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New Topological Group Construction via *h-Set

G. R. Shyamala and B. Meera Devi

ABSTRACT: This paper introduces the class of *h- topological groups, applying *h-continuous group op-
erations. We establish several basic properties and characterizations that distinguish them from classical
topological groups. A collection of examples is provided to illustrate these differences and to demonstrate the
scope of the framework. Also we define *h- irresolute topological groups and investigate their connection with
*h- topological groups, proving that every *h- irresolute topological group is *h- topological, whereas the con-
verse does not generally hold. Collectively, these results extend the framework of generalized topologies and
offer a broader foundation for analyzing algebraic structures equipped with non-standard notions of openness.
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1. Introduction

The study of generalized topological structures has become an active area of research due to their
ability to extend classical topological notions and provide greater flexibility in describing continuity and
openness. Since the introduction of generalized closed and generalized open sets by Levine [3] and the
corresponding generalized closure and interior operators developed by Dunham [2], many authors have
explored various generalized forms of continuity, mappings, and algebraic structures equipped with non-
standard topologies. In the classical setting, a topological group [4] is characterized by the continuity
of its group operation and inversion. This combination of algebraic and topological structure has been
widely studied and forms a foundational concept in modern topology and group theory. However, when
continuity is replaced or weakened through generalized notions, the resulting group structures exhibit
significantly different and often more intricate behavior. Such generalized topological groups have been
investigated in varying forms, leading to several interesting extensions of the classical theory.

Motivated by these developments, this paper introduces a new class of generalized topological groups
called *h- topological groups, defined through *h- open sets and *h- continuous mappings. We establish
fundamental properties of *h- topological groups and provide examples that highlight their distinction
from classical topological groups. To further extend the framework, we introduce *h- irresolute topological
groups and examine their relationship with *h- topological groups. Overall, this work contributes to the
broader study of generalized topologies by providing a systematic development of *h- topological and
*h- irresolute topological groups, thereby enriching the interaction between algebraic structures and
generalized continuity.

2. Preliminaries

This chapter consists of some basic definitions and fundamental which are needed to build this thesis.
Throughout the study (X, 7), (Y, o) (or simply X, Y') represent topological spaces on which no separation
axioms are assumed unless otherwise mentioned. For a subset A of X, cl(A), int(A),cl*(A), int*(A) and
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X-A denote the closure of A, the interior of A, generalized closure of A, generalized interior of A and the
complement of A respectively.

Definition 2.1 [3] A subset A of a topological space (X, ) is called

(i) generalized closed (briefly g-closed) if ¢I(A) C U whenever A C U and U is open.
(ii) generalized open (briefly g-open) if X \ A is g-closed in X.

Definition 2.2 [2] Let A be a subset of X. Then

(i) generalized closure of A is defined the intersection of all g-closed sets containing A, and is
denoted by cl*(A).

(ii) generalized interior of A is defined as the union of all g-open subsets of A and is denoted by

int*(A).

Definition 2.3 [5] A subset A of a topological space X is called *h-open set if for every non-empty
set G in X, G # X and G € 7 such that A C int*(AUG)

Definition 2.4  [6] A function f: (X,7) — (Y, 0) is said to be

(i) *h- continuous if f~1(U) is *h- open set in X for every open set U in Y.

(i) *h- irresolute if f~1(U) is *h- open set in X for every *h- open set U in Y.

Definition 2.5  [4] Let S be a subset of a group G is said to be symmetric with respect to the group
operation and the inverse operation if S = S~! where S~! = {1 : x € S}. For any subset S of a
group G, SUS™! and SN S~ are symmetric.

3. *h-Topological Groups

In this section, we are defining the concept of *h-topological groups and derives its some properties
and characterizations.

Definition 3.1  Let (G, *) be group equipped with topology 7 on G. A triple (G, %, 7) is said to be
an *h- topological group if the following conditions are satisfied.

(i) The group operation * : G X G — G is defined by *(z,y) = z *y, for each z,y in G is
*h-continuous.

(ii) The inverse operation i : G — G is defined by i(z) = x~! for each x in G is *h-continuous.
In short, (G, *,7) is denoted by G, a *h-TG.

Example 3.1  Consider the group G = (Z3,+3) and 7 = {¢, {0, 1}, Z3}

v, = {0,{0},{1},{2},{0,1},{0,2},{1,2}, Z3}. Then (G, +s,7) is *h-topological group. It is not an
topological group because the inverse mapping i(z) = —z(mod 3) gives i(0) = 0,i(1) = 2 and i(2) = 1.
Now i~1({0,1}) = {0,2} which is not open whenever {0,1} is open. The inverse mapping i is not
continuous.

Theorem 3.1 Let (G, *) be group endowed with topology 7 on it. Then (G, *,7) is *h-topological
group iff

(i) for each open set W of & xy, there exists a *h-open set U contains x and a *h-open set V' containing
y such that U xV C W.

(ii) for each open set W of 271, there exists an *h-open set U containing x such that U=t C W.
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Proof: (i) Assume that (G,*,7) is an *h-topological group. Let x,y € G and let W be any open set
containing z * y. Since * : G X G — G by *(z,y) = x * y is *h- continuous, there exists an *h- open sets
P and @ such that (z,y) € P x Q and (P x Q) C W. Since P and @ are *h- open sets containing = and
y respectively, there exists *h- open sets U containing z and V containing y such that x € U C P and
yeV CQ. Then (z,y) eUxV CPxQ.Hence UxV =*(P x Q) CW.

(ii) The inverse map i : G — G by i(x) = x~! is *h- continuous. For any x € G, gives an open
neighbourhood W of 271, there exists a *h- open set U containing x such that i(U) C W = U~ C W.
Conversely assume that the given two conditions hold. Let (z,y) € G X G be any point and W be any
open set in G containing the point x * y. By hypothesis there exists a *h- open set U containing x and
y containing V such that U « V' C W. Then U %V is a *h- open set in G x G containing the point (z,y)
such that (U x V) = U « V C W. Hence the group operation is *h- continuous. Thus (G, *,7) is *h-
topological group. O

Theorem 3.2 If (G,x) is a group and 7, is a discrete topology on G, then (G, *,7) forms an *h-
topological group.

Proof: Let (G, ) be a group and 7, be a discrete topology on G.

If cardinality of G is 1, then the proof is trivial. Suppose the cardinality of G is greater than one. Let
z,y be any two elements of G and W be an open neighbourhood of x * y then by Theorem 3.1, there
exists a *h- open neighbourhood U and V containing x and y respectively such that U «V C W. Also let
W be any open neighbourhood of £~!, then there exists an *h- open neighbourhood of U containing z
such that U~ C W. Hence (G, *,7) is an *h- topological group. O

Remark 3.1 The converse of the above theorem is not true in general as shown in the following example.
Example 3.2 Consider the set G = {e,a,a®} with the operation x is defined as a®> x a = e and e is the
identity element. (G, %) is a cyclic group endowed with the topology T = {$,{e}, G} and 7y, = {¢,{e}, G}.
Clearly (G, *,T) is a *h- topological group but Ty, is not discrete.

Theorem 3.3 Let (G, +) be a group and 7 be a topology on G. Then (G, +, 1) is an *h- topological
group iff for any elements z,y of G and open set W with z — y € W, there exists a *h- open set U and
V' containing x and y respectively such that U — V C W.

Proof: Let z,y € G. Then z — y € G. Let W be any open set containing x — y. Then there are *h-
open set U containing and R containing —y such that U + R C W and also there is an *h- open set V'
containing y such that —V C R. Therefore U — V C W.

Conversely assume that x € G and W be an open set containing —x. Then W also contains the element
0 — x and hence there exists *h- open sets U containing 0 and V containing a such that U — V C W and
—V=0-VCU-V CW. Now let z,y € G and W be an open set containing x +y. Then by hypothesis
there exists *h- open sets U and R containing x and —y respectively such that U — R C W and there is
an *h-open set V containing y such that -V C R.Now U+V =U+(—(-V)) CU+(—R)=U—-RCW.
Hence (G, +,7) is a *h- topological group. O

Theorem 3.4  Let (G,*,7) be an *h- topological group. If A is open in (G, *,7). Then the following
are true.

(i) z* A is *h- open for each z € G

(ii) A=*x is *h- open for each x € G

(iii) A=t is *h- open
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Proof: (i) Let y € z * A. Then y = z * a for some a € A. Then there exists *h- open sets U and V

containing = ! and y respectively such that U %V C A. This implies that V C 2% A = y € intj,(v* A).

Therefore  * A C intsp(z * A). Always int+p(z* A) C x * A. Hence x %+ A = intsp(z * A). Thus z *x A is

*h- open set in (G, *, 7).

(#4) The proof is analogous to part (7).

(i71) For any element y~! € A~ we have y € A. Since 4 is open in *h- topological group, there exists an

*h- open set V containing y such that V= C A. This implies that V' C A~!. Hence y~! € int.,(A71).

Therefore A~! C int.,(A™1). Always int«,(A™1) € A1 So A1 = int.,(A~1). Hence A~! is *h- open.
O

Theorem 3.5 (G,*,7) be a *h- topological group. If A is open subset of *h- topological group then
Ax B is a *h- open set in (G, *,7), then for any subset B of *h- topological group.

Proof: Let G be a *h- topological group. Given A is any open subset of G. Let B be any open subset
of G. Then by Theorem 4.2, y * A is a *h- open set in G for all y € B. Now A x B = UyeB(A * 7). Since
arbitrary union of *h- open set is *h- open, A+ B = UyeB(A *y) is *h- open in G. That is, A x B is *h-
open. O

Theorem 3.6 Every open subgroup of an *h- topological group (G, *, 7) is also *h- topological group.

Proof: Let G be any *h- topological group and H be the subgroup of G. Let =,y be any two distinct
points of H. Let W be any open set containing the point x % y in the subgroup H. By definition of *h-
topological group, there exists a *h- set U of x and a *h- open set V of y such that U * V' C W. Since H
is open in G, the sets A = KNU and B = KNV are *h- open sets in H containing x and y respectively.
Also AxB=(KNU)«(KNV)=({U=*=V)NK CUxV CW. Hence * is *h- continuous. Next we can
prove continuity of inverse of *. Now let € H. Since H is subgroup of G,z~! € H C G. Let W be any
open set of 7. Since G is *h- topological group, there exists an *h- open neighbourhood of U containing
x such that U~ C W. Hence (H, *,7) is *h- topological group. O

4. *h- Irresolute Topological Groups

We prove that *h- irresolute topological group is *h- topological group Also it’s basic properties have
been derived.

Definition 4.1  Let (G, *) be group equipped with topology 7 on G. A triple (G, *,7) is said to be
an *h- irresolute topological group if the following conditions are satisfied.

(i) for each *h- open neighbourhood W of x x y, there exists a *h- open neighbourhoods U and V
containing x and y respectively such that U « V. C W.

(ii) for each *h- open neighbourhood W of =1, there exists an *h-open neighbourhood U containing
x such that U~ C W.

Theorem 4.1 Every *h- irresolute topological group is *h- topological group

Proof: Let G be an *h- irresolute topological group. Consider x,y € G and W be any open set containing
zxy. We know that every open set is */h- open, so W is *h- open containing x *y. Since G is *h- irresolute
topological group, there exists an *h- open neighbourhoods U and V containing = and y respectively such
that U * V C W. Now let W be any open neighbourhood of z~!. Since every open set is *h- open, W is
*h- open neighbourhood of z~! also since G is *h- irresolute topological group, there exists an *h- open
neighbourhood U containing = such that U~! C W. Hence G is *h- topological group. O

Remark 4.1  The converse of the above theorem is not true in general as shown in the following
example.
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Example 4.1 Let G = (Z3,®) and 7 = {¢, {0}, G}; 7, = P(G).

The multiplication map *(x,y) = =« + y. Here x!(¢) = ¢,x Y(G) = G x G and
*~1({0} = {(0,0),(1,2),(2,1)} which are *h- open sets in G x G. Therefore multiplication map is *h-
continuous. The inverse mapping i(x) = —z. Since the *h- opens are the discrete topology, the inverse

of any element in Z3 is also in Z3. Hence both inverse and multiplication maps are *h- continuous. Thus
(G, +35,7) is *h- topological group. But it is not *h- irresolute because the inverse image of {1} un-
der multiplication is *~1({1}) = {(0,1),(1,0),(2,2)}. The nonempty open sets of the product space are
{0} x {0},{0} x G and G x G. Take W = {0} x {0},
«*~H({1}) Cintap(x ({1} UW)

= int«p(+~H({1}) U ({0} x {0}))

= int+p (+1({0,1},(1,0),(2,2)) U ({(0,0)})

= intx (* 1({();0};(0’1)7( )7( 32))

Since *~({1}) ¢ ¢, the inverse image of {1} under multiplication is not *h- open set whenever {1}
is *h- open set.

Theorem 4.2 In a *h- topological group (G, *, ), for any *h- is open set A such that x* A, A xz and
A" are *h- open set for all z € G.

Proof: (i) Let y € z % A. Then y = x % a for some a € A. Since A is *h- open set and G is *h- irresolute
topological group, then there exists *h- open sets U and V containing 2! and y respectively such that
UV C A. This implies that V C z * A => y € int«p(x *x A). Therefore z * A C int«p(x * A). Always
intep(zx A) C zx A. Hence x x A = int«y(z x A). Thus = * A is *h- open set in (G, *,7).

Similarly we can prove A x x is also *h- open.

Next we shall prove A~! is *h- open. Let 3y~ € A~!, for some y € A. Since A is *h- open neighbour-
hood of G and since G is *h- irresolute topological group, there exists an *h- open set V' containing y
such that V'~ C A. This implies that V C A~ Hence y~! € int.;(A~"). Therefore A=% C int.(A™1).
Always int-,(A~1) C A~L. Hence A~ = int.;(A~1). Thus A~! is *h- open. O

Theorem 4.3 If G is an *h- irresolute topological group and any subset A of G then for all x € G,
we have

(i) intep(x x A) = x xintp(A)
(i) intsp(A7Y) = (intep(A)) 7L

Proof: (i) Let y € int«p(z % A). Then y = z x a for some a € A. Since G is *h- irresolute topological
group, there exists *h-open sets U and V containing x and a respectively such that U x V' C z x A. Hence
y € x xint«p(A). Thus

intsp(xx A) C x *xintsp(A). (4.1)

Next let y € x x int«(A), then y = z * s for some a € int«,(A). Since A is *h- open set and since G
is *h- irresolute topological group, there exists *h- open sets U and V containing 2! and y respectively
such that U * V C A. Hence y € int«p(z * A). So

x *intp(A) Cintep(x + A). (4.2)

From (1) and (2), int-p(z * A) = z * int«,(A).
(ii) Let y € int«p(A™1). Then there exists an *h- open set U such that y € U C A~'. This implies
y~ 1 € U1 C A~L. Since G is *h- irresolute topological group, the inverse operation is *h- irresolute, so
U~!is *h- open set. Thus y=1 € int-p(A) = y € (int,(A))7L.
Conversely, let y € (int«;(A))~!, then y=! € int.,(A). Then there exists an *h- open set V such that
y 1€V C A Theny € V-1 C A1 and V! is *h- open set. Hence y € int.;(A~!). Therefore
inta,(A7Y) = (int.,(A)) 7L O
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Theorem 4.4  Consider an *h- irresolute topological group G and H be an open subgroup of G. Then
H is also an *h- irresolute topological group.

Proof: Let z and y be any two arbitrary elements of H and W be an *h- open neighbourhood contain-
ing x * y in the subgroup of H. By definition of *h-irresolute topological group, there exists *h- open
neighbourhood U and V containing x and y respectively such that U xV C W. Since H is open in G, the
sets A= HNU and B= HNV are *h- open sets in H containing = and y respectively and satisfying
Ax B CUxV CW. Hence % is *h- irresolute. Now we shall prove *h- irresoluteness of inverse of *. Now
let # € H. Since H is a subgroup of G, z=! € H C G. Let W be an *h- open neighbourhood containing
x~ L. Since G is *h- irresolute topological group, there exists an *h- open neighbourhood U containing x
such that U~! C W. Hence (H, *,7) is *h- irresolute topological group. |

Theorem 4.5 In a *h-irresolute topological group (G, -, 1), for any *h- open set U containing the
identity element e, there exists a symmetric *h- open set V containing e such that V -V C U.

Proof: Let U be *h- open set containing e = e - e. By the definition of *h- irresolute topological group,
there exists *h- open sets Vi and V5 containing e such that V; - Vo C U. By the definition of symmetric,
(VinVih and (Vo NV, Y) are symmetric sets containing e. Since intersection of two symmetric sets is
always symmetric, [V, NV, N [VaNV, '] =V is a symmetric set containing e. Clearly V = [V; NV, 1N
VanVy ' lCViand V =[VinV, n[VanVy ] CVo. Then V-V C Vy -V, C UL m

Remark 4.2 Analogous result holds for additive groups with 0 as identity and V +V C U.

Theorem 4.6  Let (G,+,7) be a *h- irresolute topological group. If U is *h- open set in G then there
exists a *h- open set V' containing the identity element 0 such that w +V C U for all u € U.

Proof: Let U be any *h- open set in (G, +, 7). By Theorem 4.2, x + U is *h- open set for all z in G. In
particular, U — u is a *h- open set in G containing 0 for all u € U. By taking V = U — u, we get a *h-
open set V' containing 0 such that u +V C U. |

The theorem remains valid if the group operation is denoted as multiplication () instead of addition

().

Theorem 4.7 Let H be the non-empty subgroup of an *h- irresolute topological group (G, *, 7). Then
the following are equivalent.

(i) H is *h- open

(ii) int«p(H) is non-empty.
Proof: (i) = (i1) If H is *h- open then int«,(H) = H. Since H is non-empty, int«,(H) is non-empty.
(i1) = (¢) Suppose int+p(H) # ¢. Let © € int«p(H). Then there exists an *h- open set U such that

x€UCH. Clearly 2+ U C H. Now y*U =y*2 ' xxxU C H, for all y € H. Hence H = |J y*xU
is *h- open because union of *h- open set is *h- open. O

yeH
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