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A Conformable Fractional Weerakoon-Fernando Method for Solving Nonlinear Equations
and its Generalization for Nonlinear Systems

Toshan Kumar Shriwas and Jai Prakash Jaiswal*

ABSTRACT: This study introduces a new conformable Weerakoon-Fernando method designed to solve non-
linear equations, the classical Weerakoon-Fernando method is a special case of the conformable Weerakoon-
Fernando method. In addition, the proposed method has been extended to its multi-dimensional version,
enabling it to effectively solve systems of nonlinear equations. Moreover, we present a comprehensive analysis
of convergence for the proposed methods. Through numerical comparisons, we highlight the substantial im-
provements in both convergence rate and accuracy offered by these methods. Furthermore, the convergence
planes generated by the proposed methods demonstrate strong stability and a significantly higher convergence
percentage.
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1. Introduction

Fractional calculus serves as a broad generalization of classical calculus while preserving many of its
essential characteristics. A wide range of real-world problems can be effectively modeled using tools
from fractional calculus, owing to its greater flexibility compared to classical calculus; see, for example,
[2,5,17,20,22,26] and the references therein. Solving nonlinear equations of the form f(y) = 0 remains
a significant challenge in modern science and engineering. To tackle these problems, numerous iterative
methods have been developed, which provide effective approaches for approximating solutions. These
techniques are highly significant in numerical analysis due to their broad applicability across various
areas of pure and applied sciences. Recent studies have introduced fractional iterative methods for solv-
ing nonlinear equations, employing Riemann-Liouville, Caputo, and conformable derivatives (one can
see [3,4,6,7,8,9,10,21]). The focus of these methods is to enhance the efficiency and accuracy of finding
solutions to nonlinear problems by incorporating fractional calculus and fractal techniques into the tradi-
tional iterative method framework. While methods based on Riemann—Liouville and Caputo derivatives
do not generally preserve the convergence order of their classical counterparts, conformable derivatives
offer lower computational complexity by avoiding the evaluation of special functions and retain the theo-
retical convergence order of the classical iterative method in practice. Furthermore, sometimes it presents
some numerical advantages versus the classical version. Specifically, for the conformable versions of the
iterative schemes presented in [7,8,9,10,21], we observed several interesting behaviours: solutions can be
obtained in situations where the classical method fails (with order of derivative o # 1); in some cases,
the conformable methods requires fewer iterations and attains a slightly higher computational order of
convergence; different roots can be identified by choosing distinct fractional index a while using the same
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initial guess; and complex roots can be found even when starting from real initial estimates.

First, we will go over some basic ideas associated with the conformable derivative. The conformable
derivative of a function f : [a,00) — R of order «, for any @ € R, a < y and 0 < a < 1 is defined as
[1,16]

a flytely—a)=) — fly
(@2 )(y) = tim SO =D ZIW), (1)

e—0 €

where, T2 represents the conformable fractional derivative operator. If the above limit exists then f is
called a-differentiable. Additionally, if f is a-differentiable, then (T2f)(y) = (y — a)*~*f(y). If for any
b e R, f is a-differentiable in (a,b), then (TS f)(a) = lim+(T§f)(y).

y—ra

The idea of using conformable fractional-order derivatives offers a novel approach to the development
of iterative methods. Additionally, its computation does not involve any special functions, making it
computationally more efficient. By applying the concept of conformable fractional derivatives Candelario
et al. [7] recently introduced a fractional Newton-type iterative method for locating the roots of the
nonlinear equation f(y) =0. For any 0 < a <1, a € R the method is given as:

. e ot Wn) . "
Ynt1 = a+ ((yn ) (Tgf)(yn)) , 0,1,2,.... (1.2)

After this Candelario et al. [10] proposed three one-point conformable Newton-type methods, along with
a general procedure for constructing the conformable form of any iterative method. This approach was
then applied to develop the conformable counterparts of four classical multipoint schemes (Traub-type,
Chun—Kim-type, Ostrowski-type, Chun-type). Authors developed the following conformable Traub-type
procedure (TeCO) for solving the equation f(y) =0,

Q=

=aqa 2z —a)® — QM n =
Ynt1 = a+ <( n—a) (Tgf)(yn)> , 0,1,2, ..., (1.3)

1

where, zp =a+ <(yn—a)a—a(T§§c%>a , n=0,12...

And also developed conformable Chun—Kim-type scheme (CKeCO) as:

«
=t (on-or -2

(Tféf)(zn)] f(yn)
2 (

Eres|agts) ez, )

1

where, zp =a+ <(yn—a)a—0¢( ) )a , n=0,12,..,

T f)(yn)

where « € (0,1], a € R and f is a-differentiable. Observe that when « = 1, the formulation in equation
(1.3) specifically simplifies to the classical Traub method and the formulation in equation (1.4) specifically
simplifies to the classical Chun—Kim method. In recent developments, the fractional Newton’s iterative
method (1.2) has been successfully generalized [9] to handle nonlinear systems of equations, demonstrating
promising performance in various numerical experiments. The structure of this method is given as follows:

1

a

Oa a(l) —1 ©
Yn+1 =a+ (yn _a) _a[Fa (yn)] F(yn) ) n:071727"'7 (15)

where a € R™, « € (0,1] and ® being the Hadamard power [13,14].
After this in 2024, Wang and Xu [24] developed the conformable vector Traub’s method (CVTM) for
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solving nonlinear system as:

an = (0 = 0% = aF2 O ) F)

1

@

0]
Ynt1 = @+ ((zn —a)®* — a(Fg(l)(yn))le(zn)) , n=20,1,2, ..., (1.6)

where a € R™, 0 < a < 1 and ® being the Hadamard power. To compute the root § € R of the non-
linear system F(y) = 0 using method (1.5) and (1.6), we consider the coordinate representation of the
function F(y) = (f1,..., fm), where F': D C R™ — R™ is assumed to be sufficiently Fréchet-differentiable
within the open domain D.

Lastly, some derivative-free iterative methods were formulated, including Steffensen-type and Secant-type
procedures that employ approximations of conformable derivatives in [8], and a Traub—Steffensen-type
method presented in both scalar and vector forms in [21]. These approaches successfully maintain their
theoretical convergence order in practical implementations and demonstrate strong numerical efficiency,
often delivering improvements over their classical counterparts in various numerical aspects. The con-
formable derivative offers the simplest and most natural approach to defining fractional derivatives.
Indeed, the definition (1.1) plays a key role in the construction of novel fractional iterative scheme. To
facilitate the formulation of the new schemes, it is essential to consider the following result for a deeper
understanding of convergence behaviour:

Theorem 1.1 (Theorem 4.1, [1]). Suppose f(y) is an infinitely a-differentiable function, for some
a € (0,1] at a neighborhood of a point yo. Then the fractional power series expansion of f(y) is:

fly) = . Yo <y<uyo+RYY R>0, (1.7)

i (T )™ (yo)(y — yo)™

a™n!
n=0

where (TY f)™) (yo) is the n times application of fractional derivative.

In addition to the Theorem 1.1 result, the following power series expansion better serves our purposes.

Theorem 1.2 (Theorem 4.1, [23]). Suppose f : [a,00) — R is an infinitely a—dif ferentiable function,
for some 0 < o < 1 at a neighborhood of a1 € (a,00). Then the fractional power series expansion of f(y)

(1.8)

a a1)d6q a £\(2) a1)0 a £1(3) aq
f(y) _ f(al) + (Tafg )6 + (Taf;'ag )5 (Taf;'a?() )53 -

where, 61 = H® — L%, 6y = H?* — L?* — 2190y, 63 = H3* — L3* — 3L%§, — 3L%*%0,,....and H = y — a,
L =a; —a. One can easily verify that ; = 62, 83 = 83, etc. Hence, the expansion (1.8) can be rewritten
as:
(Taf)(a)dr | (T8)®(a)dt | (Taf)® (a1)d?
+ +
! 2la? 3la?

fly) = fla) + (1.9)

To further enhance the formulation and examination of techniques for solving nonlinear system of equa-
tions, some concepts corresponding to the fractional iterative approach for solving nonlinear systems are
introduced.

Definition 1.1 [9] Let f be a function with m variables yi, ..., ym, then the conformable partial derivative
of f of order a € (0,1] in y; € (a,00) is defined as:

((1)[ f(y17 7ym) = lim f(yla e Yi + e(y’b - a)l—a7 7ym) - f(yla ay'm) ' (110)

6yla e—0 €

. oY
y-hl)naﬂr ayafy f(ylv s Yiy ,ym)

s
When y; = a, then ﬁf(yl, ey Qy ey Ypn) =
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Remark 1.1 The connection between the classical and conformable partial derivatives can be directly
derived from equation (1.10) as follows:

(63

a f(yl,,ym) — (y1 _ a)lfa 0

o 8yif(y1, vy Ym)- (1.11)
Remark 1.2 By Definition 1.1 and Remark 1.1 we can find
FeW(y) = (y — )" F (y), (1.12)
FgW(a) = lim (y—a)®""F(y), (1.13)
y—rat

where F'(y) is the classical Jacobian matriz.

Additionally, the p** conformable derivative of F' at u € R™ is the p-linear function defined as follows:

Definition 1.2 [9] Let F : D C R™ — R™ be sufficiently a-differentiable in D. The pth derivative of F

at u € R™ is the a(p)-linear function FOP (u) : R™ x ... x R™ —3 R™ in which the following remains
valid for any vy, ...,v, € R™

1. Faa(p)(u)(vl, V) € R™,
2. Faa(p)(u)(vh ey Up—1,-) € L(R™), where L(R™) denotes the space of linear mappings of R™ — R™.
3. Ff(p)(u)(vmwwvap) = F2P (u)(vy, ..., v,) for any permutation o € {1, ..., p}.
Based on these properties, we can adopt the following notations:
1. FEP () vy, oy vp) = FEP (wvy - v,
2. FE® ()p=1 FE@ ()01 = F2P) () FOD (y)prta-1,

We now define the conformable Jacobian matrix for the variables y1,ys2,...., Ym, where y; lies in the
interval (a;,00), i =1,2,...,m, with y = (y1,¥2, ..., ym) and a = (a1, a2, ..., am).

Definition 1.3 [9] Assume that fi1,fa,...,fm are coordinate functions of a vector valued function F :
R™ — R™defined in terms of the variables y1,ys,...,Yym such that their partial derivatives exist and are
continuous, where y; > a;, 1 = 1 to m, then the conformable Jacobian matriz is:

05 f 9 fr Og,h
oy Oys oy,
05, f2 0g, f2 o Oy, f2
EpO)=| ™ ™ Ea
0 fm  Ofm 0% fm
ay¢ oy oy,
or af af af
(y1 — al)i_agTJ,; (y2 — az)i_ag?; o (Ym — am)i_a%
_gy)lmeff _go)lmadlz _ g )l—adfz
Fo) ) (1 1.) 5y (2 2') o (Ym nf) B (114
Vi 0fm V=6 2fm N—a fm
(y1—a1)1 Ozafyl (yz_a2)1 a% (ym_am)l 0857

Next, the conformable Taylor series for a vector-valued function is given as:

Theorem 1.3 [9] Suppose F : R™ — R™ is an infinitely a-differentiable function, for some 0 < a <1
at a neighborhood of b; € (aj,00), ¥j = 1,...,m, where a = (a1,...,a,) € R™, b = (b1,....b,) € R™.
Then the fractional power series expansion of F is:

a(l) a(2) a(3)
F00) o FaT0) vo FaTT(0) 45
= A° 4+ .. 1.1
F(t)=F(b) + = A+ 512 AN e + .. (1.15)

where, A = HO* — [0 H =t —a, L=0b—a and ® be the Hadamard power.
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Theorem 1.4 [9] If y1,y2 € R™, r € R, then the Newton’s Binomial theorem for vector valued and
fractional power is given by

[e’e} r . .
(1 +y2)" = Z <n)y?‘ W oyd",  ne{0}UN, (1.16)

n=0

where

(77;) ZMv ne {0} UN.

The remainder of the manuscript is structured as: Section 2 introduces and examines a new fractional
iterative method. Furthermore, its extension to the multi-dimensional case is presented for solving nonlin-
ear system of equations. In Section 3, multiple numerical tests are carried out to support the theoretical
conclusions and error graphs are presented. Section 4 examines how the iterative method’s performance is
influenced by initial guess values through the visualization of convergence planes. Ultimately, in Section
5 the most relevant outcomes of the work are discussed.

2. Development of Method and Convergence Analysis

To derive a new fractional iterative method, we consider the second-order approximation of the frac-
tional power series expansion (1.9), evaluated at the solution g, as follows:

a (7 a 1)) (g
ndhonee NG | T3
(2D ) ~ (12 () + Tel 00 Qal )00 (2.2
Taking up to order two, we get
a £\(2) (5
@) ~ @)@ + L0 (2.3
which gives "
a 2) (5
QaDZW0 . (2 ) (y) — (120)(9). (2.4
Replacing (2.4) in (2.1), one can find
s ~ @)+ LI L) - @ @), (25)
) ~ F@) + = (T2)) + (T2 @)1 (2.6)

2c0
But f(y) =0and 6; = H* — L%, being H =y — a, L = § — a, so expression (2.6) can be reformulated as

1

Fly) = 5 (T ) y) + TeH@I(y — ) = (5 - a)?). (2.7)

Hence, from (g — a)® the value of § can be extracted as

i~ A —a 2f(y)
grat (“’ TR <T:;f><y>> | 28)

Regarding the iterates vy, and y,41 as approximations to the solution y, we derive

Q=

=a —a)® —« 2/ @) %
Yn+1 = @ + ((yn ) (Tgf)(yn+1) + (Tgf)(y”)> .

(2.9)
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Clearly, this forms an implicit scheme since calculating the (n + 1)!* approximation requires knowing
the derivative of the function at that same step. To address this challenge, we can substitute fractional
Newton-type formula (1.2) to evaluate the (n + 1)*" term on the right-hand side. Thus the resulting new

scheme is )
2f(yn) ) «
Y 1:a+<y —a)® —« " , n=20,1,2, ..., 2.10
n = O e ) + T2 F) ) (210)
1
e i, =+ (-0 ol ) -
It is important to observe that when o = 1, the proposed method simplifies to the well-known
Weerakoon-Fernando method [25], which is exprebsed as follows:
2f(yn) f(yn)

Yn+1 = Yn — ¥ , n=0,1,2,..., .
i FWhn) + F'(un) F ()

So, let us call the newly proposed method (2.10) as conformable Weerakoon-Fernando method (CWFM).
A proof demonstrating the convergence order of method (2.10) is presented below:

where Yy 1 = Yn — (2.11)

Theorem 2.1 Assume that f : I C R — R be a continuous function in the interval I enclosing the
zero § of f(y). Suppose (T2 f)(y) be the conformable fractional derivative of f(y) starting from a € R,
with order a, for any 0 < a < 1. Also suppose that (TS f)(y) # 0, at § and is continuous. Let f is
a-differentiable sufficient number of times in I. Furthermore, let yo is an initial approzimation, closed
enough to § and {yn}>1 denotes the sequence generated by the iterative scheme (2.10), such that a < yy,
for all n. Then the local convergence order of the conformable fractional iterative scheme (2.10) is at
least 3 and the error equation is

eny1 = a? (C§+C;”>< —a)** e + O(ey),

a oy (k) (-
being Cy, = WL%;(@(?% fork=2.3.4,....

Proof: The Taylor series expansion (1.9) of f(y) at y, around g is given by
Ta
f(yn) - % [51 + 0251 + 03(51 + 0461 + .. }

1 @en®) for k=2.3.4
?

k=T (12N @) yee Using 6y =H—L* H=y,—a=e,+y—a, L=9y—a, we

being Cy =
obtain

entg—a)® —(F—a)*)+Cal(en +7—a)* = (§—a)¥)*
+Cs((en +7—a)* — (T —a)®)® + Cal(en + 7 — a)* — (F— a)*)'] + O(en).

f(yn) :(Tgi)(g) [((

Now, applying the Newton’s Binomial theorem [7] for fractional power, given by

(y1 +v2)" Z( )yI“yS, n e {0}UN,

where
<;> _ nzrr(yjnli 5 e {0} UN,
we obtain
1) =TDD o et (Gla - D@ -0 + a2 - 0 0r)

(2.12)
+(§la-Dla =20+ atla= DI - 0ot a'ls - ) ] +0leh)
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and again using (1.9), we get the conformable fraction derivative of f(y») as

29 =D o 202y - ) e

(2.13)
+ (a®(a = 1)(§ — a)*2C2 + 3a*(§ — a)**72C3) €5 + O(ed).
Using (2.12) and (2.13), we can write
n 1 — a— « — a— — a—
T = e e+ (Sla— D - 0" ~a*Caly — ) ) €] +O(ed),
and then
(yn — @) — f(yn) =@F—a)+ CQO(Q(ﬂ _ a)2a72ei + O(ei).
(Ts £)(yn)
Again, utilizing the generalized Binomial theorem for fractional powers, we get
1
« f(y’n) ) o — — a—1 2 3
n— Q) — Qe =y—a+Cra(y—a e, +O(ey,). 2.14
(-0 —a WL - at Caatg - ) & (2.14)
Now 1
. o f(yn) )E
tomat (e —a) —a , 2.15
Yn+1 ((y ) (Tgf)(yn) ( )
Using yn11 = eny1 + ¢ and (2.14) in above equation, we obtain
ehir = Caa(f — )" + O(el). (2.16)
From (2.13), one can write
a * Tg y — a— * _ a—
@20 =TDD a4 2025 - 0 Cachs + (0~ D - "0
+30%(7 - @20 ) (6| + O((ehn)). (217)
From (2.16) and (2.17), it can be written as
(Ta ) (nsr) = (Ta (@) [1 + 207§ — a)***Cler, + O(ep). (2.18)
And so
a * a a — _ a— 1 _ a—
(T20)00) + (T2 1)) =T @) |1+ a5 = )" Caes+ 3 (ata = D = 0) 20
+ a®(2C5 + 3C3) (7 — a)2°‘—2) ei} +0(€d). (2.19)

From (2.12) and (2.19), we obtain

2/ (yn) _1
(T&f)ymi) +(T5f)(yn)  «

+ (1a(a - D(@-2)(F-a)* " -a’ (03 + CS)(@ - a)3°“3>ei] +0(en),

a—2 2

o7 =" e+ Jala - (7 - 02

6 2
and after that

2f(yn)
(T&lf)(y:1+1) + (Tgf)(yn)

Again, applying the generalized Binomial theorem for fractional powers, we get

=(y—a)®+ o (022 + @) (7 — a)aa*g’ef’l + O(ei).

(3~ )" —a :

—a a a 2f(yn) é
(“”” ) (Tgf)(y:+1>+(mf><yn>>

=y—a+a’ (O% + %) (5 — a)** %€l + Oen),
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and using yn+1 = ent+1 + ¥ and above equation, from (2.10) we obtain

C o
ent1+i=a+y—a+a’ <C§+73> (7 — a)** %€l + Oen).

Hence, the error equation is

2
The proof is completed. O

ent1 = a2 ((122 + @) (7 —a)®>*2ed + 0(er).

Generalized case:

To effectively apply the fractional iterative technique (2.10) to a multi-dimensional function F' : R™ —
R™, it must first be suitably reformulated into its generalized form. To construct multi-dimensional
fractional iterative method consider the second-order approximation of the Taylor series expansion (1.15),
around the solution ¥, as

L) SN )
F(y)~ F(gy < A+ = A 2.20
)~ F@)+ Py T (220)
And hence @ -
I e ) N 2 ()
FeW(y) = oW A A? 2.21
()~ Fe0(f) + Dy T (2.21)
Taking up to order two, we can write
F;M(Z) _
e ) ~ Fp0 () + W (222)
«
which gives
(g o o(1) (1
B WA~ ) - FE0 ) (2.23)
Replacing (2.23) in (2.20), we find
I 1 )
F) ~ P + A g L) - rO@)a, (2.21)
or )
F(y) = F(y) + %(Fﬁ(l)@) + P (y)A. (2.25)
But F(y) =0 and A = H®* — L® being H =y —a, L = § — a, so (2.25) can be rewritten as
1
F(y) = E(Ff‘(l)(ﬂ) +FED @)y = a)® = (5 - a)®). (2.26)
Multiplying by 2a(Fe ™ () + F2™M ()~ from left of both sides of (2.26),
20(F M () + FEM(y) T F(y) = (y — )% = (5 — @)%, (2.27)
which implies
ok
jra+ [(y—a)® = 2a(Fe0() + FeO(y) F(y)| (2.28)
Regarding the iterates y,, and y,41 as approximations to the solution g, we derive
Ok
i1 = @+ (g0 = @)° = 20(FE O yni1) + FeO (o) Flyn)| " (2:29)

But, the above formula is implicit since calculating the (n + 1)** approximation requires knowing the
derivative of the function at that same step. To overcome this problem, we can substitute fractional
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Newton-type method (1.5) to evaluate the (n + 1) term on the right-hand side. Thus the resulting
conformable vector Weerakoon-Fernando method is

* - oF -
Ynt1 = a+ [(yn — @)% = 20(FF V(g 1) + FSV(yn) ' Flyn)] 7, n=0,1,2,.., (2.30)

. ok
where 1 = a+ (g — 0)° — ol FEY (y)] 7 F )

For o« = 1, method (2.30) simplifies to the generalized Weerakoon-Fernando method (for systems of
nonlinear equations) (see [11], [19]), given by

Yn+1 = Yn — 2[Fl(y:;+1) —+ Fl(yn)]_lF(yn)7 n=0,1,2.., (2'31)
where y% 1 =y — [F(yn)]) ' F(yn) and F’(y,) is the classical Jacobian matrix.

Theorem 2.2 Assume that F : D C R™ — R™ be a continuous function in an open convex set D C R™
enclosing a zero § € R™ of F(y). Suppose Ff(l)(y) be the conformable Jacobian matriz of F(y) starting

from a € R™, with order «, for any 0 < a < 1. Also suppose that Faa(l)(y) is continuous and non-
singular at y. Let F is a-differentiable sufficient number of times in D. Furthermore, let yg € R™ is
an initial approximation, closed enough to § and {yn}>1 denotes the sequence generated by the iterative
scheme (2.50), such that a < yn, for alln. Then the local convergence order of the conformable fractional
iterative scheme (2.50) is at least 3 and the error equation is

o =a? (44 ) (- 0P * ek 4 0(eh)

being Ay = i [Fa V@) Fe M (g),  for k=2,3,4,....

Proof: Applying Theorem 1.3 and using the relation y,, = e, + 7, the conformable vector Taylor expan-
sion of F(y) at y, around § can be expressed as:

a(l) -
Fq
Pl = P WA 1 2,07 1 4,07 + O (2.32)

being A; = m[Fg(l)(y)}*lFf(k)(g), for k = 2,3,4,.... Using A = H — [ H =y, — a,
L =y — a, where ® be the Hadamard Power, we can write

a(l) /—
P =2 (e 7= )% = (7= )+ Aallen 470" = (7 - )
FAs((en - 0% — (- )| +O(eh) (2.33)

Using Theorem 1.4, we can obtain the following form
F& (g _ 1 _ _
F(yn) ZQT(:U) {a(gj _ a)@(a Ve, + <§a(a —1)(j— a)@(a 2) 4 AzaQ(g . a)®(2a 2)) e2

* (1% —1)(a—2)F - a)?*"? + A0’ (0 — 1)(5 — a)°P*? + Asa’(F - a>®<3“’3)> } +0(en).
(2.34)

Now the conformable Jacobian matrix Ff(l)(yn) of F(yn) can be written as
a(l)/—
F;(l)(yn) :L(y) [a[ + 2A2a2(§ _ a)Q(a_l)en
fe!

+ (Azof(a — 1)@ - a)® "7 4+ 3450° (5 - a)@‘“‘”) ei} +0(en). (2.35)
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Using (2.34) and (2.35), we can obtain

FEO @ Flom) =+ al5 - 0% Ve + (Jala = 1)(5 - 7

- Ao (- )7 )k |+ 0(eh). (2.36)
Again using Theorem 1.4, we get
(yn — @) = o[V ()] 7 Flyn) = (7 — 0)* + A20° (5 — 0)°** " Vef, + O(e). (2.37)
And then
oF _
[ = @) — alFE ()] Fun)] " =50+ Asa(z - @)Vl +O(D). (239)
Now
* a(l) —1 Qé
Y1 = at [(n =) = alFEO )] F ()] 7 (2:39)
using yn4+1 = €41 + ¢ and (2.38) in above equation, we get
eni1 = Asa(f—a)® @ VeZ + O(ed). (2.40)

From (2.35), we can write

N S
PO ) =Tl 4 24005 - )2 Vi + (Aaala - (5 - )%

L ) [CYO RIS ) (2.41)
Utilizing (2.40) in (2.41), we obtain
FeD(yni) = FXO @) [1 +2430% (5 — a)C 72 el] + O(eh). (2.42)
So that

FE O (yn) + F2 O (o) =25V (7 >[f + Aza(y— a)° e, + %(Awm - 1F- )

+ (243 + 343)a* (5 — a) P~ 2>) } +0(ed). (2.43)
From (2.34) and (2.43), one can find

leY * « — — a— 1 — a—
2a[FEY (1) + F2 O )| T F(ga) =i = @) Ven 4+ ala = 1)(5 - a)° e

+ (éa(a “D(a—2)(F - a)®@?

A o :
0" (434 P T - @)% )+ Ofel). (240
Again employing Theorem (1.4), we have
«a « * @ — — A _ a—
(5 = @) = 20FE D ) + FEO )] F) =5 - 0+ 0* (45 + 51 ) (7- )20k 4 Ofel).
(2.45)
And hence
o A
(0 = @)% = 20[F2 D i) + FEO )] Pl | =g - oot (44 ) (7- 070l 4 0feh)
(2.46)
Now using yn+1 = en+1 + § and above equation, in (2.30), we can see that
A o
enil = (A2 + i) (7 —a)®®*ed L O(el). (2.47)

The proof is completed. d
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3. Numerical Results and Comparisons

This section analyzes the numerical performance of the proposed fractional iterative method (2.10)
and its multidimensional form (2.30) by evaluating their accuracy and rate of convergence. For this
evaluation, various test problems have been chosen, including single-variable nonlinear equations (where
m = 1) and multi-variable systems (where m > 1), to thoroughly assess the method’s performance across
different types of equations. Here we compare the proposed conformable Weerakoon-Fernando method
(CWFM) mentioned in (2.10) with the existing conformable Traub-type method (TeCO) mentioned in
(1.3) and conformable Chun-Kim-type method (CKeCO) mentioned in (1.4). It is crucial to highlight
that each test (for single-variable nonlinear equations) include a comparison of method (2.10) with the
Weerakoon-Fernando method (2.11) when a = 1. Similarly proposed multi-dimensional method (2.30)
is compared with conformable vector Traub’s method (CVTM) mentioned in (1.6) and also each test
(for multi-variable system) include a comparison of method (2.30) with the method (2.31) method when
a = 1. The entire set of calculations was carried out using the MATHEMATICA 14.1 software application
with multiple precision arithmetic, the stopping criterion is || f(yn+1) [|< 1078 or || ynt1 — yn ||[< 1078,
with a limit of 500 iterations. To ensure that a < y,, for all n, we use a = —10 when m = 1 and
a = (a,...,a;,) = (—10,...,—10) when m > 1. We also use the Approximated Computational Order of
Convergence (ACOC) (see [12]) denoted by p,

(0 o1 = L/ 90— s )
ln(H Yn — Yn-1 H / ” Yn—1 =~ Yn—2 H)’

n=234,.. (3.1)

to confirm that the theoretical order of convergence is attained in practical computations. So as to evalu-
ate and compare the methods performance the order « is varied within the interval (0, 1], with a step size
of 0.1. Considering the above aspects, the performance for each chosen problem will be evaluated with
respect to (i) required number of iterations to reach convergence (Itr), (i¢) error between successive iter-
ations (|| Yn+1 — yn I), (49¢) function value at the last iteration (|| f(yn+1) ||), and (iv) ACOC (p) . Also
a comparison based on the error || y,+1—yn || across iterations is graphically represented in Figures 1 to 8.

Problem 1. (Blood Rheology Model [15]) Blood rheology is the study of the properties of blood
flow and its behavior within the circulatory system. Modeling blood rheology is essential for gaining in-
sights into different physiological and pathological conditions associated with blood flow. Blood rheology
is a medical discipline that examines the physical behavior and flow characteristics of blood. Numerical
iterative methods are frequently employed to solve the mathematical equations that describe blood rhe-
ology. As blood is a non-Newtonian fluid, it is classified as a Caisson fluid. Based on this concept, the
flow within a tube behaves like a plug with minimum deformation, and a velocity gradient forms near
the wall. We consider the following nonlinear equation

1 8 16
fly) 8 — —y° —0.05714285714y* + 5y2 — 3.624489796y + 0.36, (3.2)

~ 141?63

to analyze the plug flow of Caisson fluid flow. Here, y represents the plug flow of Caisson fluid flow.
One of the solutions to the fi(y) is g1 = 0.1046986515.... To solve fi(y) = 0, we start with an initial
approximation yg = —1.1. Table 1 displays the calculated results of various methods.

Table 1: Numerical result of TeCO, CKeCO and CWFM for fi(y)

TeCO CKeCO CWFM

o | J [ Tfne) [ [Nyt =yu [ [Tr [ p [ 9 [ Tf@ur) | [Nt =g [ [Tr [ p [ 5 [ [f@nr) | [ ¥ns1—wu [ [Ter [ p

1 [ [1.29x10°T7 [ 2.08 x 10~ 4 [ 291 |5 | 426%x 10717 | 3.90 x 10~ 4 1289 g | 1L.73x1077 | 1.21 x 10~ 3 ] 2.78
09 |71 | 1.29x107% | 1.70x 1078 | 4 [ 291 | 5 | 7.06 x 1071 | 311 x107% | 4 290 | | 1.31x107° | 1.11x107% | 3 | 2.78
08 |71 | 1.29x1071% | 1.38x107% | 4 | 291 | & | 706 x 1071 | 247x107® | 4 | 290 | &1 | 9.85x 10719 | 1.02x 1073 | 3 | 2.78
0.7 |71 | 448 x 1071 | 1.12x 1078 | 4 [ 291 | 51 | 448 x 107" | 1.95x107% | 4 | 290 |4 | 7.35x 10710 | 933x10°* | 3 | 2.78
0.6 | 91 | 7.06 x 1072 | 9.05x 1072 | 4 | 291 | 55 | 7.06 x 1071 | 1.53x107% | 4 | 290 | 1 | 545 x 10710 | 853 x107* | 3 | 2.78
05 | g1 | 448 x 1071 | 727x107° | 4 [ 292 | 3 | 448 x 1071 | 1.20x107® | 4 | 291 | ¢y | 401 x 10719 | 7.77x107* | 3 | 2.78
04 |7 | 448 x 10755 | 582x 1077 | 4 [2.92 | g7 | 448 x1071° | 927 x107° | 4 | 291 | g | 292x 10710 | 7.06x 107 | 3 | 2.78
03 |91 | 1.61 x107M | 463x1072 | 4 [ 292 |5 | 1.28x 107 | 7.15x 107 | 4 | 291 |4 | 211 x 10710 | 641 x107* | 3 | 2.78
02 |9 | 1.02x107" | 367x107° | 4 {292 |5 | 1.02x 107 | 547x107™° | 4 | 291 | ¢ | 1.52x 10719 | 579x 107* | 3 | 2.78
0.1 |7 | 1.86x 107 | 290x 107 | 4 292 |4 | 1.86x 1071 | 416 x107° | 4 | 291 | 5 | 1.08 x 10710 | 522x 107 | 3 | 2.78
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Table 1 shows that the CW F'M requires fewer iterations than both TeCO and CKeCO for the same
value of a. For proposed method Approximated Computational Order of Convergence p is approximately
equal to 3, which is equal to theoretical result. We can also see in Table 1 that the error || yn+1 — yn || of
conformable Weerakoon-Fernando method (« < 1) is less than conformable Weerakoon-Fernando method
(e = 1). Conformable Weerakoon-Fernando method is the classical Weerakoon-Fernando method when
a = 1. In Figure 1, no erratic behavior is observed, as the errors consistently decrease with each iteration
for proposed method CW FM and also error || yn41 — yn || in CWEFM decreases more swiftly compared

to both TeCO and CKeCO for same « value, as well as compared to classical Weerakoon-Fernando
method.

18 18
— 0.100} — 0.100
= =
L L,
20,0104 = 0,010}
0.0011_,_ 4=0>2 1 0.0014
——a=01
-4 -4 ‘ ‘ ;
10 1.0 1:5 2.0 25 3.0 L 1.0 1.5 2.0 2.5 3.0
Number of iterations Number of iterations
(a) TeCO (b) CKeCO
T
— 0.100
=
|
7
=~ 0.0104
0.001}
—4 . . .
10 1.0 1.8 2.0 2.5 3.0
Number of iterations
(c) CWFM

Figure 1: Error plots of fi(y) across all a values provided in Table 1

Problem 2. Location of Maximum Energy Distribution [15]
Consider Planck’s radiation law

B 8mchA™>
S oestr — 1
where 7 is energy density, A is the wavelength radiation, 7" is the absolute temperature, k is Boltzmann’s

constant, h is the Planck’s constant, and c is the speed of light. To determine the wavelength A and
maximize the energy density, we first evaluate

dl _ 8mrchA—5 (_5+ (}\ckhT)efkhT>
ch °

dA B eACk:hT —1

e kT — 1

As A — 0 and A — oo, the terms inside the parentheses on the left side become zero, even though the
energy density shows minimum in both scenarios. We obtain the desire maximum when the parenthetical
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terms become zero. Which gives,

ch i
( kmasz )e Amax kT . 5
- )

ch
e maxkT — ]

where A4, denotes the wavelength to maximize the energy density. For y = ﬁ, the above equation

can be rewritten as

=e Y,

LY
5

Next, we define the following non-linear equation,

faly) =e™ =1+ %

The problem involves solving the above nonlinear equation, which yields two roots: 7 = 0 and 7 =~
4.965114232. Tables 2 shows the numerical performance of various methods for f(y) with initial approx-

imation yo = 2.

Table 2: Numerical result of TeCO, CKeCO and CW FM for f2(y)

TeCO CKeCO CWFM

o | g [ 1 f@ne) | [ Nyngr—gm | [Ttr | p | N fne) | [ N yngr —wn || | Ttx P | N fne) I [ Nynr =l [Ttr | p

1 |1 | 796 %1076 | 1.08 x 107° 7 128 [ [ 914x107 | 235x107% [206 [ 2.90 | 92 | 203 x 10" | 339x10~% | 3 | 3.98
09 | g1 | 407x 10712 | 1.88x 10~ 71285 | 2| 9.19x 1071 | 1.32x 1073 5 | 1.16 | g | 423 x 10715 | 2,04 x 10~* 3 |388
08 | g1 | 1.39x107° | 1.32x107% | 7 | 284 | ¢ | 3.65x10712 | 1.75 x 10~* 6 | 3.72 | g | 459 x 10716 | 1.04x10~* | 3 | 3.76
0.7 | 0 9.74x 1078 | 8 | 294 | gy | 1.24 x 1071 | 2.64 x 107* 3 | 1.65 | g | 226 x 10716 | 4.08x107° | 3 | 3.62
0.6 | 11 0 1.62x107% | 8 [291 | 41 | 8.24x 10710 | 1.08 x 1073 4 284 |9 | 1.16x 10710 | 9.56x107¢ | 3 | 3.44
0.5 g1 | 1.42x1071° | 1.16 x107° | 8 | 2.89 | 1 | 6.25 x 107 | 4.58 x 10~° 5 | 287 | 2 | 459 x 10716 | 4.86x 1077 | 3 | 3.15
04 | g1 | 5.97x 107 | 470x107° | 8 | 2.87 | 0 7.90 x 1078 6 294 |92 | 1.16x10716 | 1.31x1077 | 3 | 3.12
03 |5 | 1L11x1072 | 1.26x107* | 8 | 2.86 | 41 | 3.60 x 10713 | 833 x 107° 6 | 286 | g | 4.59x 10716 | 455x10°¢ | 3 | 3.79
02 |5 | 863x10712 | 251x107* | 8 |2.85 | g | 2.84x107'° | 3.37 x 10~8 7 1294 |9 | 459 x 10716 | 143 x107° | 3 | 4.60
0.1 |5 | 3.50x 1071 | 4.02x107* | 8 |2.84 | 41 | 9.95x 10715 | 1.80 x 10~° 7 1288 |4 | 1.26x1071° | 3.70x107% | 3 | 6.73

We can observe from Table 2, that the CW F M takes less iterations than both TeCO and CKeCO
for the same . We can also observe from Table 2 that the error || y,+1 — yn || of conformable Weerakoon-
Fernando method (when o < 1) is less than conformable Weerakoon-Fernando method (when a = 1).
We can also see in Figure 2 that the error drop is better in proposed method than existing methods and
the errors reduces steadily with each iteration for proposed method.

Problem 3. Vertical Stress [15]

Boussinesq’s formula determines the vertical stress (s) at a particular point beneath the edge of a rectan-
gular strip footing resting on an elastic medium, resulting from a uniformly distributed pressure q. The
formula is given as:

o5 = %y + Cos(y)Sin(y). (3.3)

To calculate the value of y at which the vertical stress (s) equals 25 percentage of the applied footing
pressure g, it is first necessary to determine the corresponding value of s. This involves identifying the
depth at which the stress becomes one-fourth of ¢, which requires solving the following equation:

~y+Cos(y)Sin(y) 1
= - 1 (3.4)

f3(y)

The exact solution of the equation (3.4) is g7 = 0.415856.... Tables 3 shows the numerical performance
of various methods for f5(y) with initial approximation yo = 1.1.
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Figure 2: Error plots of fo(y) across all a values provided in Table 2

Table 3: Numerical result of TeCO, CKeCO and CWFM for fs3(y)

TeCO CKeCo CWFM

o | J [ Tfne) | [Nt =y [ [Tr [ p [ 7 [ [f@Wur) [ [Tt =g [ [Tr [ p [ 5 [ TFf@ut) [ [ ¥ns1—wa [ [Tr [ p

1 [o | 1.01x 1071 1.69x 1070 [ 7 [1.99 [ 5 [ 561 x 107 | 743x10~% [ 29 | 564 | oy | 434 x 107 | 1.10x 10~%F | 3 [ 4.53
0.9 |7 | 1.81x 1075 | 3.18x107% | 11 | 3.50 | 7 | 3.82x 10711 | 6.63x107% | 6 | 249 | 51 | 3.78 x 107 | 1.08 x 10™* | 3 | 4.44
0.8 | 71 | 8.63x10710 | 916x1077 | 6 |3.40 | 51 | 954 x 10712 | 424x107* | 6 | 256 | 91 | 3.21 x 107 | 1.07x107* | 3 | 4.35
0.7 |71 | 836 x 1077 | 7.78 x 1077 | 5 [ 339 | ¢n | 1.93x 1071 | 544 x107% | 6 | 255 | gy | 274 x 107 | 1.07x 107 | 3 | 4.26
0.6 | 71 | 452x 10712 | 288x107* | 4 | 1.52 | 7 | 836 x 10717 | 528 x107% | 7 |3.34 | g | 236 x 107 | 1.07x107* | 3 | 4.18
0.5 |91 | 8.63x10710 | 310x1077 | 4 | 1.76 | 51 | 8.63x 10716 | 9.54x 107 | 10 | 327 | 91 | 1.8 x 107 | 1.07x107* | 3 | 4.11
04 |71 | 482x 1075 | 3.02x107° | 4 | 1.71 | 51 | 430 x 10712 | 346 x107% | 9 | 265 | g1 | L4l x 107 | 1.08 x 107 | 3 | 4.04
0.3 |7 | 836 x 10717 | 1.66x107° | 4 | 1.72 | v1 | 836 x 10717 | 3.22x 107" | 11 | 348 | g | 1.22x 107 | 1.09x 107 | 3 | 3.98
02 |1 | 1.03x107% | 1.12x1077 | 4 | 1.78 | 51 | 1.32x 1071 | 521 x107* | 7 | 552 | 41 | 6.54 x 107 | 1.10x107* | 3 | 3.92
0.1 |7 | 207x1072 | 230x107* | 4 | 1.56 | 51 | 293 x 107" | 654 x107% | 7 | 437 | 7 | 836 x 1077 | 1.12x107* | 3 | 3.86

It can be observed in Table 3, that for the same value of a the CWF M takes less iterations than
both TeCO and CKeCO. We can also notice that the error || yn+1 — yn || of conformable Weerakoon-
Fernando method (for 0.3 < a < 0.9) is slightly less than conformable Weerakoon-Fernando method (for
a = 1). Figure 3 shows the absence of erratic trends for CWFM due to the uniform decrease in errors
(Il Yn+1—yn ||) per iteration and compared to TeCO and CKeCO a more rapid drop in the error is found.

Problem 4. Consider the non-linear equation fy(y) = iy'® — y%9 — 16, with solutions v; ~ 2.90807 —
4.24908i, yo ~ —3.85126 + 1.74602i. Table 4 shows the numerical performance of the methods for f4(y)
with initial approximation gy = 0.5. We can see in Table 4, that the CW F M needs fewer iterations than
both TeCO and CKeCO for the same a (except at o = 0.6). For proposed method p is approximately
equal to the theoretical convergence order. We can also see in Table 4 that the error || yn41 — yn || of
conformable Weerakoon-Fernando method (for o < 0.4) is less than conformable Weerakoon-Fernando
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Figure 3: Error plots of f3(y) across all a values provided in Table 3

method (for @ = 1). Figure 4 reveals that in the proposed method, error || yn+1 — y» || decreases more
rapidly than in the earlier proposed TeCO and CKeCO for same « value (except at o = 0.6).

Table 4: Numerical result of TeCO, CKeCO and CW FM for fi(y)

TeCo CKeCo CWFM

o | 5 [ @D [ [T ner =9 1[I | p | 5 [ 1T W) [ it =9 1[5 | p | 5 [ [T W) | [ [ W1~ [ [ T [ p

T [on [444x107 | 643 x 1077 | 7 [3.18 |41 | 3.58 x 10717 | 2.34 x 10~ 7 1309 wo [ 358x107° | 3.02x 1077 | 5 [ 291
0.9 | 71 | 226x 107 | 6.19%x107° | 11 | 3.46 | 7 | 1.14x 10711 | 4.94x107* | 8 | 2.76 | g1 | 4.72x 1075 | 6.39x107° | 5 | 2.84
0.8 | g2 | 875 x 1071 | 249x 1077 | 10 | 2.90 | 72 | 2.84x 107 | 1.35x107° | 8 | 297 | w1 | 207 x 107 | 289x107% | 6 | 3.02
0.7 |72 | 1.28x 107 | 4.02x 1076 | 7 | 275 | 9o | 875 x1071% | 237 x107° | 8 | 2.76 | 51 | 8.67x 1071 | 247x 107 | 7 | 3.12
0.6 | 72 | 1.57x 1071 | 1.37x107% | 8 [ 295 | 4 | 1.57x 107 | 555%x107% | 9 | 322 |41 | 3.58x 1075 | 1.87x1072 | 11 | 2.97
05 |92 | 7.23x1071 | 641 x1078 | 7 | 286 | 72 | 3.23x 107 | 249x107° | 6 | 294 | 92 | 875 x 107 | 6.93x10°7 | 5 | 3.07
04 | 7o | 874x 1075 | 359%x107° | 6 |2.97 | 9o | 8.75x1071° | 4.86x 1076 | 5 | 297 | g | 1.28x 107 | 1.14x 1077 | 5 | 3.03
03 |7 | 723x 1075 | 310x 1077 | 5 [3.07 | g | 157 x 107 | 1.51x 1077 | 7 | 296 | g | 8.75x 107 | 3.89x 1078 | 5 | 3.00
0.2 | g2 | 157 x 107 | 247x107¢ | 5 [3.03 | g | 1.57x 107 | 519x107° | 19 | 3.00 | 92 | 423 x 107 | 298 x 1078 | 5 | 2.99
0.1 | 7 | 203x 10713 | 453x107° | 30 | 2.98 | 9o | 230 x 10711 | 6.61x107% | 9 | 297 | g | 1.57x 107 | 4.99x107% | 5 | 2.99

Problem 5. Consider the non-linear equation f5(y) = y* + 6y* + 25, having four complex roots §; =
—1—-2i, 90 = —142i, g3 =1—2i, gy = 1+ 2i. Clearly f5(y) is a polynomial of degree four with real
coefficient and having only complex roots, so the classical Weerakoon-Fernando method (2.11) is not able
to find the solution of f5(y) with real initial approximation. Table 5 present the numerical results of the
TeCO, CKeCO and CW FM methods for f5(y) with initial approximation yo = —1. From Table 5, we
observe that the CW FM takes fewer iteration than TeCO and CKeCO for same value of « (except at
a = 0.3). From the table it is clear that the classical method (2.11) (when o = 1) fails to converge to the
roots. It can also be observed from the Figure 5 that the proposed method exhibits a faster reduction in
error compared to the existing methods, with the error decreasing consistently at each iteration.
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Figure 4: Error plots of f4(y) across all a values provided in Table 4
Table 5: Numerical result of TeCO, CKeCO and CW FM for f5(y)
TeCo CKeCo CWFM
a | g | 1) I [ Nynsr =yl [T [ p [ | 1 @s) I [ M g1 =yl [Tr | p [ G | [ f@ns) | [ MWt =y I [ Ttx | p
1 — — — — — — — — — — — — — — —
09 | 971 | 794x 10715 | 550x 1076 | 61 | 2.84 | 51 | 1.97x 10713 | 577 x 1072 | 57 [ 3.00 | 97 | 1.59 x 107 | 3.39 x 1077 | 16 | 2.94
0.8 | 71 | 1.97x 10713 | 428 x 10710 | 72 | 3.01 | g2 | 1.64 x 107 | 7.20x 10™® | 60 | 2.90 | 71 | 1.93 x 10713 | 7.87x 1077 | 11 | 3.08
0.7 | g2 | 881 x 10712 | 6.00x107° | 102 | 2.74 | 7 | 7.94x 1071 | 9.61x 1077 | 24 | 3.18 | s | 7.94x 1071 | 4.32x107% | 9 |3.21
0.6 | 93 | 6.55x 107 | 2.98x10"7 | 30 | 2.96 | o 0 4.03x 1076 | 13 | 2.87 | 4o | 2.63 x 10712 | 484 x 107> | 8 | 2.83
05| — — - — - | - — - - - |- — - - -
04 | — - - - — | | 257x 1071 | 2.02x 1072 | 90 | 2.95 | % 0 3.12 x 10710 | 43 | 3.01
03| — - - — — | n | 159 x 1071 | 422 x107% | 44 | 293 | — — - - | =
02| — — - - - — - - - |- — - - -
01| — — — — - | - — — - - |- — — - | -

Problem 6. Next, we consider the first vector valued function as Fy(y1,v2) = (v +y2 — 1,92 —y2 — )T

2
having real roots 71 = (v/3/2,1/2)T =~ (0.8660,0.5)7, 2

(—v3/2,1/2)T ~ (—0.8660,0.5)T, 43 =
(v3/2,-1/2)7 ~ (0.8660,—0.5)" and g4 = (—v/3/2,-1/2)7 ~ (-0.8660,—0.5)". The conformable
Jacobian matrix of Fi(y1,y2) is

(y2 — az)'~*(2y2) )
(y2 —a2)' " *(—2y2) )’

being a = (a1,a2) = (—10,—10). Table 6 displays the numerical results of conformable vector Traub
method (CVTM) and conformable vector Weerakoon-fernando method (CVW FM) for Fy(y1,y2) with
initial approximation o = (1, —1.5)7. It is clear from Table 6 that for same value of o, CVW F M needs
fewer iteration than CVTM and also conformable vector Weerakoon-Fernando method (CVWFEFM) (

o _ (=) (201)
) = ([ e
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Figure 5: Error plots of f5(y) at o = 0.9,0.8,0.7,0.6 provided in Table 5
for a < 1) require fewer iteration than conformable vector Weerakoon-Fernando method (for @ = 1).
Conformable vector Weerakoon-Fernando method is the classical method (2.31), when o = 1.
Table 6: Numerical result of CVT'M and CVW FM for Fi(y1,y2)
CVTM CVWFM
o Y| N EWnr) | | [ ynt1 —yn || | Ttr p Y | I F@nt1) | | | Ynt1 —yn || | Itr P
1 [y3 [ 1.57x1071° | 488 x 1077 4 283 y3 | 1.57Tx107 P | 7.45x107° 4 1292
0.9 | g3 | 6.29x 107 | 426 x1077 | 4 | 2.83 | y3 | 8.44x107% | 1.83x1072 | 3 | 235
0.8 | 3 | 5.73x 10715 | 3.72x 1077 4 | 283 | y3| 6.73x107° 1.70 x 1073 3 | 235
0.7 | g3 | 7.65x 10715 | 3.24 x 1077 4 | 284 | y3| 533x107° 1.58 x 1073 3 | 235
0.6 | y3 | 2.82x 10715 | 281 x 1077 4 | 284 | y3 | 420 x 1079 1.47 x 1073 3 1234
0.5 | g3 | 3.78 x 10715 | 244 x 1077 4 | 284 | g3 | 3.28x107° 1.36 x 1073 3 | 234
0.4 | 73 | 7.65x1071° | 211 x1077 | 4 | 285 |43 | 255 x 1077 | 1.26x 102 | 3 | 2.34
0.3 | y3 | 283 x10714 | 1.82x1077 4 | 285 | g3 | 1.97x107° 1.16 x 1073 3 ]234
0.2 | g3 | 526 x 107 | 1.56 x 1077 | 4 | 2.85 | g3 | 1.51 x1072 | 1.07x 1073 | 3 | 2.34
0.1 | g3 | 213x 10714 | 1.34x 1077 4 1285 | y3| 1.15x107° 9.81 x 1074 3 | 233

In Figure 6, it is evident that for same «, the error || yn+1 — yn || in CVWFM decreases more quickly
compared to the earlier proposed CVTM, and also compared to the classical method (2.31).

Problem 7. The second vector valued function is F5(y1,y2,y3) = (cosya —sinyp, y§' —

1 2
50 €XP YL — U3

)T

with solution y; &~ (0.909569,0.661227, 1.575834)T. The conformable Jacobian matrix of Fs(y1,ys,ys) is
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__0.100}
=
L
£0.010
0.001}{_
-4 : . . -4
B 1.0 1.5 2.0 245 3.0 w 1.0 1.5 2.0 25 3.0
Number of iterations Number of iterations
(a) CVTM (b) CVWFM
Figure 6: Error plots of F; across all a values provided in Table 6
(y1 —a1)' " (—cosy1) (y2 —az)' " *(— Silnyz) 0
FeO (y1,ya,ys) = | (v1 —a1)' "*(y§" Inys) (y2 — a2)1_a(g) (y3 —az)' (5" ) |,
(y1 —a1)'~*(expy1) 0 (y3 — az)'~*(—2ys)

being a = (a1, a2,a3) = (—10,—10,—10). Table 7 displays the numerical performance of CVTM and
CVWFM for Fy(y1,y2,y3) with initial approximation yo = (0.5,0.1,1)7. From Table 7 it can be seen
that CVW FM performed better than CVTM for same « value. It can also be seen that the error
| Ynt1—yn || in CVWFM (for @ < 1) is less than CVW FM (for a = 1). Figure 7 demonstrates a more
accelerated reduction in the error || y,4+1 — yn || in proposed method when compared to the performance
of the CVT M.

Table 7: Numerical result of CVT'M and CVW FM for F>(y1,y2,ys)

CVITM CVWFM

@ [ G | I EWnsr) | | N yns1 =yl [Br | p | | 1 FWnt) | [N Ynt1—ynll [Lbr | p

1 [ 91 [339x107 | 886 x10°° 6 293 |y [358x107° [ 7.79x 1077 6 | 2.98
09 | y1 | 863 x 10~15 8.44 x 10~6 6 293 | 11 | 1.29 x 10~14 7.73 x 1077 6 2.98
0.8 | w1 | 491 x107™ | 804x107% | 6 | 294 | 41 | 493 x107* | 6.90x 1077 | 6 | 2.98
0.7 | w1 | 9.07x 107 | 7.66 x 1076 6 | 294 |y | 3.58x 10715 | 6.49 x 1077 6 | 2.98
06 |71 | 6.00x107" | 729x1076 | 6 | 294 | 47 | 400x 107 | 6.10x 107 | 6 | 2.98
05| g1 | 7.63x 107 | 6.94 x 1076 6 | 295 |y | 763x 1071 | 5.73x 1077 6 | 2.98
0.4 | g1 | 8.54x 107 | 6.60 x 10~° 6 | 295 |y | 9.07x10715 | 5.38x 1077 6 | 2.98
03| 7| 1.17x107 | 627x1076 | 6 | 295 |4 | 1.17x 107 | 505%x10~7 | 6 | 2.99
0.2 | yi | 731x10715 | 596 x107¢ | 6 | 296 | 1 | 7.31x 10715 | 4.74x10"7 | 6 | 2.99
0.1 | o1 | 1.55x 107 | 5.66 x 1076 6 | 296 |y | 1.55x 1071 | 4.44 x 1077 6 | 2.99

Problem 8. The third vector valued function is F3(y) = (91(v), ..., g15(y))T, where y = (y1,...,y15),

gi :R™ - R, ¢=1,2,...,15 such that

having real roots 17 = (—1,—1,...,

g15(y) = y1sy1 — 1,

{Qz‘(y) = yiYi+1 — 1,

17 and 3 = (1,1,...

i=1,2,..,14

,1)T. The conformable Jacobian matrix of
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1_

0.014 0.01y
S =
L L
= 104 =104}
—+—a=02
10-6|——a=01 1076}
4.0 45 50 55 6.0 4.0 45 5.0 55 6.0
Number of iterations Number of iterations
(a) CVTM (b) CVWFM
Figure 7: Error plots of F5 across all « values provided in Table 7
Fs(y) is

&1 &2 O e e 0 0
0 &2 &3 0 - 0 0
FeW(y) = : :
0 0 - o0 &1414 &1415
5, 0 - -0 0 15,15

*(y2), &12 = (y2—a2)' " (1), €22 = (Y2 —a2)' " *(y3), Lo.3 = (y3—as)'~*(y2),
&1404 = (Y14 — a14) " *(Y15), 1415 = (Y15 — a15) " (v1a), E1510 = (y1 — a1)' " (y15), E1515 = (Y15 —
ai5)'=%(y1), being a = (a1, ...,a15) = (=10, ..., —10). Table 8 shows the numerical results of CVTM and
CVWFM for F3(y) with initial approximation yo = (—0.5, —05, ..., —0.5)7. From Table 8 it is clear that
CVW FM takes lower iteration as compared to CVT M for same « value. It is also clear that the error
| Ynt1 — Yn || of CVWFM ( for o < 1) is less than CVWFM (for a = 1). Figure 8 clearly shows that
the error declines at a faster rate in CVW FM than that observed with the CVT M.

where &1 1 = (y1 —ay)'

Table 8: Numerical result of CVT'M and CVW FM for F3(y)

CVTM CVWFM

@ | Y| NFWnr) | [ N1 —ynll [Tt | p [ G | N FWns) | [ [ Ynt1—yn |l [ Ttr | p

1 [ 91 | 688x1071 | 977x107° [ 4 [ 355 |y | 204x1072 ] 393x10°% | 3 | 3.65
09 | 77 | 413x107" | 6.62x107° | 4 | 351 |4 | 1.32x 10712 | 344x107* | 3 | 3.64
0.8 |71 | 275 x10714 | 449x 107> | 4 | 346 | y; | 853 x 10713 | 3.00x10~* | 3 | 3.69
0.7 | » 0 3.05x107° | 4 | 342 |4 | 523 %107 | 261 x107* | 3 | 3.60
0.6 | 0 207x107% | 4 339 |4 | 330x1071 | 227x107* | 3 | 3.58
0.5 | 1 0 141 x107° | 4 | 336 |51 | 224x 1073 | 1.97x107* | 3 | 3.57
0.4 |77 | 1.38x1071% | 958 x107% | 4 | 333 |y | 1.51 x10713 | 1.70x10™* | 3 | 3.55
0.3 | 0 6.52x1076 | 4 | 330 |vi|826x1071% | 146x10"% | 3 | 3.54
0.2 | 77 | 1.38x 107 | 444x107% | 4 | 328 |4y | 275 x 107 | 1.26x10"* | 3 | 3.53
0.1 |91 | 413x107™ | 3.02x107% | 4 |3.26 | y; | 413x107* | 1.08x107* | 3 | 3.51
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Figure 8: Error plots of F3 across all a values provided in Table 8

4. Numerical Stability of the Proposed Schemes

In order to thoroughly assess the stability of the suggested methods, we investigate the influence of
the initial approximation on the convergence process, by utilizing the concept of convergence planes [18].
To generate the convergence planes, we select a rectangular region D C C, and divide it uniformly into
a 400 x 400 grid of cells or mesh points and associate a color with each mesh point zg based on the
solution at which the respective iterative process initiated from zy converges (the color becomes lighter
as the number of iterations required is decreases), and we assign a black color to the point if the method
fails to converge. We have used stopping criteria 1073 and maximum number of iterations 25 for each
method. To generate and compare convergence planes we take the functions fi, fo, f3 and F} discussed
in the previous section and we take the value of o as 1, 0.75, 0.5 and 0.25. We conducted a comparison
of proposed scheme CW FM with known schemes TeCO and CKeCO in the complex domain. Similarly
the proposed scheme CVW FM is compared with known scheme CVTM. All data and visualizations
were obtained using MATHEMATICA 14.1.

We consider the domain D = [—5, 5] x[—5, 5] for f1(z), which has eight distinct roots: —2.27869—1.987484,
—2.27869 4 1.987484, —1.23877 — 3.40852¢, —1.23877 + 3.40852¢, 0.104699, 1.55392 — 0.940415%, 1.55392 +
0.940415¢, 3.82239 contained in D and these roots are represented using the colors cyan, magenta, yellow,
red, green, blue, purple, orange respectively. The corresponding fractal basins for fi(z) = 0 are shown
in Figure 9 to 11. We can observe from these figures that for same value of «, CW FM has greater
convergence percentage compared to TeCO and CKeCO methods. The convergence % of the proposed
method is almost 97% for f1(z).

Figure 12 to 14 presents the convergence planes for the equation fa(z) = 0, which has two roots 0 and
4.96511. We take the domain D = [—2.5,2.5] x [—2.5, 2.5]. These roots are visually distinguished using the
colors yellow and blue, respectively. Figure 12 to 14 shows that CW F'M produce simple and wide regions
of convergence and has greater convergence percentage as compared to TeCO and CKeC'O methods for
same « value. The convergence % of the proposed method CW FM is almost 98% for fa(z).

Figure 15 to 17 shows the convergence planes for the equation f3(z) = 0 having root 0.415856... contained
in D = [-2,2] x [-2,2] and this root is presented by yellow color. It can be observed in these Figures
that CW F M generates simple fractal patterns and broad convergence regions as compared to TeCO and
CKeCO for same «. The convergence % of the proposed method is almost 52% for f3(z).

Figure 18 and 19 displays the convergence plane for Fi(y1,%2), which has four real solutions (0.8660,
-0.5), (-0.8660, 0.5), (-0.8660, -0.5) and (0.8660, 0.5) enclosing in the domain D = [—2.5,2.5] x [-2.5,2.5].
To distinguish the solutions visually, colors blue, yellow, red and green are applied respectively. Figure 18
to 19 shows that CVW F M maintains structural simplicity in fractals and wide regions of convergence as
compared to CVTM for same « value. The convergence % of the proposed method CVW FM is 99.50%
for Fy(y1,y2). We observe that the proposed schemes exhibit superior and greater stability performance
as compare to existing schemes.
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(a) a=1 b) a=0.75 (c) a=0.5 (d) a=0.25
(96.61% convergence) (96.39% convergence) (96.09% convergence) (95.99% convergence)

Figure 9: Convergence planes for f1(z) by using TeCO

-] -5 -s| -5
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(a) a=1 (b) a=0.75 (c) a=05 (d) «a=025
(95.12% convergence) (94.92% convergence) (94.82% convergence) (94.70% convergence)

Figure 10: Convergence planes for f;(z) by using CKeCO

-s| -5 -s| -5

5 : o H 5 5 s o H 5 -5 ] o H 5 5 ) o H 5

(a) a=1 (b) a=0.75 (¢) a=05 (d) a=0.25
(97.00% convergence) (96.99% convergence) (97.09% convergence) (97.19% convergence)

Figure 11: Convergence planes for f1(z) by using CWFM
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25

(a) a=1, (b) a=0.75 (¢c) a=05 (d) a=0.25
(95.86% convergence) (95.22% convergence) (95.38% convergence) (94.92% convergence)

Figure 12: Convergence planes for f5(z) by using TeCO
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(95.11% convergence) (95.25% convergence) (95.52% convergence) (95.21% convergence)

25 125 o 125 25

Figure 13: Convergence planes for f2(z) by using CKeCO

(a) a=1 (b) a=0.75 (¢) a=05 (d) a=0.25
(97.91% convergence) (97.89% convergence) (97.89% convergence) (97.88% convergence)

Figure 14: Convergence planes for f(z) by using CWFM
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(a) o= 1, (E) o= 075 (é) w05 (é) o= 025

(47.02% convergence) (46.85% convergence) (46.79% convergence) (46.55% convergence)

Figure 15: Convergence planes for f3(z) by using TeCO
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Figure 16: Convergence planes for f3(z) by using CKeCO

(a) a=1, (b)) «a=0.75 (¢) a=05 (d) «a=025
(52.44% convergence) (52.32% convergence) (52.20% convergence) (51.94% convergence)

Figure 17: Convergence planes for f5(z) by using CWFM
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EE 0 12 25 EEY s 25 EE 0.

(a) a=1 (b) a=0.75 (c) a=05 (d) a=025
(99.50% convergence) (99.50% convergence) (99.00% convergence) (96.18% convergence)

Figure 18: Convergence planes for Fj(y1,y2) by using CVTM
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(a) a=1 (b) «a=0.75 (¢) a=05 (d) «a=025
(99.50% convergence) (99.50% convergence) (99.50% convergence) (99.50% convergence)

Figure 19: Convergence planes for F(y1,y2) by using CVW FM

5. Conclusion

In this study, we present a conformable Weerakoon-Fernando method to solve nonlinear equations,
noting that the traditional Weerakoon-Fernando method is encompassed as a special case of proposed
method. We also generalized the proposed scheme for solving system of nonlinear equations. An analysis
of the convergence order of the proposed schemes is examined, confirming that it achieves third-order
convergence. To examine the performance of the proposed iterative techniques and validate the theoreti-
cal results, a set of numerical experiments is carried out, including several problems inspired by real-world
applications. The numerical results of the proposed methods are presented in terms of number of itera-
tions, errors in consecutive iterations, function value at the last iteration, approximated computational
order of convergence (ACOC), and graphical error plots illustrating error behaviour across iterations.
The numerical results provide strong evidence that the proposed methods are not only more efficient
than existing approaches but also outperform their corresponding classical versions in many instances,
while also achieving the predicted theoretical convergence order in practical computations. Furthermore,
it was observed that the proposed method can converge to both real and complex roots from real initial
estimates and can obtain distinct solutions starting from the same initial guess, a feature that classical
methods lack. This characteristic underscores broader capability and flexibility of the proposed method
in handling nonlinear problems. To thoroughly assess the stability of the proposed methods, the impact
of various initial guesses was examined using convergence planes and it was observed that the proposed
methods exhibit a more stable and well-structured basin of attraction compared to existing iterative
techniques. Overall, the proposed methods demonstrate high reliability and efficiency, making them a
strong alternative for solving nonlinear equations.
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