one can prove that X is a proximal Geraghty mapping.
Now we show that the pair (K, X) is a proximal cyclic contraction. Let (1,a1),(1,a3) € M and

(3,61), (3, 82) € N such that

d((laal)vlc(laQQ)) = d(MvN) = 2’ d((37ﬂl)7X(3762)) = d(MvN) =2.

Then we get
=gy A= ST (3.12)
If ag = (o, the result is clear. Suppose ag # PB2. Then
d((1,a1),(3, 1)) = 2+ |on — ]
~2+ |5y~ me| v
az| — [B2
-2+ sy et s
ag — [
<2 S 4T
<oy lo2—/l ;M

< k(o — Ba +2) +2(1 - k)
= kd((L Oég), (3aﬁ2)) + (1 - k)d(M7N)7

where k € [3,1). Hence the pair (K, X) is a proximal cyclic contraction.
Therefore, all hypotheses of Theorem 3.1 are satisfied. Clearly, X has the unique best proximity point
(1,0) € M and X has the unique best proximity point (3,0) € N, with d((1,0), (3,0)) = 2 = d(M, N).

4. Consequences

As an immediate consequence of Theorem 3.1, we obtain the following corollary.

Corollary 4.1 Let (M, N) be a pair of nonempty closed subsets of a complete metric space (X, d) such
that Mg is nonempty. Let K : M — N and X : N — M be two non-self mappings satisfying:

1. K(Mg) C Ny and X(Npy) C My;

2. The pair (M, N) satisfies the P-property;

3. K and X are proximal Geraghty mappings;

4. The pair (K, X) forms a prozimal cyclic contraction.

Then K has a unique best proximity point o, € M and X has a unique best proximity point B, € N.
Moreover, d(ax, Bx) = d(M,N).

As a consequence of our main theorem, we obtain the following fixed point result:

Corollary 4.2 Let (X,d) be a non-empty complete metric space and M a nonempty closed subset of X .
Let K, X : M — M be two self-mappings satisfying:

1. K and X are Geraghty self-mappings;
2. For all a,b e M, d(Ka, Xb) < kd(a,b) for some k € (0,1).
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Then K and X have a unique common fixed point.

Proof: If (X, d) is a metric space and M is a nonempty subset of X, the pair (M, M) obviously satisfies
the weak P-property. Therefore, the result follows from Theorem 3.1 by taking M = N. O

Next, we present a second best proximity result for two proximal Matkowski mappings.

Definition 4.1 Let (X,d) be a metric space and (M, N) a pair of nonempty subsets of X. A non-
self mapping K : M — A is called a proximal Matkowski mapping if there exists a nondecreasing
function ¢ : [0, 00) — [0, 00) such that lim, , ¢™(t) =0 for all ¢ > 0 and

d(Kz,Ky) < p(d(z,y)) forall z,y € M.

Theorem 4.1 Let (M, N) be a pair of nonempty closed subsets of a complete metric space (X,d) such
that Mgy is nonempty. Let K : M — N and X : N — M be two non-self mappings satisfying:

1. K(Mg) C Ny and X(Ny) C My;

2. The pair (M, N) satisfies the weak P-property;

8. K and X are proximal Matkowski mappings;

4. The pair (K, X) forms a prozimal cyclic contraction.
Then K has a unique best proximity point o, € M and X has a unique best prozimity point B, € N.
Moreover, d(au, B+) = d(M,N).

Proof: The proof follows similar lines as that of Theorem 3.1, with appropriate modifications for
Matkowski contractions. We outline the key steps.

Since My is nonempty, there exists ag € My. As K(Mjy) C Ny, we have K(ag) € Ny, so there exists
ay € My such that d(ag, Kag) = d(M, N). Continuing inductively, we construct a sequence {ay,} C My
such that

d(an+1,Kay) =d(M,N) foralln=0,1,... (4.1)

From condition (2), the pair (M, N) satisfies the weak P-property, so
d(ant1,00) < d(Kay, Kay—1) for all n € N.
Moreover, by the definition of proximal Matkowski mappings,
d(Kap, Kan—1) < o(d(an, an—1)) for alln € N.

Thus,
d(ant1, an) < @(d(ap, ap—1)) for all n € N.

Using the monotonicity of ¢, by induction we obtain
d(ni1,0p) <" (d(ag,a1)) foralln=0,1,...
Since lim, o ¢™(t) = 0 for all t > 0, we have

lim d(ap, ang1) =0.
n— o0

One can then show that {a;, } is a Cauchy sequence using standard arguments for Matkowski contractions.
Since (X,d) is complete and M is closed, {a;,} converges to some o, € M. The continuity of K
(implied by the contraction condition) and (4.1) yield

d(ay, Kay) = d(M,N).

Uniqueness follows similarly as in Theorem 3.1. The existence and uniqueness of 3, for X are proved
analogously. Finally, using the proximal cyclic contraction condition, we obtain d(c., 8«) = d(M,N). O
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Example 4.1 Consider the complete Euclidean space X = R? with the metric

d((a1, B1), (a2, B2)) = |an — az| + [B1 — Bal-

Let
M={0,z):z €R} and N ={(2,y):y € R}.

Consider the non-self mappings K : M — N and X : N' — M defined by

and ¢ : [0,400) — [0, 00) defined by

u
= —— forall .
o(u) T1q foralu € [0, 00)

Clearly, M = My and N' = Ny. Moreover, K(Mgy) = Ny, X(Ny) = My, and M and N are closed
subsets of the complete space (R?,d). One can see that d(M,N') = 2, which occurs only for (0,z) € M
and (2,z) € N.

Now, let (0, 1), (0,a2) € Mg and (2, 81), (2,82) € Np. If

2=4d((0,01),(2,61)) = 2| + |1 = B1]| = a1 = b1,
and similarly
2=d((0,2),(2,82)) = 2| + |z — Ba| = a2 = o,
then
d((07a1)7 (0,0{2)) = ‘041 - 062| = |51 - 52‘ = d((2761)a (2752))

Thus, the pair (M, N) satisfies the weak P-property.
To show that K is a proximal Matkowski mapping, let (0, 1), (0, az) € M. If ay = aa, the result is
clear. Suppose a1 # as. Then

d(’(:(Oa O51)7 K(Oa 042)) = d ((27 2(1|j£|10‘41|) )a (27 2(1|3|20‘¢2|) ))

_ laa] oo
2(1+]a1])  2(1+]az])

lag — g
- 1 —+ |Oél — O[2|
= p(Jar — az]).

Thus K is a proximal Matkowski mapping. Similarly, one can prove that X is a proximal Matkowski
mapping.

Now we show that the pair (K, X) is a proximal cyclic contraction. Let (0,a1),(0,a3) € M and
(2,61), (2, 82) € N such that

d((oaal)vlC(OaQQ)) = d(MvN) = 2’ d((27ﬂl)7X(2762)) = d(MvN) =2.

Then we get

and [ = _ Bl (4.2)

o = |oa|
! 2(1+|B2l)

2(1+ oa])
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If aig = o, the result is clear. Suppose ag # fB2. Then

d((0,1), (2, 1)) = 2+ |ar = fi

=2 ’2(1 e |f2llﬂzl)’ (by 4.2)
-t ’2(1 +|T§|2§<|15-2J ) ‘

=2t +||(Z|><f2l B

<oy \042;52|

:2+2k—2k+7|a2;52|

< k(g = Ba| +2) +2(1 - k)
= kd((oa 042), (2a 62)) + (1 - k)d(M’N)v

where k € [,1). Hence the pair (K, X) is a proximal cyclic contraction. Moreover,

t
" (t) = Tt foralln=20,1,... and ¢t > 0,

S0
lim ¢"(t) =0 forallt>0.

n—oo

Therefore, all hypotheses of Theorem 4.1 are satisfied. Clearly, I has the unique best proximity point
(0,0) € M and X has the unique best proximity point (2,0) € A/, with d((0,0), (2,0)) =2 = d(M, N).

5. Application to Differential Equations

Best proximity point theory provides powerful tools for solving boundary value problems in differential
equations. We demonstrate this by applying Theorem 3.1 to establish the existence of solutions for a

system of differential equations with non-local boundary conditions.

5.1. Problem Formulation

Consider the following system of second-order differential equations with coupled boundary conditions:

u’(t)+ f(t,v(t) =0, tel0,1],
"(t) + g(t,u(t)) =0, telo,1],
u(0) =0, u(1) = v(n), for somen € [0,1],
v(0) =0, v(1) = u(§), for some £ € [0, 1],

where f,¢g:[0,1] x R — R are continuous functions satisfying:

1. Lipschitz Conditions: There exist constants Ly, L, > 0 such that

|f(t,z) — f(t,y)| < Lylz —yl,
lg(t, =) — g(t,y)| < Ly|z — y|

for all ¢t € [0,1] and z,y € R.

2. Compatibility Condition: L;L, < 1.

(5.1)
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5.2. Reformulation as a Best Proximity Problem

Let X = C[0, 1] x C[0,1] be the product space equipped with the metric

d((u1,v1), (u2,v2)) = ||lur — u2lloc + [[v1 — v2]|oc,

where || - ||oo denotes the supremum norm. Define the closed subsets

M ={(u,v) € X :u(0) =0, v
N ={(u,v) € X : v(0) =0, u(1) =

and the operators K: M - N, X : N — M by

wo) = (0. 2).  where w(t) = fol G(t,s)f(s,v(s))ds,
o) = (w,2), wh {z(t):folH(t,s)g(s,u(s))ds,

w(t) = [ G(t,5) f(s,v(s)) ds,

X(u,v) = (w,2), where {zw = Jy Hit.5)g(s,u(s)) ds,

with G(t, s) and H (t,s) being Green’s functions for the boundary value problems satisfying

1 1
oup [ 16t ds < Mo, snp [ (9] ds < Ma,
te[0,1] J0 tel0,1] Jo

G(0,s) =0, H(0,s)=0 forallse]l0,1].

Proposition 5.1 Under the conditions that f, g are Lipschitz with constants Ly, Ly and MgMpLsLy <
1, the pair (K, X) satisfies all hypotheses of Theorem 3.1.

Proof: We verify each condition:

1.

Set Properties: M and N are closed subsets of the complete metric space X. The sets M and
Np are nonempty under appropriate conditions.

. Mapping Preservation: K(M,) C Ny and X(Ny) C M, follow from the definitions of the

Green’s functions and boundary conditions.

. Weak P-Property: The specific coupling v(1) = u(§), u(1) = v(n) ensures the weak P-property.

. Proximal Geraghty Mappings: Define 8(t) = max{%, 1/M(;MHLng}. Then 5 €

F and
d(lc(uhvl)”C(u%U?)) < 6(03((”17”1)7 (u27v2)))d((ulvul)ﬂ (u27v2))'

. Proximal Cyclic Contraction: Using Lipschitz conditions and Green’s function bounds, one can

verify the proximal cyclic contraction condition.

Theorem 5.1 The system (5.1) admits a unique solution (u,v.) satisfying

A((y V1), K (s, v4)) = d(M,N).

Proof: By Theorem 3.1, there exist unique best proximity points (us,v.) € M and (wy, z.) € N with
A((Us, V4), K (s, v4)) = d(M,N) and d((ws, 24), X (Wi, 2+)) = d(M,N). The integral equations are
satisfied, giving weak solutions of (5.1). Uniqueness follows from the contraction properties. O
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6. Conclusion

This paper has investigated new best proximity point results for two proximal non-self mappings

: M = Nand X : N — M such that the pair (K, X) forms a proximal cyclic contraction. As

applications, we obtained fixed point results involving the existence and uniqueness of Geraghty self-
mappings K, X : M — M with d(Ka, Xb) < kd(a,b) for each a,b € M. Finally, we applied our main
theorem to a system of differential equations.

Abbreviations

Not applicable.

Availability of Data and Material

Please contact the authors for data requests.
Competing Interests

The authors declare that they have no competing interests.
Funding

Not applicable.

Authors’ Contributions

The authors read and approved the final manuscript.
Acknowledgements

Not applicable.

10.

11.

12.

13.
14.
15.

16.

17.

18.

References

. S. Bacha, Eaxtentions of Banach’s contraction principle. J. Num. Func. Anal. Optim Theory Appl., 31 (2010), 569-576.
. Al-Thagafi, MA, Shahzad, N: Convergence and existence results for best proximity points. Nonlinear Anal. 70(10):3665—

3671 (2009).

. Anthony Eldred, A, Veeramani, PL: Existence and convergence of best proximity points. J Math Anal Appl. 323,

1001-1006 (2006).

. Anuradha, J, Veeramani, P: Proximal pointwise contraction. Topol Appl. 156(18):2942-2948 (2009).

. Ayari, M.I.: A best proximity point theorem for a-proximal Geraghty non-self mappings. Fixed Point Theory Appl

(2019) 2019: 10.

Ayari, M.I., Ansari, A.: A best proximity point theorem for (F, h,a — X)-proximal Geraghty non-self-mapping. Sub-
mitted.

Ayari, M.I., Mustafa, Z., Jaradat, M.M.M.: Generalization of best proximity points theorem for non-self proximal
contractions of first kind. Fixed Point Theory Appl (2019).

Basha, S.S.: Best proximity point theorems generalizing the contraction principle. Nonlinear Anal. 74(2011):5844-5850.
Basha, S.S.: Best proximity points: global optimal approximate solution. J Glob Optim (2010).

Basha, S.S., Shahzad, N., Jeyaraj, R.: Common best proximity points: global optimization of multi-objective functions.
Appl Math Lett. 24:883-886 (2011).

Bilgili, N., Karapinar, E., Sadarangani, K.: A generalization for the best proximity point of Geraghty-contractions. J
Inequal Appl (2013) 2013:286.

Cabalero, J., Harjani, J., Sadaragani, K.: A best proximity point theorem for Geraghty-contractions. Fixed Point
Theory Appl (2012) 2012:231.

Geraghty, M.: On contractive mappings. Proc Amer Math Soc. 40(2):604-608 (1973).
Matkowski, J.: Integrable solutions of functional equations. Dissertationes Mathematicae 127 (1975):1-68.

Matkowski, J.: Fixed point theorems for mappings with a contractive iterate at a point. Proc Amer Math Soc. 62
(1977):344-348.

Komal, S., Kumam, P., Khammahawong, K., Sitthithakerngkiet, K.: Best proximity coincidence point theorems for
generalized non-linear contraction mappings. Filomat 32(19):6753-6768 (2018).

Kumam, P., Mongkolkeha, C.: Common best proximity points for proximity commuting mappings with Geraghty’s
functions. Carpathian J Math. 31:359-364 (2015).

Shahzad, N., Sadiq Basha, S., Jeyaraj, R.: Common best proximity points: global optimal solutions. J Optim Theory
Appl. 148:69-78 (2011).



12 MOHAMED IADH AYARI AND ABDELBASSET FELHI

19. Ayari, M.1., Aydi, H., Hammad, H.A., Imdad, M.: Two theorems involving cyclic generalized proximal C-contractive
non-self mappings. Filomat 36(16):5677-5690 (2022).

20. Ayari, M.I., Aydi, H., Hammouda, H.: A best proximity point theorem for C-class-proximal non-self mappings and
applications to an integro-differential system of equations. Filomat 37(14):4725-4742 (2023).

21. Zhang, J., Su, Y., Chang, Q.: A note on a best proximity theorem in Geraghty contractions. Fixed Point Theory Appl
2013, 99 (2013). https://doi.org/10.1186,/1687-1812-2013-99

M. Iadh Ayari,

Carthage University,

National Institute of Applied Sciences and Technology, Tunisia.
E-mail address: iadh_ayari@yahoo.com

and

Community College of Qatar,
Department of Math and Science, Qatar.

E-mail address: mohammad.ayari@ccq.edu.qa
and

A. Felhs,
Carthage University,
Department of Mathematics and Physics, Preparatory Institute for Engineering Studies of Bizerte, Tunisia.

E-mail address:  abdelbassetfelhi@gmail.com



	Introduction
	Preliminaries and Definitions
	Main Results and Theorems
	Consequences
	Application to Differential Equations
	Problem Formulation
	Reformulation as a Best Proximity Problem

	Conclusion

