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Jordan Homomorphism of I'-Semirings

Sara Shafiq* and Ayesha Saddiqa

ABSTRACT: The objective of this paper is to define the concept of Jordan mappings for I'-semirings. We
prove that every Jordan homomorphism of I'-semiring is a homomorphism or anti-homomorphism.
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1. Introduction

In 1950s, Herstein studied Jordan homomorphisms [3] in prime rings. His results have had a no-
table impact on the study of Jordan structure and Jordan mappings. A while back, the idea of Jordan
mappings was considered for semirings[7]. In this paper, we introduce Jordan homomorphism for the
algebraic structure of I'-semiring of a certain type.

By [6], let S and T" be additive abelian semigroups then S is called I'-semiring if there exist a map
S x T xS — S which satisfying the following conditions; (¢)(s + m)az = saz + maz and sa(m + z) =
sam + saz (ii)s(a + )z = saz + sfz (iii)sal = Oas = 0. A T-semiring S is called additively inverse
I-semiring if for each s € S, there exists a unique element s’ € S that such that s + s’ + s = s and
s'+ s+ =s'. The center of I'-semiring Z(S) consists of elements in the semiring S that commute with
all other elements, that is, Z(S) = {s: sam =mas ¥ m € S,a € I'}. An inverse I'-semiring S is called
I-MA semiring if for all s € S, s+ &’ lies in the center of S. Throughout this paper, by S, we mean I-MA
semiring which satisfying the condition that samfz = sBmaz. A T'-semiring S is prime if sT'ST'm = 0
implies that either s = 0 or m = 0 and S is semiprime if the condition sI'ST's = 0 implies that s = 0.
The commutator of two elements u and v of S with respect to a € T is defined as [u, v], = uav + vau'.

To prove our main result, we first establish the following useful lemmas.

Lemma 1.1 Let S be I'-semiring. Then for all u,v,w € S, a,§ € I the following properties are valid.

(i) [udv, w]o = ud[v, w]a + [u, w]adv + uld, @],
(#) [u, vOw] o = VO[u, W] + [U, V]odw + V]I, ] w
(#1) [udv, w]q = udfv, w]a + [u, w]adv
(1) [u, vow]o = vi[u, wo + [u, v]odw.

Proof: We give prove of (i) and (iii), only.

(1):  [udv, w]e = udvaw + waudv’ = udva(w + w' + w) + waudv’ = udvaw + ud(w' + w)av + waudv’ =
ud(vaw+w' av)+udwav+waudv’ = udv, w],tudwav+waudv’ = udv, w]etudwa(v+v +v)+waudv’ =
wd[v, w]s + vawdv + waudv’ + udwav + uawdv’.

Thus we have, [udv, w], = wd[v, w]o + [u, w]40v + uld, a)y,v.

(#4¢): By making use of the assumption that samfz = sfmaz in (i), we get
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[wdv, w]o = ud[v, W]o+ [u, w]adv+uld, a],v = udv, w]e + (vaw +wau’)dv+u(dwa+awd v = udlv, w], +
uawdvtucwdv+uawdv +wan’ v = ud[v, w]oHuawd (v+v+v")+wan’ fv = udv, w]otucwdv+wan'dv =
ud[v, W]a + [, w]adv.

Hence proved. O

Lemma 1.2 Let S be 2-torsion free semiprime I'-semiring and let s, m € S. If saxfBm + mazxfBs =0, V
a, B €T then saxfm =0 = maxfs.

Proof: By assumption, sazxfm + mazfs = 0 therefore, we have saxfm = maxfBs’. Consider,
(mazxfs)amPB(mazfs) = mazfB(sampm)axfs = mazf(mamfBs)axfs = ma(xfmam)fs’ axfs =
sa(zfmam)pmazfs. That is, (mazfs)ampB(mazfs) =  sazfmamfmazss. Adding

(mazfBs)amfB(mazBs) on both sides of the last equation, we obtain, 2(maxSs)amfB(maz3s) = (saxfm+
maxfs)ampmaxfs. By hypothesis and using semiprimeness of S, we get maxzfBs = 0. In a similar way,
we can show that saxzfBm = 0. O

The following result follows from Lemma 2 and primeness of S.

Lemma 1.3 Let S be prime I'-semiring and let s,m € S such that for all o, 3 € T' we have, saxfm +
maxBs = 0, then either s =0 or m = 0.

2. Jordan Homomorphism of I'-Semirings
In this section, we define the concept of Jordan Homomorphism for the structure of I' — semirings.
Definition 2.1 Let S and T be I'-semirings, an additive mapping w : S — T is called Jordan homomor-
phism if
w(sam + mas) + w(s)aw(m) + w(m)aw(s) =0

foralls,m e S and o, €T.

Lemma 2.1 Let w be a Jordan homomorphism of I'-semiring S into 2—torsion free I'-semiring T. Then
for all s,m,c €S and o, B € T, the following statements are true:

(i)w(sas) + w(s)aw(s) =

0
(i1)w(sampBs) + w(s)aw(m)Bw(s) =0
(#it)w(sampPe + camfs) + w(s)aw(m)Bw(c)’ + w(c)aw(m)LBuw(s)” = 0.

Proof: (i) : By definition of Jordan homomorphism, we have
w(sam + mas) + w(s)aw(m) + w(m)aw(s) =0 (2.1)
Replacing m by s in the above equation, we have
w(2sas) + 2w(s)aw(s)’ = 0.
But T is 2-torsion free, so we have w(sas) + w(s)aw(s)" = 0.
(it) : Put m = spm + mfs in (2.1), we obtain
w(sa(spm + mpBs) + (sfm + mBs)as) + w(s)aw(sfm + mPs) + w(spm + mBs)aw(s) = 0

w(sasBm + mpBsas) + 2w(samfBs) + w(s)aw(s)Bw(m) + w(s)aw(m)Bw(s)'+
w(s)Bw(m)aw(s) + w(m)Bw(s)aw(s) =0 (2.2)
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Replacing s by sfs in (2.1) and then using (i), we have
w(sBsam + masfBs) + w(s)Bw(s)aw(m) + w(m)aw(s)Bw(s) =

Therefore,
w(sasBm + mPBsas) + w(s)aw(s)Bw(m)" + w(m)Bw(s)aw(s) =0 (2.3)
By (2.2) and (2.3), we get
2w(samfBs) + 2w(s)aw(m)pw(s) =
Thus
w(samfBs) + w(s)aw(m)pw(s) =0 (2.4)

(1) : Linearize (2.4) and re-arranging the terms, we arrive at

{w(samBs) + w(s)aw(m)Bw(s)} + {w(camBe) + w(c)aw(m)Bw(c)'}+
w(sampBe) + w(camBs) + w(s)aw(m)Bw(c)’ + w(c)aw(m)Bw(s) =

By using (2.4), we get
w(samfBe + camBs) + w(s)aw(m)pw(c)’ + w(c)aw(m)Bw(s) =

Hence Proved. O

Notations:
Let us fix some notations : (s™), = w(sam) +w(s)aw(m) and ($m)a = w(sam) + w(m)aw(s)’.

Thus (1) can be written as
(8™)a+(m*)a =0 (2.5)

Lemma 2.2 Ifw is a Jordan homomorphism from an I'-semiring S to 2-torsion free I'-semiring T then
(8™)aB(Sm)a =0 and (S$m)aB(s™)a = 0.
Proof: By using (i) and (i¢) of lemma 4, we have

(s™)aB(8m)a = {w(sam) + w(s)aw(m)'} B{w(sam) + w(m)aw(s)'} = w(sam)Bw(sam)+
w(sam)Bw(m)aw(s) + w(s)aw(m) Bw(sam) + w(s)a{w(m) fw(m)}taw(s) = w{(sam)B(sam)}+
)
w(

”‘/-\

"+ w(s)aw(m) Bw(sam) = w(samBsam)+
m) Bw(sam) = w(samBsam + samfBmas)+

w(sam)pw(m)aw(s) + w(s)aw(m) fw(sam).

{w(s) aw(mpm)aw(s)'} + w(sam)Bw(m)aw(s

w(sampBmas) + w(sam)Bw(m)aw(s) + w(s)aw

If we put ¢ in place of sarm then we get

(s™)aB(8m)a = w(sampBec + cfmas) + w(c)Bw(m)aw(s)" + w(s)aw(m)Bw(c)’

and therefore, by Lemma 4, we get our desired relation.

In a similar fashion, we can show that (s,,)a3(s™)a = 0. O

Lemma 2.3 Let w be a Jordan homomorphism from I'-semiring S to 2-torsion free I'-semiring T'. Then
for any s,;m,r € S and o, €T

(sm)aaw(r)ﬁ(sm)a = (sm)aaw([sa m}aﬁr)

and

(8m)aBw(r)a(sm)a = w([s, m]aBr)a(sm)a-
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Proof: Consider,
w(r)B(s™)a = w(r)fw(sam) + w(r)fw(s)aw(m)’
But from (#i¢) of Lemma 4, we have

w(r)aw(s)pw(m)’ = w(rasBfm + maspr)’ + w(m)aw(s)Bw(r)

So
w(r)B(s™)a = w(r)Bw(sam) + w(raspm + maspr)’ + w(m)aw(s)Bw(r) (2.6)

Now, consider,
w(raspm +maspBr) = w{(r +r' + r)asBm + maspr} = w{(rasBm) + (r + r')aspm + maspr} =

w{(raspm) + samfB(r +r') + maspr} = w{(raspm) + sampBr + sampBr’ + maspr} =

w{rasBm+sampr} +w{sampr’ +maspr} = w(r)Bw(sam) +w(sam)Bw(r) +w(maspr + sampr)

That is,

w(raspm + maspPr) = w(r)pw(sam) + w(sam)Bw(r) + w(masBr’ + sampfBr)
Combining this with (2.6), we obtain
w(r)B(s™)a = w(r)B{w(sam) + w(sam)'} + w(m)aw(s)Bw(r) + w(sam)Lfw(r)’
+ w(mas'Br + sampPr)
But w(sam) + w(sam)’ € Z(S) so we have

w(r)B(s™)a = (w(sam) + w(sam)’ + w(sam)’)Buw(r) + w(m)aw(s)Bw(r) + w([s, m]apr)

w(r)B(s™)a = (w(sam)’)Bw(r) + w(m)aw(s)Bw(r) + w([s, m]aSr)
w(r)B(s™)a = ((8m)a)Bw(r) + w([s, m|aBr) (2.7)
Pre multiply (2.7) by (s™)ac
(Sm)aaw(r)ﬁ(sm)a = (sm)aa(sm)aﬁw(r)/ + (Sm)aaw([sa m}aﬁr)

Thus

(s"™)aaw(r)B(s™)a = (8™)acw([s, m]aOr)

Post multiply (2.7) by a(sm)a

W(T)ﬁ(sm)aa(sm)a = (Sm)aﬁw(r)/a(sm)a + w([s,m]aﬂr)a(sm)a
By Lemma 5, we obtain
(8m)aBw(r)a(sm)a = w([s,m]aBr)a(sm)a-

Hence Proved. O

Lemma 2.4 Let w be a Jordan homomorphism from I'-semiring S to 2-torsion free I'-semiring T. If
s,m,r € S then

w(rBls,mla) = (s™)aBw(r) + w(r)B(sm)a
and

w([s,m]aﬂr) - w(r)ﬁ(sm)a + (sm)aﬂw(r)'
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Proof: To proof
w(rBls,mla) = (s™)aBw(r) +w(r)B(sm)a

Consider,

(s™)aBw(r) + w(r)B(sm)a = w(sam)Bw(r) + w(s)aw(m)'Bw(r) + w(r)fw(sam) + w(r)Bw(m)aw(s)” =
w(sampBr+rBsam)+w(s) aw(m)Bw(r)+w(r)fw(m)aw(s) = w(sampr+rBsam-+samfBr’ +rfmas’) =
w(sampB(r + ') + rsam + rfmas’) = w{(r + ') Bsam + rfsam + rfmas’}y = w{(r + ' + r)Bsam +
rfBmas’} = w(rBsam + rfmas’) = w{rf(sam + mas’)} = w(rfs,m|q).

Similarly, w([s, m]afr) = w(r)B(s"™)a + (Sm)afw(r). This completes the proof. O

Lemma 2.5 Let w be a Jordan homomorphism from T'-semiring S to 2-torsion free I'-semiring T. If
s,m,r €S and o, €T then

(8m)acw(r)B(s™)a + (s™)aaw(r)B(sm)a = 0.

Proof: By Lemma 7, we have
w(rBs,mla) = (s™)afw(r) +w(r)B(sm)a
Replace r by [s,m]oar in above equation, we get
w([s,mlaarfls, mla) = (s™)aBw([s, m]aar) + w([s, mlaar)B(sm)a-
By (i) of Lemma 4 and Lemma 6, we get
w([s, m]a)aw(r)Bw([s, mla) = (s™)aBw(r)a(s™)a + (sm)acw(r)B(sm)a- (2.8)

Now, by using definition of Jordan homomorphism, we have
w([s,m]a) = w(sam + m'as) = w(sa(m + m' + m) + m'as) = w(sa
w(mNaw(s) = {w(sam)+w(s)aw(m')} +{w(sam)+w(m aw(s)} = (s™
(5™)a + (Sm)a-

E!—w(sam) + w(s)aw(m') +

m)
Ja+ (8m)a- That is, w([s, m]a)

Thus by (2.8), we obtain

{(sm)a + (Sm)a}o‘w(r)ﬂ{(sm)a + (Sm)a} = (Sm)aﬂw(r)a(sm)a + (Sm)aaw(r)ﬂ(sm)a
So we have
(Sm)aaw(r)ﬂ(sm)a + (Sm)aaw(r)ﬂ(sm)a + (sm)aaw(r)ﬂ(sm)a + (SM)aaw(T)ﬁ(sm)a
= (Sm)a/@w(r)a(sm)a + (Sm)aaw(r)ﬁ(sm)a
Adding (mg)aaw(r)B(Sm)a + (M) qaw(r)B(s™)s on both sides
(ms)aaw(r)B(sm)a + (M*)acw(r)B(s™)a + (8™)aaw(r)B(s™)a + (8™)acw(r)B(sm)a
+ (Sm)a0w(r)B(s™)a + (Sm)a0w(r)B(Sm)a = (Ms)aqw(r)B(sm)a + (M?)acw(r)B(s™)a
( )aﬁw(r)a(s )a + (Sm)aaw(r)ﬂ(sm)a-
Therefore,
{(ms)a + (sm)ataw(r)B(sm)a + {(m*)a + (s™)ataw(r)B(s™)a + (8™)aaw(r)B(Sm)a
+ (sm)aaw(r)B(s™)a = {(5™)a + (m")ataw(r)B(s™)a + {(sm)a + (Mms)ataw(r)B(sm)a-
But (s™)a + (m®)a = 0 = (Sm)a + (Ms)a SO we get
(8m)aaw(r)B(s™)a + (s™)acw(r)B(sm)a = 0.

Hence Proved. O
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Theorem 2.1 FEvery Jordan homomorphism w of S onto 2-torsion free prime I'-semiring T is either a
homomorphism or an anti-homomorphism.

Proof: By Lemma 8, we have
(8m)a0w(r)B(s™)a + (8™)acw(r)B(Sm)a =0

By Lemma 3, either (s;;)o = 0 or (s™), = 0. This implies that w(sam) = w(s)aw(m) or w(sam) =
w(m)aw(s).
Therefore w is either homomorphism or anti-homomorphism. O
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