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Polynomial Stability of Timoshenko System with Singular Local Fractional Damping in
the Transverse Displacement
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abstract: In this paper, we investigate the stabilization of Timoshenko system with singular local fractional
damping in the transverse displacement. Using frequency domain approach combined with the multiplier
method, we prove that the energy of our system decays polynomially with different rates.
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1. Introduction

In this work, we investigate the indirect stability of a one-dimensional Timoshenko system with local
internal fractional damping in the transverse displacement, by considering:

ρ1 utt − κ1 (ux + y)x + a(x)∂α,η
t u = 0, (x, t) ∈ (0, L)× (0,∞),

ρ2 ytt − κ2 yxx + κ1 (ux + y) = 0, (x, t) ∈ (0, L)× (0,∞),
(1.1)

with following initial conditions

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ (0, L),

y(x, 0) = y0(x), yt(x, 0) = y1(x), x ∈ (0, L).
(1.2)

and the following boundary conditions

u(0, t) = y(0, t) = u(L, t) = y(L, t) = 0, t ∈ (0,∞). (1.3)

The coefficients ρ1, ρ2, κ1 and κ2 are positive real numbers, α ∈ (0, 1), and η ≥ 0. We suppose that there
exists 0 < β < γ < L and a positive constant a0, such that

a(x) =

{
a0, x ∈ (β, γ),

0, x ∈ (0, β) ∪ (γ, L).
(1.4)

Fractional calculus includes various extensions of the usual definition of derivative from integer to real
order, including Riemann-Liouville derivative, the Caputo derivative, the Riesz derivative, the Weyl
derivative, cf. [7]. In this paper, we consider the Caputo’s fractional derivative ∂α,η

t of order α ∈ (0, 1)
with respect to time variable t defined by

[Dα,ηω](t) = ∂α,η
t ω(t) =

1

Γ(1− α)

∫ t

0

(t− s)−αe−η(t−s) dω

ds
(s)ds. (1.5)

The fractional derivatives are non local and involve singular and non-integrable kernels (t−α, 0 < α < 1).
The Timoshenko system is usually considered in describing the transverse vibration of a beam and

2020 Mathematics Subject Classification: 35B40, 35B35.
Submitted January 24, 2026. Published March 13, 2026

1
Typeset by BSPMstyle.
© Soc. Paran. de Mat.

www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.81548


2 H. Badawi

ignoring damping effects of any nature. Recently, the author of [1] studied the indirect stability of a
one-dimensional Timoshenko system with local internal fractional damping in the rotation angle and
established the following polynomial energy decay rates:

t−
2

1−α if
κ1

ρ1
=

κ2

ρ2
,

t−
2

3−α if
κ1

ρ1
̸= κ2

ρ2
.

The originality of the current paper lies in considering the case where the damping is applied to the
transverse displacement, and we prove different decay rates compared to those in [1]. This paper is
organized as follows: In Section 2, we prove the well-posedness of our system by using semigroup approach.
In section 3, by using frequency domain approach combined with a specific multiplier method, we prove
a polynomial energy decay rate of orders

t−
2

1−α if
κ1

ρ1
=

κ2

ρ2
,

t−
2

5−α if
κ1

ρ1
̸= κ2

ρ2
.

2. Augmented model and well-posedness

In this part, using a semigroup approach, we will establish the well-posedness result for system (1.1)-(1.3).
First, we need to reformulate our system. For tis aim, we recall the following theorem.

Theorem 2.1 (See Theorem 2 in [5]). Let α ∈ (0, 1), then the relation between the ’input’ V and the
’output’ O of the following system

∂tω(x, ξ, t) + (ξ2 + η)ω(x, ξ, t)− V (x, t)|ξ| 2α−1
2 = 0, (x, ξ, t) ∈ (0, L)× R× (0,∞),

ω(ξ, 0) = 0, (x, ξ) ∈ (0, L)× R,

O(x, t)− κ(α)

∫
R
|ξ|

2α−1
2 ω(x, ξ, t)dξ = 0, (x, t) ∈ (0, L)× (0,∞),

is given by
O = I1−α,ηV,

where

κ(α) =
sin(απ)

π
and [Iα,ηV ](x, t) =

1

Γ(α)

∫ t

0

(t− s)α−1e−η(t−s)V (s)ds.

In the above theorem, taking the input V (x, t) =
√
a(x)ut(x, t), then using (1.5), we get the output O is

given by

O(t) =
√

a(x)I1−α,ηut(x, t) =

√
a(x)

Γ(1− α)

∫ t

0

(t− s)−αe−η(t−s)∂su(x, s)ds =
√
a(x)∂α,η

t u(x, t).

Therefore, by taking the input V (x, t) =
√
a(x)ut(x, t) in the above theorem and using the above equation,

we get

∂tω(x, ξ, t) + (ξ2 + η)ω(x, ξ, t)−
√
a(x)ut(x, t)|ξ|

2α−1
2 = 0, (x, ξ, t) ∈ (0, L)× R× (0,∞),

ω(ξ, 0) = 0, (x, ξ) ∈ (0, L)× R,√
a(x)∂α,η

t u(x, t)− κ(α)

∫
R
|ξ|

2α−1
2 ω(x, ξ, t)dξ = 0, (x, t) ∈ (0, L)× (0,∞),

From the above system, we deduce that system (1.1)-(1.3) can be rewritten as the following augmented
model

ρ1 utt − κ1 (ux + y)x +
√

a(x)κ(α)

∫
R
|ξ|

2α−1
2 ω(x, ξ, t)dξ = 0, (x, t) ∈ (0, L)× R+

∗ ,

ρ2 ytt − κ2 yxx + κ1 (ux + y) = 0, (x, t) ∈ (0, L)× R+
∗ ,

ωt(x, ξ, t) +
(
|ξ|2 + η

)
ω(x, ξ, t)−

√
a(x)ut(x, t)|ξ|

2α−1
2 = 0, (x, ξ, t) ∈ (0, L)× R× R+

∗ ,

(2.1)
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with the boundary conditions

u(0, t) = u(L, t) = y(0, t) = y(L, t) = 0, (2.2)

and the following initial conditions

(u(x, 0), ut(x, 0), y(x, 0), yt(x, 0), ω(x, ξ, 0)) = (u0(x), u1(x), y0(x), y1(x), 0), x ∈ (0, L), ξ ∈ R. (2.3)

The energy of system (2.1)-(2.3) is given by

E(t) =
1

2

∫ L

0

(
ρ1|ut|2 + ρ2|yt|2 + κ1|ux + y|2 + κ2|yx|2

)
dx+

κ(α)

2

∫ L

0

∫
R
|ω(x, ξ, t)|2dξdx.

and

E′(t) = −κ(α)

∫ L

0

∫
R
(ξ2 + η)|ω(x, ξ, t)|2dξdx.

Now, we define the following Hilbert energy space H by

H =
(
H1

0 (0, L)× L2(0, L)
)2 ×W,

where W = L2 ((0, L)× R). The energy space H is equipped with the inner product defined by

⟨U,U1⟩H = ρ1

∫ L

0

vv̄1dx+ κ1

∫ L

0

(ux + y)
(
(u1)x + y1

)
dx+ ρ2

∫ L

0

zz̄1dx+

κ2

∫ L

0

yx(ȳ1)xdx+ κ(α)

∫ L

0

∫
R
ω(x, ξ)ω1(x, ξ)dξdx,

(2.4)

for all U = (u, v, y, z, ω) and U1 = (u1, v1, y1, z1, ω1) in H. We define the unbounded linear operator A
in H by

D(A) =

{
U = (u, v, y, z, ω) ∈ H; v, z ∈ H1

0 (0, L), u, y ∈ H2(0, L) ∩H1
0 (0, L),

−
(
|ξ|2 + η

)
ω(x, ξ) +

√
a(x)v(x)|ξ| 2α−1

2 ∈ W, and |ξ|ω(x, ξ) ∈ W

}
,

and

AU⊤ =



v
κ1

ρ1
(ux + y)x −

√
a(x)

κ(α)

ρ1

∫
R
|ξ|

2α−1
2 ω(x, ξ)dξ

z
κ2

ρ2
yxx − κ1

ρ2
(ux + y)

−
(
|ξ|2 + η

)
ω(x, ξ) +

√
a(x)v(x)|ξ| 2α−1

2


If U = (u, ut, y, yt, ω) is a regular solution of system (2.1)-(2.3), then we rewrite this system as the
following evolution equation

Ut = AU⊤, U(0) := U0 = (u0, u1, y0, y1, 0) ∈ H. (2.5)

Using a similar technique to the one mentioned in proposition 2.4 (see [1]), we infer that the unbounded
linear operator A is m-dissipative in the energy space H. Thus, according to Lumer-Phillips theorem
(see [6]) the operator A is the infinitesimal generator of a C0−semigroup of contractions etA. Then, the
solution of the evolution equation (2.5) admits the following representation

U(t) = etAU0, t ≥ 0,

which leads to the well-posedness of (2.5). Hence, we have the following result

Theorem 2.2 Let U0 ∈ H, then problem (2.5) admits a unique weak solution U satisfies

U(t) ∈ C0
(
R+,H

)
.

Moreover, if U0 ∈ D(A), then problem (2.5) admits a unique strong solution U satisfies

U(t) ∈ C1(R+,H) ∩ C0(R+, D(A)).
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3. Polynomial Stability in the case η > 0

In this section, we show the influence of the wave propagation speed on the stability of system (2.1)-(2.3).
Our main result in this part is the following theorem.

Theorem 3.1 The C0−semigroup (etA)t≥0 is polynomially stable; i.e. there exists constant C > 0 such
that for every U0 ∈ D(A), we have

E(t) ≤ C

t
2

ℓ(α)

∥U0∥2D(A), t > 0,

where

ℓ(α) =


1− α if

κ1

ρ1
=

κ2

ρ2
,

5− α if
κ1

ρ1
̸= κ2

ρ2

Following a similar technique to the one mentioned in Section 2.2 (see [1]), we infer iR ⊂ ρ(A), according
to Borichev and Tomilov in [3] (see also [2], [4]), to proof Theorem 3.1, we still need to prove the following
condition

lim sup
λ∈R, |λ|→∞

1

|λ|ℓ
∥∥∥(iλI −A)

−1
∥∥∥
L(H)

< ∞, where ℓ = ℓ(α). (H)

We will prove condition (H) by a contradiction argument. For this purpose, suppose that (H) is false,
then there exists

{(
λn, Un := (un, vn, yn, zn, ωn(·, ξ))⊤

)}
⊂ R∗

+ ×D(A) with

λn → +∞ and ∥Un∥H = ∥(un, vn, yn, zn, ωn(·, ξ))∥H = 1, (3.1)

such that

(λn)
ℓ
(iλnI −A)Un = Fn := (f1,n, f2,n, f3,n, f4,n, f5,n(·, ξ))⊤ → +∞ in H. (3.2)

For simplicity, we drop the index n. Equivalently, from (3.2), we have

iλu− v = λ−ℓf1 → 0 in H1
0 (0, L), (3.3)

iλv − κ1

ρ1
(ux + y)x +

√
a(x)

κ(α)

ρ1

∫
R
|ξ|

2α−1
2 ω(x, ξ)dξ = λ−ℓf2 → 0 in L2(0, L), (3.4)

iλy − z = λ−ℓf3 → 0 in H1
0 (0, L), (3.5)

iλz − κ2

ρ2
yxx +

κ1

ρ2
(ux + y) = λ−ℓf4 → 0 in L2(0, L), (3.6)

(iλ+ ξ2 + η)ω(ξ)−
√

a(x)v(x)|ξ|
2α−1

2 = λ−ℓf5(x, ξ) → 0 in W. (3.7)

Here we will check the condition (H) by finding a contradiction with (3.2) by showing ∥U∥H = o(1). For
clarity, we divide the proof into several Lemmas.

Lemma 3.1 Assume that η > 0 and ℓ ≥ 1 − α. Then, the solution (u, v, y, z, ω) ∈ D(A) of system
(3.3)-(3.7) satisfies the following asymptotic behavior estimations∫ L

0

∫
R

(
|ξ|2 + η

)
|ω(x, ξ)|2dξdx = o

(
λ−ℓ

)
and

∫ γ

β

|v|2dx = o
(
λ−ℓ−α+1

)
. (3.8)

Proof: Using a similar technique to the one mentioned in Lemma 2.8 (see [1]), we obtain the desired
result. 2

Remark 3.1 Using the second estimation in equation (3.8) and equation (3.3), we obtain∫ γ

β

|u|2dx = o
(
λ−ℓ−α−1

)
. (3.9)
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Lemma 3.2 Let 0 < α < 1, η > 0 and 0 < ε < β−γ
6 . Then, the solution (u, v, y, z, ω) ∈ D(A) of system

(3.3)-(3.7) satisfies the following asymptotic behavior∫ γ−ε

β+ε

|ux|2dx = o
(
λ− ℓ+α−1

2

)
. (3.10)

Proof: First, we fix a cutt-off function h1 ∈ C1 ([0, L]) such that 0 ≤ h1(x) ≤ 1, for all x ∈ [0, L] and

h1(x) =

{
1 if x ∈ [β + ε, γ − ε],

0 if x ∈ [0, β] ∪ [γ, L].
(3.11)

Multiplying equation (3.4) by ρ1

κ1
h1u integrating over (0, L), taking the real part and using the fact that

λu is uniformly bounded in L2(0, L) and f2 → 0 in L2(0, L), we get

ℜ

(
iλ

ρ1
κ1

∫ L

0

h1vudx

)
+ ℜ

(∫ L

0

h′
1(ux + y)udx

)
+

∫ L

0

h1|ux|2dx+ ℜ

(∫ L

0

h1yuxdx

)

+κ1κ(α)ℜ

(∫ L

0

√
a(x)u

(∫
R
|ξ|

2α−1
2 ω(x, ξ)dξ

)
dx

)
=

o(1)

λ
ℓ
2+1

.

(3.12)

Using Cauchy-Schwarz’s inequality, the definition of the function a(x), equation (3.8) and the fact that
u is uniformly bounded in L2(0, L), we get∣∣∣∣∣ℜ

(∫ L

0

h1

√
a(x)u

(∫
R
|ξ|α− 1

2ω(x, ξ)dξ

)
dx

)∣∣∣∣∣ ≤ C

(∫ γ

β

|u|2dx
) 1

2

(∫ L

0

∫
R

(
|ξ|2 + η

)
|ω(x, ξ)|2dξdx

) 1
2

(3.13)

where C =
√
a(x) S(α, η) and S(α, η) =

(∫
R

|ξ|2α−1

|ξ|2 + η
dξ

) 1
2

. We have

|ξ|2α−1

|ξ|2 + η
∼
0

|ξ|2α−1

η
and

|ξ|2α−1

|ξ|2 + η
∼
∞

1

|ξ|3−2α
.

Since 0 < α < 1 and η > 0, then S(α, η) is well defined. Consequently, we deduce that∣∣∣∣∣ℜ
(∫ L

0

h1

√
a(x)u

(∫
R
|ξ|α− 1

2ω(x, ξ)dξ

)
dx

)∣∣∣∣∣ = o(1)

λℓ+α+1
2

. (3.14)

Now, using the fact that (ux + y) is uniformly bounded in L2(0, L), Cauchy-Schwarz’s inequality, the
definition of the function h1 and equation (3.9), we get

ℜ

(∫ L

0

h′
1(ux + y)udx

)
=

o(1)

λ
ℓ+α+1

2

. (3.15)

Using the fact that λu is uniformly bounded in L2(0, L), the definition of the function h1 and equation
(3.8), we get

ℜ

(
iλ

ρ1
κ1

∫ L

0

h1vudx

)
=

o(1)

λ
ℓ+α−1

2

. (3.16)

• Estimation of ℜ

(∫ L

0

h1yuxdx

)
. Using by parts integration, we obtain

ℜ

(∫ L

0

h1yuxdx

)
= −ℜ

(∫ L

0

h′
1yudx

)
−ℜ

(∫ L

0

h1yxudx

)
. (3.17)
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Using the fact that λy is uniformly bounded in L2(0, L), yx is uniformly bounded in L2(0, L), equation
(3.9) and Cauchy-Schwarz inequality , we get

ℜ

(∫ L

0

h′
1yudx

)
=

o(1)

λ
ℓ+α+3

2

and ℜ

(∫ L

0

h1yxudx

)
=

o(1)

λ
ℓ+α+1

2

.

Inserting the above equation in (3.17), we get

ℜ

(∫ L

0

h1yuxdx

)
=

o(1)

λ
ℓ+α+1

2

. (3.18)

Inserting (3.14), (3.15), (3.16) and (3.18) in (3.12) and the definition of the function h1, we get the desired
result. The proof has been completed. 2

Lemma 3.3 Let 0 < α < 1, η > 0 and 0 < ε < β−γ
6 . Then, the solution (u, v, y, z, ω) ∈ D(A) of system

of system (3.3)-(3.7) satisfies the following asymptotic behavior∫ γ−2ε

β+2ε

|yx|2dx ≤
∣∣∣∣ρ1κ1

− ρ2
κ2

∣∣∣∣ o(1)

λ
ℓ+α−5

2

+
o(1)

λ
ℓ+α−1

2

. (3.19)

Proof: First, we fix a cutt-off function h2 ∈ C1 ([0, L]) such that 0 ≤ h2(x) ≤ 1, for all x ∈ [0, L] and

h2(x) =

{
1 if x ∈ [β + 2ε, γ − 2ε],

0 if x ∈ [0, β + ε] ∪ [γ − ε, L].
(3.20)

Multiplying (3.6) by −h2
ρ2

κ2
ux, integrating over (0, L) and using the fact that ux is uniformly bounded

in L2(0, L) and f4 → 0 in L2(0, L), we get

−ℜ

(
iλ

ρ2
κ2

∫ L

0

h2zuxdx

)
+ ℜ

(∫ L

0

h2yxxuxdx

)
−ℜ

(
κ1κ2

∫ L

0

h2 (ux + y)ux

)
dx = o

(
λ−ℓ

)
.

Using the fact that (ux + y) is uniformly bounded, (3.10) and the definition of h2 in the above equation
, we get

−ℜ

(
iλ

ρ2
κ2

∫ L

0

h2zuxdx

)
+ ℜ

(∫ L

0

h2yxxuxdx

)
=

o(1)

λ
ℓ+α−1

2

. (3.21)

From (3.5), we obtain
−iλz = λ2y + iλ1−ℓf3.

Inserting the above equation in (3.21), we get

ℜ

(
λ2 ρ2

κ2

∫ L

0

h2yuxdx

)
+ ℜ

(
iλ

ρ2
κ2

∫ L

0

h2λ
−ℓf3uxdx

)
+ ℜ

(∫ L

0

h2yxxuxdx

)
=

o(1)

λ
ℓ+α−1

2

. (3.22)

Using integration by parts on the second integral in (3.22), we get

ℜ

(
iλ

ρ2
κ2

∫ L

0

h2λ
−ℓf3uxdx

)
= −ℜ

(
iλ

ρ2
κ2

∫ L

0

h′
2λ

−ℓf3udx

)
−ℜ

(
iλ

ρ2
κ2

∫ L

0

h2λ
−ℓ(f3)xudx

)
(3.23)

Using the fact that λu is uniformly bounded in L2(0, L), f3 → 0 in H1
0 (0, L) and the definition of h2, we

get

ℜ

(
iλ

ρ2
κ2

∫ L

0

h2λ
−ℓf3uxdx

)
=

o(1)

λℓ
.
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Inserting the above equation in (3.21), we get

ℜ

(
λ2 ρ2

κ2

∫ L

0

h2yuxdx

)
+ ℜ

(∫ L

0

h2yxxuxdx

)
=

o(1)

λ
ℓ+α−1

2

. (3.24)

Now, multiplying (3.4) by −h2
ρ1

κ1
yx, integrating over (0, L) and using the fact that yx is uniformly

bounded in L2(0, L), f2 → 0 in L2(0, L) and the first estimation in (3.8) we get

ℜ

(
−iλ

ρ1
κ1

∫ L

0

h2vyxdx

)
+ ℜ

(∫ L

0

h2uxxyxdx

)
+

∫ L

0

h2|yx|2dx =
o(1)

λ
ℓ
2

. (3.25)

Using equation (3.3), we obtain

−iλv = λ2u+ iλ1−ℓf1.

Inserting the above equation in (3.25) and using integration by parts, we get

ℜ

(
λ2 ρ1

κ1

∫ L

0

h2uyxdx

)
−ℜ

(
i
ρ1
κ1

∫ L

0

h′
2λ

1−ℓf1ydx

)
−ℜ

(
i
ρ1
κ1

∫ L

0

h2λ
1−ℓ(f1)xydx

)

−ℜ

(∫ L

0

h′
2uxyxdx

)
−ℜ

(∫ L

0

h2uxyxxdx

)
+

∫ L

0

h2|yx|2dx =
o(1)

λ
ℓ
2

.

(3.26)

Using the fact that f1 → 0 in H1
0 (0, L), λy is uniformly bounded in L2(0, L), yx is uniformly bounded in

L2(0, L), equation (3.10) and the definition of the function h2, we get

ℜ

(
i
ρ1
κ1

∫ L

0

h′
2λ

1−ℓf1ydx

)
=

o(1)

λℓ
,

ℜ

(
i
ρ1
κ1

∫ L

0

h2λ
1−ℓ(f1)xydx

)
=

o(1)

λℓ
,

ℜ

(∫ L

0

h′
2uxyxdx

)
=

o(1)

λ
ℓ+α−1

4

.

Inserting the above estimations in (3.26), we get

ℜ

(
λ2 ρ1

κ1

∫ L

0

h2uyxdx

)
−ℜ

(∫ L

0

h2uxyxxdx

)
+

∫ L

0

h2|yx|2dx =
o(1)

λ
ℓ+α−1

4

. (3.27)

Now, using integration by parts on the first term in (3.27), we get

−ℜ

(
λ2 ρ1

κ1

∫ L

0

h′
2uydx

)
−ℜ

(
λ2 ρ1

κ1

∫ L

0

h2uxydx

)
−ℜ

(∫ L

0

h2uxyxxdx

)
+

∫ L

0

h2|yx|2dx =
o(1)

λ
ℓ+α−1

4

.

(3.28)
Using the fact that λy is uniformly bounded in L2(0, L), equation (3.9) and the definition of h2, we get

ℜ

(
λ2 ρ1

κ1

∫ L

0

h′
2uydx

)
=

o(1)

λ
ℓ+α−1

2

.

Inserting the above equation in (3.28), we get

−ℜ

(
λ2 ρ1

κ1

∫ L

0

h2uxydx

)
−ℜ

(∫ L

0

h2uxyxxdx

)
+

∫ L

0

h2|yx|2dx =
o(1)

λ
ℓ+α−1

4

. (3.29)
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Adding (3.24) and (3.29), we get∫ L

0

h2|yx|2dx =

(
ρ1
κ1

− ρ2
κ2

)
λ2

∫ L

0

h2uxydx+
o(1)

λ
ℓ+α−1

4

(3.30)

Finally, using the fact that λy is uniformly bounded in L2(0, L), (3.10) and the definition of h2, we get
the desired result. 2

Lemma 3.4 Let 0 < α < 1, η > 0 and 0 < ε < β−γ
6 . Then, the solution (u, v, y, z, ω) ∈ D(A) of system

of system (3.3)-(3.7) satisfies the following asymptotic behavior∫ γ−3ε

β+3ε

|z|2dx ≤ κ2

ρ2

∣∣∣∣ρ1κ1
− ρ2

κ2

∣∣∣∣ o(1)

|λ| ℓ+α−5
4

+ o(1). (3.31)

Proof: First, we fix a cut-off function h3 ∈ C1 ([0, L]) such that 0 ≤ h3(x) ≤ 1, for all x ∈ [0, L] and

h3(x) =

{
1 if x ∈ [β + 3ε, γ − 3ε],

0 if x ∈ [0, β + 3ε] ∪ [γ − 3ε, L].
(3.32)

Multiplying (3.6) by −iλ−1h3z where h3 is defined in (3.32), integrating over (0, L), using integration
by parts and using the fact that f4 → 0 in L2(0, L), z is uniformly bounded in L2(0, L) and (ux + y) is
uniformly bounded in L2(0, L), we get∫ L

0

h3|z|2dx = ℜ

(
iλ−1κ2

ρ2

∫ L

0

yxh3zxdx

)
+ ℜ

(
iλ−1κ2

ρ2

∫ L

0

h′
3yxzdx

)
+ o(1). (3.33)

From (3.5), we get
iλ−1zx = yx − iλ−1λ−ℓ(f3)x.

Inserting the above equation in (3.33) and using the fact that yx is uniformly bounded in L2(0, L) and
f3 → 0 in H1

0 (0, L), we get∫ L

0

h3|z|2dx =
κ2

ρ2

∫ L

0

h3|yx|2dx+ ℜ

(
iλ−1κ2

ρ2

∫ L

0

h′
3yxzdx

)
+ o(1). (3.34)

Using the fact that yx and z are uniformly bounded in L2(0, L) in (3.34), we get∫ L

0

h3|z|2dx =
κ2

ρ2

∫ L

0

h3|yx|2dx+ o(1).

Now, using the definition of function h3 and equation (3.19), we get the desired result. 2

Lemma 3.5 Let 0 < α < 1 and η > 0 and let h4 ∈ C1([0, L]) such that h4(0) = h4(L) = 0. Then the
solution (u, v, y, z, ω) ∈ D(A) of system of system (3.3)-(3.7) satisfies the following asymptotic behavior∫ L

0

h′
4

(
ρ1|v|2 + κ1|ux|2 + ρ2|z|2 + κ2|yx|2

)
dx = o(1).

Proof: Using a similar technique to the one mentioned in Lemma 2.12 (see [1]), we get the desired result.
2

Proof of Theorem 3.1. The proof of Theorem 3.1 is divided into two cases.

Case 1. Suppose that
ρ1
κ1

=
ρ2
κ2

. The proof of the following case is divided into two steps.
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Step 1. Taking ℓ = 1− α in Lemmas 3.1-3.4, then we obtain
∫ L

0

∫
R

(
|ξ|2 + η

)
|ω(x, ξ)|2dξdx = o

(
λ−1+α

)
,

∫ γ

β

|v|2dx = o (1) ,

∫ γ−ε

β+ε

|ux|2dx = o (1) ,∫ γ−2ε

β+2ε

|yx|2dx = o(1) and

∫ γ−3ε

β+3ε

|z|2dx = o(1).

(3.35)

Step 2. Using the result of Lemma 3.5 with h4 = xθ1 + (x− L)θ2, where θ1 and θ2 are cut-off functions in
C1([0, L]) defined by

0 ≤ θ1 ≤ 1, θ1 = 1 in [0, β + 3ε] and θ1 = 0 in [γ − 3ε, L]

and
0 ≤ θ2 ≤ 1, θ2 = 0 in [0, β + 3ε] and θ2 = 1 in [γ − 3ε, L],

we obtain ∫ L

0

(xθ′1 + θ1 + (x− L)θ′2 + θ2)
(
ρ1|v|2 + κ1|ux|2 + ρ2|z|2 + κ2|yx|2

)
dx = o(1).

Using the definition of θ1 and Step 1., we obtain

∥U∥H = o(1).

which contradicts (H).

Case 2. Suppose that
ρ1
κ1

̸= ρ2
κ2

. The proof of the following case is divided into two steps.

Step 1. Taking ℓ = 5− α in Lemmas 3.1-3.4, then we obtain
∫ L

0

∫
R

(
|ξ|2 + η

)
|ω(x, ξ)|2dξdx = o

(
λ−5+α

)
,

∫ γ

β

|v|2dx = o
(
λ−4

)
,

∫ γ−ε

β+ε

|ux|2dx = o
(
λ−2

)
,∫ γ−2ε

β+2ε

|yx|2dx = o(1) and

∫ γ−3ε

β+3ε

|z|2dx = o(1).

(3.36)

Step 2. Similar to Step 2. in Case 1, we obtain

∥U∥H = o(1),

which contradicts (H).
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