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Graph Associative on Disjoint Open Subsets of Topological Space
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ABSTRACT: In this study, a new idea of forming a statement from a discrete topological space is presented.
Several properties and limitations of this topological statement are presented. This graph has no isolated
vertices. We define the graph of some topological space also collection degree of every vertex and some normal
numbers like an independent number, covering number, and chromatic number finally we discussed where I't
planar and nonplanar graph
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1. Introduction

Graph theory encompasses various directions, including algebraic and topological graph

theory. While algebraic graph theory focuses on algebraically motivated graph constructions, the present
paper is concerned exclusively with topological graphs and their basic topological properties. Related
studies in algebraic graph theory may be found in [14],[15]. There are several studies on graphs that
rely on topological structures which can be seen in [1], [2], [6]. The relationship between graph theory,
topology, non-discrete topology, joint topology, joint countable topology, and nested topological spaces
was reviewed [7],[8],[13]. Converting the topological graph to a special topology by adjacent vertices
is studied [4]. A novel topological concept, termed ”symmetrical,” was introduced for two topologies.
It was observed that the structural drawings of the two topologies exhibit symmetry [3]. Studying the
topological spaces resulting from graphs, the cases of being an accumulation point and an internal point of
a point in these spaces were examined [5]. In this paper we define a new graph associated with a discrete
open set of topological space which I'7 denotes, this graph consists of the set of vertices that contain all
open sets and every two vertices A and B adjacent if AN B = ), one of the important characteristics
this graph has no isolated vertices if there are in the topological space at least two non-empty disjoint
open sets then girth ( 't ) = 3, also we calculate some numerical numbers like independent, covering,
chromatic number, where the graph define on discrete topology which denoted it, in this case, I'd, so we
find the degree of each vertex of I'd and discussion the planer and non-planer of it.

2. Properties of Topological Graph

In this section, we introduce a novel definition for a discrete topological graph and then proceed to
explore several properties of this particular space graph

Definition [2.1] Let X be a non-empty set and 7 be a topological space on set X Then the graph
is defined on 7 which I't denotes, I't with vertices set as V(I't) = {4; A € G} and the edge as
E(T'7) ={(4, B); AN B =0, where A or B # (}.

Definition [2.2] the shortest cycle of graph T is the girth of " [9]
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Definition [2.3]A complete graph is a graph I" in which every vertex is connected to the other vertices
and denoted by K,

Definition [2.4] A clique in graph I' It is a subgraph that is complete and the largest of these complete
subgraphs is denoted by w(I')[10].

Definition [2.5]Coloring in a graph in which two adjacent vertices each have a different Moreover, the
least coloration of the heads is called the chromatic number, represented by the symbol x(G) [11],[12]

Definition [2.6]A planer graph is a graph whose edges intersect each other only at the final point.
proposition[2.7] the graph (I'7) has no isolated vertices.

Proof by (Definition[2.1]), every two vertices A, B € I't are adjacent if ANB =), so VA € V(I't), AND =
() this given that () adjacent with all vertices. Therefore graph (I't) has no isolated vertices

Example [2.8] let X ={1,2,3,4,5} and 7 = {0, X, {1}, {2}, {5}, {1,2},{1,5},{2,5},{1,2,5}} then the
V() = {0, X,{1},{2},{5},{1,2},{1,5},{2,5},{1,2,5}} we can see the edge of I'T as follows: figure[1]

{1}

Figure 1: T'r where X=5

Theorem [2.9] let (X, 7) be a topological space and 7 has one of followed separations axioms (72,73, 74),
then the girth of (I'7) is 3

Proof: it’s clear that () they are adjacent to all elements of V(I't) because ANQ = VA € V(I'r), from
the definition of separations axioms 7o, 73 and 74 we have two disjoint open sets A and B they adjacent
to B, also we have everyone A and B adjacent with () so.

And the proof is complete.

Theorem [2.10] let X be an infinite set and 7 co-finite topology on X, then (I'7) is a star graph.
Proof let A,B € I't, then A = X/{ay,as,a3,...,a,} and B = X/{by,b2,b3,...,b,}, AN B #( This A
is not adjacent to B . On the other hand, we have () Adjacent to all vertices of (I't), so this graph with
all vertices except () have degree one and degree of () equal n— 1 .

Theorem [2.11] let X be a finite set and 7 be discrete topology on X,I'7 is a graph defined on 7 then
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Figure 2: The girth of graph I't
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Proof since for every A € 7, then ANQ = (), so () is adjacent to all vertices of I'r, they deg(@) = |v(I'T)|—1
because () it is not adjacent to itself. Now we find V(I'r) as follows:

We divided the vertices (I't) into several collections such that everyone contains a subset of X equal
numbers, so the number of vertices set can be accounted as following

(?>+(Z>+...+(nn1>+<Z)+1where®is1
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There for deg(@)zn(Q—l—ZHj_li'nj)) +1, i=(2,3,...,n—1)

By using some method we can find the degree of all vertices. So the result holds.
Corollary [2.12] let |X| = n and 7 be discrete topology on X then x(I't) =n —1
Proof since the graph has a complete subgraph containing n + 1 vertices, we can color by n 4+ 1 color.
It can also be noted that ( (1) ) of the vertices can be colored in one of these colors because all other
vertices are not adjacent to at least one of the vertices of the complete subgraph. So we can use some
colors that we mentioned in the offline vertices.
Corollary [2.13] let | X| = n and 7 be discrete topology on X then the clique number of I't is w(I't) =
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n+1

Proof:we can see that all vertices in the collection of a singleton set are adjacent to gather, also these
vertices are adjacent to (), so we have a complete subgraph of 't containing n+1 vertices, so w(I't) = n+1.
Theorem[2.14] let |X| =n and 7 be discrete topology on X, and I'7 is a graph defined on 7 then

n—ln—1n—1

alr)=(mn+1) +Zn—z +ZZZn—Z

k=3 j=k j=1

When k is the count of the subset minus one
Proof: we divided the set of vertices in this graph into serval families every family contains of subset
that has the same number, so we have the following

For the family of singleton subset and from this family we can one vertice as independent because all
vertices in this family are adjacent to each other the remaining families of vertices we can choose (n — 1)
of vertices in the family of binary subset because the element has appear in n — 1 subset. The family
contains a subset of three elements we can select the vertices as

m=2)+(n—-=3)+--+(n—(n—1)), so we have 2?2—21 (n — 1) the families which contain subset
consist of the manor that three, we can choices the vertices as

n—ln—1n—1

D> > (n=i)

k=3 j=k j=i

Also, we can take the set X as an independent element, because X is adjacent to ), thus from above
the number of independent sets is

n—1ln—1n—1

a(FT)zl—i—(n—!—l)—I—Z n—1 —|—ZZZ n—1)

k=3 j=k j=i
When K is the number of subsets minus one, so

n—1ln—-1n-—1

alr)=(Mn+1) +Zn—z +ZZZn—z

k=3 j=k j=1

Theorem [2.15] let X be a non-empty finite set, 7 be discrete topology on X and G is a graph defined
on 7 then

B(I'r) = ( <1+“Z: 1= 1 .)>—|—2>—n+z n—1) +"z:"z:”z: (n—1)
k=3 j=k j=i

Proof: by theorem S(I't) = |V(I'T)| + a(I'T) we can calculate the number of vertices as follows

(’;)+(g)+...+( ﬁl)+()+1
- () )

Also from theorem ((2.14 )) we have

alr)=(Mm+1)+ anz +ZZZ n—1)
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Then the proof is complete.

Theorem[2.16]: the graph (I'7), Is anon planer for every n > 4 were | X| = n and 7 be discrete topology
on X.

Proof:if n < 4 the graph I'r is planer .graph show figure ((3,4,5)), if n > 4 then we have a subgraph is
isomorphic Xh, which ¢ consists of a singleton set and (), so the graph is nonplanar for n > 4

o A

———0

Figure 3: The graph I't for n=1
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Figure 4: The graph I't for n=2
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Figure 5: I't where n=3

3. Conclusions

In this study, we were able to describe topological spaces in the form of a graph, In addition, many
properties of the graph were studied, such as the chromatic number, the independence number, the clique
number, and the Girth number. The degree of vertices was also calculated for the graphs of the discrete
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topological space as this plays a crucial role in facilitating the analysis of many properties associated with
these graphs.

10.
11.
12.
13.

14.

15.

References

. adan, Reeta, et al. ”Study of some properties of complement of open subset inclusion graph of a topological space.” J.

Math. Comput. Sci. 12 (2022): Article-ID.

. Neamah, Hussein A., and Khalid Sh AI’Dzhabri. ” Outtopological Digraph Space and Some Related Properties.” Earth-

line Journal of Mathematical Sciences 11(2) (2023): 361-373.

. Hamza, Abedal-Hamza Mahdi, and Saba Nazar Faisel Al-khafaji. ”Construction a topology on graphs.” Journal of

Al-Qadisiyah for computer science and mathematics 5(2) (2013): 39-46.

. Jwair, ZAINAB N., and MOHAMMED A. Abdlhusein. " The neighborhood topology converted from the undirected

graphs.” Proceedings of TAM 11(2) (2022): 120-128.

. SARI, Hatice Kiibra. ”Some properties of the topological spaces generated from the simple undirected graphs.” Sigma

Journal of Engineering and Natural Sciences 41(2) (2023): 266-270.

Subbiah, S. P., and V. Swaminathan. ”Properties of topological spaces associated with sigraphs.” Electronic Notes in
Discrete Mathematics 33(2009): 59-66.

Al’Dzhabri, Khalid Shea Khairallah, and Mohammad Falih Hani Al’'murshidy. ”On Certain Types of Topological Spaces
Associated with Digraphs.” Journal of Physics: Conference Series. Vol. 1591. No. 1. IOP Publishing, (2020).

Lukasczyk, Jonas, et al. ”Nested tracking graphs.” Computer Graphics Forum. 36(3) (2017).

Kiss, Gyorgy, Stefko Miklavi¢, and Taméas Szényi. ” On girth-biregular graphs.” Ars mathematica contemporanea 23(4)
(2023): P4-01.

Garrett, Henry. Clique Number in Neutrosophic Graphs. Dr. Henry Garrett, (2023).
Maus, Yannic. ”Distributed graph coloring made easy.” ACM Transactions on Parallel Computing 10(4) (2023): 1-21.
Cho, Eun-Kyung, et al. ”Odd coloring of sparse graphs and planar graphs.” Discrete Mathematics 3465 (2023): 113305.

OBAYES, Karrar Khudhair; FARAWI, Yaqoob A.; OBAYES, Ghadeer Khudhair. Using Graphs to Depict Relationships
among Elements in Various Topological Spaces. Nanotechnology Perceptions, (2024), 800-808-800-808.

Nada.A. Laabi, Ahmed. Hameed. Kamil, Yaqoob. A. Farawi, Subring in Graph Theory, Advances in Nonlinear Varia-
tional Inequalities. J., 27(2024), 284-287.

Yaqoob.A.Farawi, Kind of bipartite graph associated on triple elements of subgroup of a group, Boletim da Sociedade
Paranaense de Matemética, Third Series, Vol. 43 (2025), pp. 1-4.DOIL: 10.5269/bspm.78346

Yaqoob A. Farawi,

Department of Mathematics,
University of Thi-Qar,
Iraq.

E-mail address:  yaqoob1980@utq.edu.iq



	Introduction
	Properties of Topological Graph
	Conclusions

