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Well-Posedness and Stability of a Lamé System with Internal Fractional Damping ∗

Mohammed Yahiaoui and Abbes Benaissa

abstract: In this paper, we consider polynomial stabilization for a Lamé system in a bounded domain
under an internal fractional damping. We reformulate the system into an augmented model and prove the
well-posedness of it by using semigroup method. Based on a general criteria of Arendt-Batty, we show that
the system is strongly stable. By combining frequency domain method and multiplier techniques, we establish
an optimal polynomial energy decay rate.
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1. Introduction

In this paper, we consider a Lamé system under fractional dampings, which is described by:utt − µ∆u− (µ+ λ)∇(div u) + a1∂
σ,κ
t u(x, t) = 0 in Ω× (0,+∞),

u = 0 in Γ× (0,+∞),
u(x, 0) = u0(x), ut(x, 0) = u1(x) in Ω,

(P )

where µ, λ are Lamé constants, u = (u1, u2, ..., un)
T . Here Ω is a bounded domain in IRn with smooth

boundary Γ = ∂Ω. Moreover, a1 > 0. The notation ∂σ,κt stands for the exponential fractional derivative
operator of order σ. It is defined by

∂σ,κt w(t) =
1

Γ(1− σ)

∫ t

0

(t− s)−σe−κ(t−s) dw

ds
(s) ds 0 < σ < 1, κ ≥ 0.

Recently, in [1], Ammari et al., studied the wave equation with internal fractional damping. The system
considered is as follows:utt(x, t)−∆u(x, t) + γ∂σ,κt u(x, t) = 0 in Ω× (0,+∞),

u(x, t) = 0 on Γ× (0,+∞),
u(x, 0) = u0(x), ut(x, 0) = u1(x) on Ω.

The authors proved that the energy decays polynomially as t−2/(1−σ).
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Very recently in [6], Benaissa and Boudaoud extended the result of Ammari to higher-space dimension
and internal control of diffusive type defined by:

utt(x, t)−∆u(x, t) + ζ
∫ +∞
−∞ ω(ξ)ψ(x, ξ, t)dξ = 0 in Ω× (0,+∞),

u(x, t) = 0 on Γ× (0,+∞),
∂tψ(x, ξ, t) + (ξ2 + κ)ψ(x, ξ, t)− ut(x, t)ω(ξ) = 0 in Ω× (−∞,∞)× (0,+∞),
u(x, 0) = u0(x), ut(x, 0) = u1(x) on Ω,
ψ(x, ξ, 0) = 0 on Ω× (−∞,∞).

The authors established a less decay estimate by adopting the multiplier method.
In [12], Oliveira et al., studied the porous-elastic system with two internal fractional dampings. The

system considered is as follows:

ρutt − µuxx − bϕx + ∂σ,κt u = 0 in (0, L)× (0,+∞),
Jϕtt − δϕxx + bux + ξϕ+ ∂σ,κt ϕ = 0 in (0, L)× (0,+∞).
u(0, t) = ϕ(0, t) = 0 on (0,+∞),
u(1, t) = ϕ(1, t) = 0 on (0,+∞)
u(x, 0) = u0(x), ϕ(x, 0) = ϕ0(x) on (0, L)
ut(x, 0) = u1(x), ϕt(x, 0) = ϕ1(x) on (0, L),

They proved a less precise polynomial decay of the energy.
The stability of the elastic Lamé system with different types of dissipative has been intensively studied.

We start by recall some results. In [3], Guesmia et al. considered Lamé system with infinite memories
acting in the all equations of the system. They established asymptotic stability results under some
conditions on the relaxation functions. Benaissa and Gaouar in [4] considered an elastic Lamé system
subject to internal frictionnel dissipation. They proved that the system is exponentially stable.

We should mention here that, to the best of our knowledge, there is no result concerning the Lamé
system with the presence of a fractional damping. In addition to being nonlocal, fractional derivatives
involve singular and nonintegrable kernels. This makes the problem very delicate.

Our aim in this work is to prove that the stability of our system holds with fractional damping and
to obtain an optimal polynomial decay.

The remainder of the paper falls into five sections. In Section 2, we show that the above system can
be replaced by an augmented one obtained by coupling a system with a suitable diffusion, and we study
of energy functional associated to system. In section 3, we state a well-posedness result for problem (P ).
In section 4, we prove the strong asymptotic stability of solutions. In section 5, we show the lack of
exponential stability by spectral analysis. Finally, in section 6 we show the polynomial stability using
the Borichev-Tomilov theorem.

2. Preliminary

This section is concerned with the reformulation of the model (P ) into an augmented system. For
that, we need the following claims.

Theorem 2.1 (see [11]) Let ω be the function:

ω(ξ) = |ξ|(2σ−1)/2, −∞ < ξ < +∞, 0 < σ < 1. (2.1)

Then the relationship between the ’input’ U and the ’output’ O of the system

∂tψ(ξ, t) + (ξ2 + κ)ψ(ξ, t)− U(t)ω(ξ) = 0, −∞ < ξ < +∞, κ > 0, t > 0, (2.2)

ψ(ξ, 0) = 0, (2.3)

O(t) = (π)−1 sin(σπ)

∫ +∞

−∞
ω(ξ)ψ(ξ, t) dξ (2.4)

is given by
O = I1−σ,κU = Dσ,κU, (2.5)
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where

[Iσ,κf ](t) =
1

Γ(σ)

∫ t

0

(t− s)σ−1e−κ(t−s)f(s) ds.

Proof: From (2.2) and (2.3), we have

ψ(ξ, t) =

∫ t

0

ω(ξ)e−(ξ2+κ)(t−s)U(s)ds. (2.6)

Hence, by using (2.4), we get

O(t) = (π)−1sin(σπ)e−κt

∫ t

0

[
2

∫ +∞

0

|ξ|2σ−1e−ξ2(t−s)dξ

]
eκsU(s)ds. (2.7)

Thus,

O(t) = (π)−1sin(σπ)e−κt

∫ t

0

[
(t− s)−σΓ(σ)

]
eκsU(s)ds

= (π)−1sin(σπ)

∫ t

0

[
(t− s)−σΓ(σ)

]
e−κ(t−s)U(s)ds

(2.8)

which completes the proof. Indeed, we know that (π)−1sin(σπ) =
1

Γ(σ)Γ(1− σ)
. 2

Lemma 2.1 (see [9]) If λ ∈ Dκ = IC\]−∞,−κ] then∫ +∞

−∞

ω2(ξ)

λ+ κ+ ξ2
dξ =

π

sinσπ
(λ+ κ)σ−1.

Consequently, by using Theorem 2.1, the system (P ) is equivalent to

utt − µ∆u− (µ+ λ)∇(div u)

+ζ

∫ +∞

−∞
ω(ξ)ψ(x, ξ, t) dξ = 0 in Ω× (0,+∞),

ψt(x, ξ, t) + (ξ2 + κ)ψ(x, ξ, t)− ut(x, t)ω(ξ) = 0 in Ω× (−∞,∞)× (0,+∞),
u(x, t) = 0 on Γ× (0,+∞),
u(x, 0) = u0(x), ut(x, 0) = u1(x) on Ω,
ψ(x, ξ, 0) = 0 on Ω× (−∞,∞),

(P ′)

where ζ = (π)−1 sin(σπ)a1.
We define the energy of the solution by:

E(t) =
1

2

n∑
j=1

(
∥ujt∥2L2(Ω) + µ∥∇uj∥2L2(Ω) + ζ

∫
Ω

∫ +∞

−∞
|ψj(x, ξ, t)|2 dξdx

)
+
(µ+ λ)

2
∥div u∥2L2(Ω).

(2.9)

Lemma 2.2 Let (u, ψ, z) be a regular solution of the problem (P ′). Then there exists a positive constant
C such that the energy functional defined by (2.9) satisfies

E′(t)− ζ

n∑
j=1

∫
Ω

∫ +∞

−∞
(ξ2 + κ)|ψj(x, ξ, t)|2 dξ dx. (2.10)
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Proof: Multiplying the first equation in (P ) by ujt, integrating over Ω and using integration by parts,
we get

1

2

d

dt
∥ujt∥22 − µℜ

∫
Ω

∆ujujt dx− (µ+ λ)ℜ
∫
Ω

∂

∂xj
(div u)ujt dx

+ζ

∫
Ω

ujt

∫ +∞

−∞
ω(ξ)ψj(x, ξ, t) dξ dx.

Then
1

2

d

dt

n∑
j=1

(
∥ujt∥2L2(Ω) + µ∥∇uj∥2L2(Ω)

)
+

(µ+ λ)

2
∥div u∥2L2(Ω)

+ζℜ
n∑

j=1

∫
Ω

ujt

∫ +∞

−∞
ω(ξ)ψj(x, ξ, t) dξ dx = 0.

(2.11)

Multiplying the second equation in (P ′) by ζψj and integrating over Ω× (−∞,+∞), we obtain:

ζ

2

d

dt

n∑
j=1

∥ψj∥2L2(Ω×(−∞,+∞)) + ζ

n∑
j=1

∫
Ω

∫ +∞

−∞
(ξ2 + κ)|ψj(x, ξ, t)|2 dξ dx

−ζℜ
n∑

j=1

∫
Ω

ujt(x, t)

∫ +∞

−∞
ω(ξ)ψj(x, ξ, t) dξ dx = 0.

(2.12)

From (2.9), (2.11) and (2.12) we get

E′(t) = −ζ
n∑

j=1

∫
Ω

∫ +∞

−∞
(ξ2 + κ)|ψj(x, ξ, t)|2 dξ dx. (2.13)

This completes the proof of the lemma. 2

3. Well-Posedness of the Problem

We discuss (P ′) in the state space

H =
(
H1

0 (Ω)
)n ×

(
L2(Ω)

)n ×
(
L2(Ω× (−∞,+∞))

)n
with the inner product:

< U, Ũ >H=

n∑
j=1

∫
Ω

(
vj ṽj + µ∇uj∇ũj

)
dx+ (µ+ λ)

∫
Ω

(div u)(div ũ) dx

+ζ

n∑
j=1

∫
Ω

∫ +∞

−∞
ψj(x, ξ)ψ̃j(x, ξ)dξdx

for any U = (u, v, ψ)T ∈ H, Ũ = (ũ, ṽ, ψ̃)T ∈ H.
Set U = (u, v, ψ)T , where v = ut. Then, one can rewrite system (P ′) into an evolutionary equation in H:{

U ′ = AU, t > 0,
U(0) = (u0, u1, ψ0),

(3.1)

where the operator A : D(A) ⊂ H → H is defined as

A

uv
ψ

 =


v

µ∆u+ (µ+ λ)∇(div u)− ζ

∫ +∞

−∞
ω(ξ)ψ(x, ξ) dξ

−(ξ2 + κ)ψ + v(x)ω(ξ)

 , (3.2)

D(A) =


(u, v, ψ)T in H : u ∈

(
H2(Ω) ∩H1

0 (Ω)
)n
, v ∈

(
H1(Ω)

)n
,

−(ξ2 + κ)ψ + v(x)ω(ξ) ∈
(
L2(Ω× (−∞,+∞))

)n
,

|ξ|ψ ∈
(
L2(Ω× (−∞,+∞))

)n
in Ω

 . (3.3)
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Proposition 3.1 The operator A is m-dissipative in the state space H.

Proof: For all U ∈ D(A), we have

ℜ⟨AU,U⟩H = −ζ
n∑

j=1

∫
Ω

∫ +∞

−∞
(ξ2 + κ)|ψj(x, ξ)|2 dξ dx, (3.4)

where we have used (3.1), (2.10) and the fact that

E(t) =
1

2
∥U∥2H. (3.5)

Now let
G = (G1, G2, G3)

T ∈ H,
where Gi = (g1i , g

2
i , ..., g

n
i )

T . we prove the existence of

U = (u, v, ψ)T ∈ D(A)

unique solution of the equation
(λ̃I −A)U = G ∀λ̃ > 0. (3.6)

Equivalently, we have the following system
λ̃u− v = G1(x),

λ̃v − µ∆u− (µ+ λ)∇(div u) + ζ

∫ +∞

−∞
ω(ξ)ψ(x, ξ) dξ = G2(x),

λ̃ψ + (ξ2 + κ)ψ − v(x)ω(ξ) = G3(x, ξ).

(3.7)

Suppose u is found with the appropriate regularity. Then, (3.7)1 and (3.7)3 yield

v = λ̃u−G1(x) ∈
(
H1(Ω)

)n
(3.8)

and

ψ =
G3(x, ξ) + ω(ξ)v(x)

ξ2 + κ+ λ̃
. (3.9)

Inserting (3.8) in (3.7)2, we get

(λ̃2 + a1λ̃(λ̃+ κ)σ−1)u− µ∆u− (µ+ λ)∇(div u)+

= G2(x) + (λ̃+ a1(λ̃+ κ)σ−1)G1(x)− ζ

∫ +∞

−∞

ω(ξ)G3(x, ξ)

λ̃+ ξ2 + κ
dξ.

(3.10)

Let w ∈
(
H1

0 (Ω)
)n

be a test function. Multiplying (3.10) by w. Consequently, (3.10) can be written after
integrating by parts in the following form

n∑
j=1

∫
Ω

(
(λ̃2 + a1λ̃(λ̃+ κ)σ−1)ujwj + µ∇uj∇wj dx

)
+ (µ+ λ)

∫
Ω

(div u)(div w) dx

=

n∑
j=1

∫
Ω

(
gj2(x) + (λ̃+ a1(λ̃+ κ)σ−1)gj1(x)

)
wj dx− ζ

n∑
j=1

∫
Ω

wj

(∫ ∞

−∞

ω(ξ)gj3(x, ξ)

ξ2 + κ+ λ̃
dξ

)
dx.

(3.11)
Problem (3.11) is of the form

B(u,w) = L(w), (3.12)

where B :
(
H1

0 (Ω)
)n ×

(
H1

0 (Ω)
)n → IC is the sesquilinear form defined by

B(u,w) =
n∑

j=1

∫
Ω

(
(λ̃2 + a1λ̃(λ̃+ κ)σ−1)ujwj + µ∇uj∇wj dx

)
+ (µ+ λ)

∫
Ω

(div u)(div w) dx
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and L :
(
H1

0 (Ω)
)n → IC is the antilinear functional given by

L(w) =
n∑

j=1

∫
Ω

(
gj2(x) + (λ̃+ a1(λ̃+ κ)σ−1)gj1(x)

)
wj dx− ζ

n∑
j=1

∫
Ω

wj

(∫ ∞

−∞

ω(ξ)gj3(x, ξ)

ξ2 + κ+ λ̃
dξ

)
dx.

It is easy to verify that B is continuous and coercive, and L is continuous. Consequently, by the
Lax-Milgram theorem, we conclude that for all w ∈

(
H1

0 (Ω)
)n

, the system (3.12) has a unique solution

u ∈
(
H1

0 (Ω)
)n

. By the regularity theory for the linear elliptic equations, it follows that u ∈
(
H2(Ω)

)n
.

Therefore, the operator (λ̃I −A) is surjective for any λ̃ > 0. Consequently, using Hille-Yosida Theorem
(see [7]), we have the following existence result:

Theorem 3.1 (Existence and uniqueness)

(1) If U0 ∈ D(A), then system (3.1) has a unique strong solution

U ∈ C0(IR+, D(A)) ∩ C1(IR+,H).

(2) If U0 ∈ H, then system (3.1) has a unique weak solution

U ∈ C0(IR+,H).

2

4. Strong Stability of the System

In this section, we use a general criteria of Arendt-Batty and Lyubich-Vũ (see [2] and [10]) to
show the strong stability of the C0-semigroup etA associate to the Lamé system in the absence of the
compactness of the resolvent of A.

Theorem 4.1 ( [2]- [10]) Let X be a reflexive Banach space and (T (t))t≥0 be a C0−semigroup generated
by A on X. Assume that (T (t))t≥0 is bounded and that no eigenvalues of A lie on the imaginary axis. If
r(A) ∩ iR is countable, then (T (t))t≥0 is stable.

Our main result is the following theorem

Theorem 4.2 The C0-semigroup etA is strongly stable in H; i.e, for all U0 ∈ H, the solution of (3.1)
satisfies

lim
t→∞

∥etAU0∥H = 0.

For the proof of Theorem 4.2, we need the following two lemmas.

Lemma 4.1 A does not have eigenvalues on iIR.

Proof: First we show the result for λ̃ ̸= 0. Suppose that there exist a real number λ̃ ̸= 0 and 0 ̸= U =
(u, v, ψ)T ∈ D(A), such that

AU = iλ̃U. (4.1)

Our goal is to find a contradiction by proving that U = 0. Detailing (4.1) we get
iλ̃u− v = 0,

iλ̃v − µ∆u− (µ+ λ)∇(div u) + ζ

∫ +∞

−∞
ω(ξ)ψ(x, ξ) dξ = 0,

iλ̃ψ + (ξ2 + κ)ψ − v(x)ω(ξ) = 0.

(4.2)
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Then, from (3.4) we have
ψ = 0, v = 0. (4.3)

Next, inserting (4.3) in (4.2)1 and using the fact that λ̃ ̸= 0, we get

u ≡ 0. (4.4)

Hence U ≡ 0.
Now if λ̃ = 0, we have v = 0 and we deduce that{

−µ∆u− (µ+ λ)∇(div u) = 0,
u = 0 in Γ.

(4.5)

Multiplying by u, integrating over Ω we have

∥∇u∥2L2(Ω) + ∥div u∥2L2(Ω) = 0. (4.6)

Hence u = 0. Then U ≡ 0. 2

Lemma 4.2 We have If λ̃ ̸= 0, the operator iλ̃I −A is surjective.
If λ̃ = 0 and κ ̸= 0, the operator iλ̃I −A is surjective.

Proof:
Case 1: λ̃ ̸= 0. Let G = (G1, G2, G3)

T ∈ H be given, and let X = (u, v, ψ)T ∈ D(A) be such that

(iλ̃I −A)X = G. (4.7)

Equivalently, we have
iλ̃u− v = G1,

iλ̃v − µ∆u− (µ+ λ)∇(div u) + ζ

∫ +∞

−∞
ω(ξ)ψ(x, ξ) dξ = G2,

iλ̃ψ + (ξ2 + κ)ψ − v(x)ω(ξ) = G3,

(4.8)

From (4.8)1 and (4.8)2, we have

−λ̃2u− µ∆u− (µ+ λ)∇(div u) + ζ

∫ +∞

−∞
ω(ξ)ψ(x, ξ) dξ = (G2 + iλ̃G1) (4.9)

with u|Γ = 0. Solving system (4.9) is equivalent to finding u ∈ (H2 ∩H1
0 (Ω))

n such that

n∑
j=1

∫
Ω

(
(−λ̃2 + ia1λ̃(iλ̃+ κ)σ−1)ujwj + µ∇uj∇wj dx

)
+ (µ+ λ)

∫
Ω

(div u)(div w) dx

=

n∑
j=1

∫
Ω

(
gj2(x) + (iλ̃+ a1(iλ̃+ κ)σ−1)gj1(x)

)
wj dx− ζ

n∑
j=1

∫
Ω

wj

(∫ ∞

−∞

ω(ξ)gj3(x, ξ)

ξ2 + κ+ iλ̃
dξ

)
dx

(4.10)
for all w ∈ (H1

0 (Ω))
n. We can rewrite (4.10) as

−(Lλ̃u,w)((H1
0 (Ω))n,((H1

0 (Ω))′)n) + a(H1
0 (Ω))n(u,w) = l(w) (4.11)

with the sesquilinear form defined by

a(H1
0 (Ω))n(u,w) = µ

n∑
j=1

∫
Ω

∇uj∇wj dx+ (µ+ λ)

∫
Ω

(div u)(div w) dx+ ia1λ̃(iλ̃+ κ)σ−1
n∑

j=1

∫
Ω

ujwj dx
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and

(Lλ̃u,w)((H1
0 (Ω))n,((H1

0 (Ω))′)n) =

n∑
j=1

∫
Ω

λ̃2ujwj dx.

One can easily see that Lλ, a(H1
0 (Ω))n and l are bounded. Furthermore

ℜa(H1
0 (Ω))n(u, u) = µ∥∇u∥22 + (µ+ λ)∥div u∥22 + a1λℜ

(
i(iλ+ ω)τ−1

)
∥u∥22

≥ µ∥∇u∥22 + (µ+ λ)∥div u∥22,

where we have used the fact that

a1λℜ
(
i(iλ+ ω)τ−1

)
= ζλ2

∫ +∞

−∞

ω(ξ)2

λ2 + (ω + ξ2)2
dξ > 0.

Thus a(H1
0 (Ω))n is coercive. Consequently, following Fredholm alternative, proving the existence of U

solution of (4.11) reduces to proving that (4.11) with l ≡ 0 has a notrivial solution. Indeed if there exists
U ̸= 0, such that

−(Lλ̃u,w)((H1
0 (Ω))n,((H1

0 (Ω))′)n) + a(H1
0 (Ω))n(u,w) = 0 ∀w ∈ (H1

0 (Ω))
n. (4.12)

In particular for w = u, it follows that

λ2∥u∥2L2(0,L) − iγλ(iλ+ ω)τ−1∥u∥22 = µ∥∇u∥22 + (µ+ λ)∥div u∥22.

Hence, we have
u = 0. (4.13)

Now, if λ̃ = 0, the system (4.8) is reduced to the following system
v = −G1,

−µ∆u− (µ+ λ)∇(div u) + ζ

∫ +∞

−∞
ω(ξ)ψ(x, ξ) dξ = G2,

(ξ2 + κ)ψ − v(x)ω(ξ) = G3,

(4.14)

Solving system (4.14) is equivalent to finding u ∈ (H2 ∩H1
0 (Ω))

n such that

µ

n∑
j=1

∫
Ω

∇uj∇wj dx+ (µ+ λ)

∫
Ω

(div u)(div w) dx =

n∑
j=1

∫
Ω

gj2wj dx

+ζ

∫ ∞

−∞

ω2(ξ)

ξ2 + κ
dξ

n∑
j=1

∫
Ω

gj1wj dx− ζ

n∑
j=1

∫
Ω

wj

∫ ∞

−∞

ω(ξ)gj3(x, ξ)

ξ2 + κ
dξ dx.

(4.15)

for all w ∈ (H1
0 (Ω))

n. Consequently, problem (4.15) is equivalent to the problem

B(u,w) = L(w), (4.16)

where the sesquilinear form B : (H1
0 (Ω))

n × (H1
0 (Ω))

n → IC and the antilinear form L : (H1
0 (Ω))

n → IC are
defined by

B(u,w) = µ

n∑
j=1

∫
Ω

∇uj∇wj dx+ (µ+ λ)

∫
Ω

(div u)(div w) dx (4.17)

and

L(w) =
n∑

j=1

∫
Ω

gj2wj dx+ ζ

∫ ∞

−∞

ω2(ξ)

ξ2 + κ
dξ

n∑
j=1

∫
Ω

gj1wj dx

−ζ
n∑

j=1

∫
Ω

wj

∫ ∞

−∞

ω(ξ)gj3(x, ξ)

ξ2 + κ
dξ dx.

(4.18)
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It is easy to verify that B is continuous and coercive, and L is continuous. So applying the Lax-Milgram
theorem, we deduce that for all w ∈ (H1

0 (Ω))
n problem (4.16) admits a unique solution u ∈ (H1

0 (Ω))
n.

Applying the classical elliptic regularity, it follows from (4.15) that u ∈ (H2(Ω))n. Therefore, the operator
A is surjective. 2

We deduce that r(A) ∩ iIR ⊂ {0}.Thus, we get the conclusion by applying Theorem 4.1. The proof is
thus complete.

5. Lack of Uniform Stabilization

In this section we shall prove that system is not uniformly exponentially stable. This result is due
to the fact that a sub-sequence of eigenvalues of A which is close to the imaginary axis. According to a
Theorem due to Huang [8] and Pruss [13], it is sufficient to prove that the resolvent of the operator A
is not uniformly bounded on the imaginary axis.

Our main result is the following.

Theorem 5.1 The semigroup generated by the operator A is not exponentially stable.

We first compute the characteristic equation that gives the eigenvalues of A. Let λ̃ be an eigenvalue of
A with associated eigenvector U = (u, v, ψ)T . To solve AU = λ̃U is enough to solve

λ̃u− v = 0,

λ̃v − µ∆u− (µ+ λ)∇(div u) + ζ

∫ +∞

−∞
ω(ξ)ψ(x, ξ) dξ = 0,

λ̃ψ + (ξ2 + κ)ψ − v(x)ω(ξ) = 0.

(5.1)

Next, by eliminating v from the above system we get the following system:

(λ̃2 + a1λ̃(λ̃+ κ)σ−1)u− µ∆u− (µ+ λ)∇(div u) = 0. (5.2)

As a consequence of (5.2), div u verifies the scalar equation

(λ̃2 + a1λ̃(λ̃+ κ)σ−1)div u− (2µ+ λ)∆(div u) = 0 (5.3)

From (5.3) we arrive at {
(λ̃2 + a1λ̃(λ̃+ κ)σ−1)E − (2µ+ λ)∆E = 0 in Ω
E = 0 in ∂Ω,

(5.4)

where E = div u. Our goal is to find large eigenvalues which are closed to the imaginary axis and to give
their expansion.

Lemma 5.1 There exists N ∈ IN such that

{λ̃m}m∈Z∗,|m|≥N ⊂ σ(A), (5.5)

where

λ̃m = i
√

2µ+ λβm − a1

2
√
2µ+ λ

1−σ
β
(1−σ)
m

(
cos(1− σ)

π

2
− i sin(1− σ)

π

2

)
+ o(

1

β
(1−σ)
m

),m ≥ N,

λ̃m = λ̃−m if m ≤ −N.

Moreover for all |m| ≥ N , the eigenvalues λ̃m are simple.
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Proof: Let −β2
m = (iβm)

2
be a sequence of eigenvalues corresponding to the sequence of normalized

eigenfunctions ym of the operator ∆ such that

|βm| −→ ∞ as m −→ ∞

and {
∆ym = −β2

mym in Ω,
ym = 0 on ∂Ω.

then
∆ym = −β2

mym = (λ̃2 + a1λ̃(λ̃+ κ)σ−1)ym (5.6)

β2
m = − 1

2µ+ λ
(λ̃2 + a1λ̃(λ̃+ κ)σ−1) (5.7)

Where
λ̃2 + (2µ+ λ)β2

m + a1λ̃(λ̃+ κ)σ−1 = 0. (5.8)

then
λ̃m = i

√
2µ+ λβm + εm. (5.9)

Form equation and (5.8) and (5.9) we get

εm = − a1

2(i
√
2µ+ λβm)1−σ

+ o(
1

β
(1−σ)
m

) (5.10)

Using (5.9) and (5.10), we obtain

λ̃m = i
√

2µ+ λβm − a1

2
√
2µ+ λ

1−σ
β
(1−σ)
m

(
cos(1− σ)

π

2
− i sin(1− σ)

π

2

)
+ o(

1

β
(1−σ)
m

). (5.11)

From (5.11) we have in that case β
(1−σ)
m ℜλ̃m ∼ β, with

β = − a1

2
√
2µ+ λ

1−σ cos(1− σ)
π

2
(5.12)

The operator A has a non exponential decaying branche of eigenvalues. Thus the proof is complete. 2

6. Optimal Polynomial Stability

The necessary and suficient conditions for the plynomial stability of the C0- semigroup of contractions
on a Hilbert space were obtained by Borichev and Tomilov [5].

Theorem 6.1 ( [5]) Let S(t) = eAt be a bounded C0-semigroup on a Hilbert space H. If

iIR ⊂ ρ(A) and sup
|β|≥1

1

βδ
∥(iβI −A)−1∥L(H) < M

for some δ > 0, then there exist c such that

∥eAtU0∥2 ≤ c

t
2
δ

∥U0∥2D(A).

Our main result is as follows.

Theorem 6.2 The semigroup SA(t)t≥0 is polynomially stable and

E(t) = ∥SA(t)U0∥2H ≤ 1

t
2

(1−σ)

∥U0∥2D(A).

Moreover, the rate of energy decay t2/(1−σ) is optimal for general initial data in D(A).
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Proof: We will need to study the resolvent equation (iλ̃−A)U = G, for λ ∈ IR, namely
iλ̃u− v = G1,

iλ̃v − µ∆u− (µ+ λ)∇(div u) + ζ

∫ +∞

−∞
ω(ξ)ψ(x, ξ) dξ = G2,

iλ̃ψ + (ξ2 + κ)ψ − v(x)ω(ξ) = G3,

(6.1)

where G = (G1, G2, G3)
T . Taking inner product in H with U and using (3.4) we get

|Re⟨AU,U⟩| ≤ ∥U∥H∥G∥H. (6.2)

This implies that

ζ

n∑
j=1

∫
Ω

∫ +∞

−∞
(ξ2 + κ)|ψj(x, ξ, t)|2 dξ dx ≤ C∥U∥H∥G∥H. (6.3)

From (6.1)3 we obtain

v(x)ω(ξ) = (ξ2 + κ+ i λ̃)ψ −G3(ξ), (6.4)

By multiplying (6.4) by (iγ + ξ2 + κ)−2|ξ|, we get

(iλ̃+ ξ2 + κ)−2v(x)ω(ξ)|ξ| = (iλ̃+ ξ2 + κ)−1|ξ|ψ − (iλ̃+ ξ2 + κ)−2|ξ|G3(x, ξ). (6.5)

Hence, by taking absolute values of both sides of (6.5), integrating over the interval ] − ∞,+∞[ with
respect to the variable ξ and applying Cauchy-Schwartz inequality, we obtain

S|vj(x)| ≤
√
2U
(∫ +∞

−∞
ξ2|ψj |2 dξ

) 1
2

+ 2V
(∫ +∞

−∞
|gj3(x, ξ)|2 dξ

) 1
2

, (6.6)

where

S =

∣∣∣∣∫ +∞

−∞
(iλ̃+ ξ2 + κ)−2|ξ|ω(ξ) dξ

∣∣∣∣ = |1− 2σ|
4

π

| sin (2σ+3)
4 π|

|iλ̃+ κ|
(2σ−5)

4 ,

U =

(∫ +∞

−∞
(|λ̃|+ ξ2 + κ)−2 dξ

) 1
2

= (
π

2
)1/2||λ̃|+ κ|− 3

4 ,

V =

(∫ +∞

−∞
(|λ̃|+ ξ2 + κ)−4|ξ|2 dξ

) 1
2

=
( π
16

||λ̃|+ κ|− 5
2

)1/2
.

Thus, by using the inequality 2PQ ≤ P 2 +Q2, P ≥ 0, Q ≥ 0, again, we get

S2

∫ L

0

|vj(x)|2 dx ≤ 2U2

(∫ L

0

∫ +∞

−∞
(ξ2 + κ)|ψj |2 dξ dx

)
+ 4V2

(∫ L

0

∫ +∞

−∞
|gj3(x, ξ)|2 dξ dx

)
. (6.7)

We deduce that ∫
Ω

|vj(x)|2 dx ≤ c|λ̃|1−σ∥U∥H∥F∥H + c∥F∥2H. (6.8)

Let us introduce the following notation

Iu(x) =
n∑

j=1

(
|vj(x)|2 + µ|∇uj(x)|2

)
+ (µ+ λ)|div u(x)|2

and

Eu =

∫
Ω

Iu(x) dx.
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Lemma 6.1 We have that
Eu ≤ c∥v∥2 + c∥G∥2H + c′∥G∥H∥U∥H. (6.9)

for positive constants c and c′.

Proof: Multiplying the equation (6.1)2 by ū, integrating on Ω we obtain

−
∫
Ω

vj(iλ̃uj) dx+ µ

∫
Ω

|∇uj |2 dx+ (µ+ λ)

∫
Ω

(div u)
∂ūj
∂xj

dx

+ζ

∫
Ω

ūj(

∫ +∞

−∞
ω(ξ)ψj(x, ξ) dξ) dx =

∫
Ω

ūgj2 dx.
(6.10)

From (6.1)1, we have iλ̃uj = vj + gj1. Then

−
∫
Ω

|vj |2 dx+ µ

∫
Ω

|∇uj |2 dx+ (µ+ λ)

∫
Ω

(div u)
∂ūj
∂xj

dx

+ζ

∫
Ω

ūj(

∫ +∞

−∞
ω(ξ)ψj(x, ξ) dξ) dx =

∫
Ω

ūjg
j
2 dx+

∫
Ω

vj
¯
gj1 dx.

(6.11)

Hence

−
n∑

j=1

∫
Ω

|vj |2 dx+ µ

n∑
j=1

∫
Ω

|∇uj |2 dx+ (µ+ λ)

∫
Ω

|div u|2 dx

+ζ

n∑
j=1

∫
Ω

ūj(

∫ +∞

−∞
ω(ξ)ψj(x, ξ) dξ) dx =

n∑
j=1

∫
Ω

ūjg
j
2 dx+

n∑
j=1

∫
Ω

vj
¯
gj1 dx.

(6.12)

We can estimate∣∣∣∣∫
Ω

ūj

(∫ +∞

−∞
ω(ξ)ψj(x, ξ) dξ

)
dx

∣∣∣∣
≤ ∥uj∥L2(Ω)

(∫ +∞

−∞

ω2(ξ)

ξ2 + κ
dξ

) 1
2
(∫

Ω

∫ +∞

−∞
(ξ2 + κ)|ψj(x, ξ)|2 dξ dx

) 1
2

≤ ε

2

(∫ +∞

−∞

ω2(ξ)

ξ2 + κ
dξ

)
∥uj∥2L2(Ω) +

1

2ε

∫
Ω

∫ +∞

−∞
(ξ2 + κ)|ψj(x, ξ)|2 dξ dx

≤ ε

2
C(Ω)

(∫ +∞

−∞

ω2(ξ)

ξ2 + κ
dξ

)
∥∇uj∥2L2(Ω) +

1

2ε

∫
Ω

∫ +∞

−∞
(ξ2 + κ)|ψj(x, ξ)|2 dξ dx,∣∣∣∣∫

Ω

ūjg
j
2 dx

∣∣∣∣ ≤ ε

2
C(Ω)∥∇uj∥2L2(Ω) +

1

2ε
∥gj2∥2L2(Ω),∣∣∣∣∫

Ω

vj
¯
gj1 dx

∣∣∣∣ ≤ ε

2
∥vj∥2L2(Ω) +

1

2ε
∥gj1∥2L2(Ω).

2

Choosing ε small enough, we conclude (6.9). Since κ > 0, from (6.3), we have

∥ψj∥2L2(Ω×(−∞,+∞)) =

∫
Ω

∫ +∞

−∞
|ψj |2dξ dx ≤ 1

κ

∫
Ω

∫ +∞

−∞
(ξ2 + κ)|ψj |2dξ dx ≤ c∥U∥ ∥F∥.

We conclude that
∥U∥2 ≤ c∥v∥2 + c′∥F∥2 + c′′∥U∥ ∥F∥. (6.13)

Finally, (6.8) and (6.9) imply that
∥U∥H ≤ C|λ̃|1−σ∥F∥H.

for a positive constant C. The conclusion then follows by applying Theorem 6.1.
2
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4. A. Benaissa, S. Gaouar, Stability result of the Lamé system with a delay term in the internal fractional feedback, Acta
Univ. Sapientiae Math. 13 (2021)-2, 336-355.

5. A. Borichev, Y. Tomilov, Optimal polynomial decay of functions and operator semigroups, Math. Ann. 347 (2010)-2,
455-478.

6. A. Boudaouad and A. Benaissa, Stabilization of a wave equation with a general internal control of diffusive type,
Discontinuity, Nonlinearity, and Complexity 12 (2023)-4 . 879-891.
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