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Forecasting in Nonparametric Regression Models with Double Censoring

Ilhem Laroussi and Ranya Boustila

ABSTRACT: In this work, we study the nonparametric estimation of the regression function using the least
squares method in the presence of double censoring. We construct an estimator by replacing unknown survival
functions with self-consistent estimators in the spirit of Turnbull (1974). We prove that this estimator is
strongly consistent, converging almost surely to the optimal regression function. Finally, we illustrate our
theoretical findings with a simulation study under linear and nonlinear regression models.
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1. Introduction

Nonparametric regression plays a central role in modern mathematical statistics due to its flexibility
and its ability to model complex relationships without imposing restrictive structural assumptions. Given
a random pair (X,Y’), the objective is to estimate the regression function

R(z) =E(Y | X = ),

which characterizes the conditional mean of the response variable given the covariate. Classical nonpara-
metric regression methods include kernel estimators, such as those proposed by Nadaraya and Watson
[8,11] in 1964, nearest-neighbor procedures introduced by Stone [9] in 1977, local polynomial methods de-
veloped by Fan and Gijbels [3] in 1996, and wavelet-based techniques proposed by Donoho and Johnstone
[1] in 1994.

In many applied fields, such as survival analysis, reliability theory, economics, and biomedical studies,
the response variable is often incompletely observed due to censoring. Censoring occurs when the exact
value of a variable is not available and only partial information is recorded. While regression models
under right censoring have been extensively studied, considerably fewer results are available for the more
general and challenging cases of double or general censoring.

The statistical analysis of doubly censored data was initiated by Turnbull [10] in 1974, who introduced
a self-consistent estimator of the underlying distribution function. This estimator has since become
a fundamental tool in inference problems involving interval and double censoring and has motivated
numerous extensions in regression settings.
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In this context, several contributions have investigated least squares—based nonparametric regression
estimators under censoring. Kebabi, Laroussi, and Messaci [5] studied least squares estimation of the
regression function in the presence of twice-censored data and established its asymptotic properties.
Laroussi [6] proposed a generalized censored least squares framework combined with smoothing spline
techniques, providing a unified approach to regression estimation under censoring. More recently, wavelet-
based incomplete least squares estimators were introduced by Douas, Laroussi, and Kharfouchi [2],
highlighting the benefits of multiresolution analysis in censored regression models. Spline-based methods
under general censoring schemes were further developed in [7], where a B-spline estimator of the regression
function was investigated.

Beyond classical nonparametric approaches, modern machine learning tools have also been explored
in censored regression settings. In particular, Idiou et al. [4] studied the combination of neural networks
and least squares estimation, opening new perspectives for flexible regression modeling under incomplete
data.

Motivated by these works, the present study focuses on nonparametric regression estimation in the
presence of double censoring. We propose an estimation procedure that builds upon self-consistent
techniques and nonparametric smoothing methods. The theoretical properties of the proposed estimator
are established, and its finite-sample performance is illustrated through simulation experiments.

2. Framework of the Study

Let Y denote the response variable of interest, which is subject to both left and right censoring. Let
L and R denote the censoring variables, with observed data consisting of triplets (X, L, R) along with
censoring indicators. Formally, we observe

7 = ma,X(L, mln(Y, R))a

with indicators specifying whether Y is left-censored, right-censored, or observed exactly. Let Y be a
real-valued random variable of interest, whose exact value is not always observed. Instead, two random
variables L and R are observed such that

L<Y <R,

where L and R represent the lower and upper censoring bounds, respectively.
The standard assumptions on these variables are as follows:

e Order of bounds: almost surely, L < R and P(L < R) > 0.

e Non-informative censoring: the variable of interest Y is independent of the censoring mecha-
nism, i.e.,

Y AL (L,R) | X.

Non-degeneracy: the probability that Y is effectively censored is strictly positive,
P(L<Y <R)>0.

e Common support: the support of Y is included in the support of the observed intervals,
Vy € supp(Y), P(L<y<R)>0.

Let T = inf{t € supp(R) : Yy € supp(Y), P(y < R) > 0}.

Regularity: the distributions of Y, L, and R are continuous, with
P(Y=L)=P(Y =R)=0,
ensuring the necessary regularity conditions for asymptotic analysis.

These assumptions guarantee the identifiability of the double censoring model as well as the validity
of estimators based on the observed intervals [L, R].
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3. Least Squares Estimation

In the classical case without censoring, the regression function R minimizes the quadratic risk

R(f) =E[(Y - f(X))?],

over a suitable class of candidate functions. The minimizer is the conditional expectation R(z) =
E(Y|X = z) from the data O, = {X;,Z;,A; ; 1 < i < n} which is independent and of the same
law as (X, Z, A) as
0 if L<Y<R
A=<1 if Y>R
2 4if YL

When Y is doubly censored, direct minimization is not feasible since Y is not always observed. We
thus replace the unknown survival distributions Sy, Sy, Sg by their self-consistent estimators Sy, Sy, Sg,
as proposed by Turnbull (1974). Given by

Sy () = QU (1) - /{ N 5:((3)d ™) () + /{ ) }f‘?ﬂd@@@»

(n)
S‘R(t):1+/ M,t<3n.
{u<ty Sy (u)

Sp(t) = —/ Lén), t> A,
{t<uy 1 — Sy (u)

These estimators converge uniformly and almost surely to the survival functions Sg and Sy, in this case
the estimator will be as follows This leads to an empirical least squares criterion which is obtained by
minimizing the empirical risk Lo

Ra(f) = %Zwl (Zi — F(X)?,

i=1

where
N )
Sr(Z;) — Sp(Z;)

are weights derived from the censoring mechanism. The regression estimator is then defined as

i

P = arg min Rn(f)

n

Where F,, is the class of functions.

4. Consistency of the Estimator

We establish that the proposed regression estimator converges almost surely to the optimal regression
function. Let R* given above, denote the minimizer of the true quadratic risk R. Then, under regularity
assumptions on the censoring distributions and the complexity of F,, R (x) % R*(x).

Assume that the following conditions are checked

oM, : Ay # 2 so that Sg(t) — Sp(t) > 0,V¢ > 0. This assumption is verified by choosing a sample with
the first data non censoring.

oH, : If Tp < oo then M,, = max{Z1, ..., Z,} :a:i—? Tr.

eH; :dbe R:— : b= inftSTR(SR(t) — SL(t))

Then the proof relies on
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e Uniform convergence of the self-consistent estimators S L, Sk to their true counterparts are given

by
Vte Ry Sg(t) " Sg(t) (4.1)
Vte R, Sp(t) T> Sp(t). (4.2)

e Approximation properties of the function class F,.
e An application of empirical process techniques to show almost sure convergence.

Since Y is bounded (0 <Y < Tg), the estimator R, (z) must be truncated by

R*«n(z) =T [0, Tr](Rn(x)). (4.3)

But in the truth, we will work with the second version of tronque estimator which is defined by

Rxn(z) =T * [0, M,](Rn(x)). (4.4)

Such as, For any real 2 and any real strictly positive ¢, Tjo () is called the truncation operator which
is defined by

t ifx>t
Toq(r) =z f0<z<t,
0 ifz<0

and checks the following properties
e Vb>0,Va>0and Vx € R, |T [0,0](z) — T % [0, a](x)] < |b—al.

In the following we will present the consistency of our estimator by a theorem, for this we will define the
following sets
B F,={f€F,:0< f(z) <Tr(z €R)}.

FrFn = {g :R—RY/3f € Fo,Vz € R:g(x) = T[oyTR](f(x))} .
Fr={{(z,y) eRxR: f(x) >y}, f € Fn}
4.1. Result and proof

The convergence of the estimator R, (x) is equivalent to the convergence of the estimator R (z)

Theorem 4.1 Under the assumptions (Hy, Hy, H3),

/ |Rn(z) — R(z)] p(dz) — 0,a.s.
R n—oo
for a family choice F,, of functions f : R — R satisfying

.
R, (4.5)

n n—oo

Where Vg, 1 denotes the V.C (Vapnik-Chervonenkis) dimension of all function graphs in F,, and

inf su z)—g(x)] — O, 4.6
s 1) ) (4.6)

for all A € RY and for any continuous function g : R — R, which cancels out of [—A, A] and which is
bounded by Tg.

Proof: The proof of this theorem is divided into three steps
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e The first step: It is shown that

[ 1Ri @) = RG@)Putas)

F(X) = Zi?

<2 sup Z IX) =28y px
fe]-'*]-'n n = Sr(Z;) — Sp(Zs)
f _ 2
+ dnt / £(0) = r(a) (o).
We have
[ Rie) = R(@) ()

n { inf_ E[|f(X) - Y|2]—E[|R<X>—Y|21}.

fEB:F,

1. The regression function checks that

inf
feB:LF

Elf(X) - Y|P - E[R(X) -

2. On the other hand

* _ 2 _ . _ 2
B ([R0(X) = Y[*|0.) = inf BIJ(X) - Y|
N Ry (Xi) — 24
= sup E(|R} On)——
fe%{ (IR0 =YP | 0,) Z{A AT ANTTY
. 2
z": R (X)) — Zi 12":]1 )Rn(Xi)_Zi
A;=0 = - A;=0} % =
i1 H rs (Z;) = Si (Z ni= A=) Sr(Zi) — Si (Z;)
. 2
n R (Xi) — Z; 2
1 nA |f (Xi) — Zil
+ = Tia,—0y = - = i=
";{O}S Z) -5,z Z{O}()SLH
5N |/ (X0) — Zif” >
+— Tea, =0y = - —E|f(X)-Y|* ;.
n; =0 S (Z:) — S0 (Z:)
We treat each term independently to get our result.
e We have f € B F,, C F,, therefore
Ra (X0) - 2 ’ >
n (Xi) — Zi 1 < Z;
13t ED PPN Lc ORI
( z) - SL (Zz) n i=1 SR ( ) SL (ZL)
e Also, foralli=1,...n
[Rn(Xi) = 2] = [7:3n(Xi) — R (Xi)] + [Ry(Xi) — Zi] = [Ry,(Xi) —
= [Ra(Xi) = Zi] 2 [R,,(Xi) — Zi].
Then
‘R _z|
1 ®; <X1> - :
- ]l A;=0} = = ~ A;=0 =

Y|?

= f
fean;; n/ |f

),

Y[

{E[R:;(X> ~YPIO - it BIFCO - Y

x)|*p(dz).

Al

(4.7)
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Therefore
B (1R;,(X) =Y | On) = inf BI7(X) -~ YP
, |R< )=zl
Sfesé?ﬂ{E(R”(X) 1) - Z S (2) - 5020

l n |f(Xi)—ZZ-\ - o
Jrn;l{Ai:O}gR(Zi)—gL (Z) E[f(X) - Y] }

o Of the fact that f € B} F,, , R} € B} F, and B} F, C F:F, ,it’s clear that

. Ry (X)) = Zi[°
fesléljlpfn {E (|R’H(X) ) . Z {A;=0} SR ) SL (Zz) }

(Xi)_Zi|2 B —
_fes}.lpfn{ Z {4=0}g Z) — 80(Z0) Elf(X)-Y }
then
E(|RZ(X)—Y|2|(9n)_f€1é1fJT E[f(X) - Y|?
Ly FX) -z o
§2fesﬁffn{”;1{“‘1"0}&(&)—&(&) B~ Y] } (48)

So according (4.7) et (4.8), we have

| Rio) = @) Pt

<2 sup
fEF:Fn

2
lzmzm S;E( )) Sf(' = B(X) Y

inf / 1 2 (da).

fEB*

e The second stage : shows that

n—o0

inf dz) 225 0.
nf / (@) — R(@)2u(de)

Either C° (R) all continuous functions with compact support. As C° (R) is dense in Lo, for all € > 0
there is a function h of C° (R) verifying

/|h z)2u(de) < e ps..
Let’s choose A > 0 such as h(z) =0, if z ¢ [— A, A] and
€
pl-AAF) < 7.

Define h(x) = Tio, ) (h(x)), z € R, then h(z) € C°(R),0 < h(z) < Tk and 0 < R(x) < T involve

[ @) = R@)Pute) < [ 1ha) = R(@)Ep(ds) <

For all f € B}, F;,, we have
[f(z) -R@)]? <Ti (¢€R).
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Therefore
s [ - REPuan = g [ 15 R
vt /{AA]C 17(2) ~ R(a) Pp(d)
<t [ @) - RE@PH) + The R -4, 4)
< 2 feiBn;;fJ-‘n o |f(z) — h(z)|?u(dz) + 2 feiBn;f}_n o |h(z) — R(z)|*u(dx) + ¢
< 2 gt [ 17 B + e

According (4.6) and € — 0 therefore

redir, / () = R(@) Fu(d) =0
e The third step: shows that
f(X3) — Z;|? a.s
sup Z )~ Zi| ~E(f(X)-YP)| =0,
fEFLFn | N SR( i) — S(Z;) n—00
The following breakdown is used
1 ¢ |f(Xi) = Zi|? 2
su — Tia.—0y= - —E(f(X)-Y
o 3 v (Z,)_ 5 B0 P
X')—Zi)l2 IRS |f(Xi) = Zif?
< sup |- - - — Tia,=
jeFi P Z A0S p(20) - S0(2,) ng (=055 (Zi) — S0(Z)
(X ) = Zil? 2
+ su — - —-E(|f(X)-Y .
| Z 5 5z~ B - V)
So to prove
n N 72 ]
S S Tt .3 R I 1T} 5 L) | N
FEF:F, | T i—1 SR(Zv) *SL(Zi) n—00
just show that
- X‘)—Zz‘)|2 1¢ (X)) = Zi|? as
sup B Tia,— 0 4.9
fEF:Fn 2; Z;) — Sp(Z) n; W=D G1(Z:) — SL(Zi)| nee (4.9)
and
1 f(Xs) = Zif?
su — Tia— —E 22 0. 4.10
L B AT A N UGV ] freees (4.10)
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1. We start with the first term

f(Xi) = Z))? |f(Xs) = Zif

jerir, |n Z =0 <zi> ~5.(2,) Z =0 5,20 — 5u(2)
_ ) 1 B 1
B fe}'p}' Z Lol f(X:) = Zi Sr(Z;) - Sp(Z;)  Sr(Zi) — SL(Z:) |
< T2 sup (Sr(t) = SL(t)) — ESR(t) _ASL(t))

>0 | (Sr(t) = SL(t))(Sr(t) — SL(t))
< T2sup (sRu)-SR(Q)-%SSLQ)-SL@)W

t>0 N(S

X sup [|SR<t> — Salt)] + |SL<t> - 5.0

t>0

we have
(S =5c6) = (Sr(t) = Sa(t) + S(t) = Su(t) + S(t) - Su(t))
(Sr(t) = Sr(®)) + (SL(t) = (&) + (Sr(t) - SL1)).

based on the convergence of Sk(t) and Sy (t), as given by equations (4.1) and (4.2) we find
then

1m(&@—&ﬁ»=&@—&@ a.s.

n—oo

Using the hypothesis Hs therefore

g F(X) — [(X:) = Zif
su — Tia— — Toa—
fefffn n s O)SR(Zi) Z s O)SR Zi) — S1(Zi)
T2 . .
< Zsup [[(Sr(t) = Sr()] + 1S2(6) SL<t>|} .
t>0
This gives
X) F(X:) = Zi?
li S 3 - — — =0 a.s.
LN, I P Z (4=0) l_)i Z 4= 5.2) —5s (2] s
(4.11)

2. It remains to be proven that

|f(Xi) — Zi? o] as
f;]‘:_lp}_ TLZH(A*O)S( ) SL( ) _E(|f(X)_Y|) mo

Let us introduce the following notations V = (X, Z,14) , V1 = (X1, Z1,14,) .-, Vo = (X0, Zn, 14,) ,
n 1.i.d random vectors of the same distribution as V. Let’s Pose

Hy ={h:Rx[0,Tg] x {0,1} = R* : 3f € F;F, suchas

1a|f(z) — 22

h(z,z,14) = —SR( )= 5.0)

pour tout (z,z,14) € R x[0,Tg] x {0,1}}.
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Since 0 < Z < Tg as and 0 < f(x) < Tk, for all z € R and all f € F!F,, functions in H,, are

2
non-negative and bounded by . In addition, we have

2
E(h(V)) = E (W) _E(|f(X)-YP).
And
(X)) — 2 )
. nZ g B B0 - v
:hseuﬁ)n Zlh (V)].

For any hi, he € H,, be fi, fo their corresponding functions in FF,, then

%Z|hl(vi)_h2(vi)‘
fz o) |f1( D) = Zil® f2 (X3) = Zi)?

Z) - 5.(Z)  HAY5, (Z,) — 5.(Z)

< S () + 2 (X0) = 220 (2 (X)) = fo (X))
< ZES 1A () - £ (X0,

which implies that

N (e, Hpn, V") <N< J-'*]-'n,X1>
where N (e, F,,, Z]") denotes the recovery number.
We get for everything € > 0,

sup > €
heH,

b ne?b?
<SE “F X7 _ney
= {N< o7 7+ )}p< =

64eT3\ >V rs 7t ne2b?
<1 L —— .
= 6( cb? ) eXp( 128T;§>

Since V. Fr = V}‘I and the condition ( 4.5) of the theorem, the probability above is summable.

L3 hm) - mh)

And using the lemma of Borel-Cantelli, we have

.‘2

f(X3) — 2y| _as
su Lo, — -E(f(X)-Y — 0.
1, | Z =0 g5z~ BUFCO - YP)
So according to the relation ( 4.10) and ( 4.9), we find
1 & X;) — Z;|?
S D S TLAC. R I 1T} 5% )| )
JEFLFa | M= Sr(Z;) — S1(Z;) noee
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5. Simulation Study

This section presents a simulation study illustrating the finite-sample performance of the proposed
nonparametric least squares estimator under double censoring. We investigate the impact of the sample
size (n = 50, n = 100, and n = 500) and compare the estimator with the true regression function under
both linear and nonlinear models. In all experiments, the censoring rate does not exceed 30%.

5.1. Linear Model

In the linear setting, we generate data from
X =0.1Y + 100 + ¢,

where Y takes integer values from 1 to n, and € ~ N(0,0.5). The censoring variables are defined by
L ~W(7.1,100) and R =L+ V, with V ~ W(1,80), where W denotes the Weibull distribution.

The following figures illustrate the comparison between the estimator and the true regression function
for different sample sizes:
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Figure 1: Estimator versus true regression function in the linear model.

For small sample sizes, the estimator exhibits noticeable variability and deviates from the true re-
gression curve, especially in regions with heavier censoring. As the sample size increases, the estimator
approaches the true regression function more closely, and the variability is substantially reduced. This
behavior is consistent with the theoretical consistency result established in Section 4.1.

5.2. Nonlinear Model

In the nonlinear setting, we consider the quadratic model
X =0.0001Y% 4 0.1Y + 100 + ¢,

with Y again ranging from 1 to n and € ~ N(0,0.5). The censoring variables are L ~ W(5,99) and
R=L+V,with V~W(3,70).

The resulting estimator and true regression function are shown below: The results show that the
estimator is able to capture the nonlinear structure of the regression function. As the sample size
increases, the approximation error decreases uniformly over the support of Y. Compared to the linear
model, the nonlinear estimator achieves a smaller approximation error, particularly for large samples,
highlighting its greater flexibility in modeling complex relationships.

5.3. Model Comparison

To further assess performance, we consider the linear generating model
X =0.1Y + 100 + ¢,

and evaluate both the linear and nonlinear estimators. The following figures display the comparison
across different sample sizes:
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Figure 2: Estimator versus true regression function in the nonlinear model.

2 ° o e | g
=1 e = [ True values ue values
° 4 Linear estimato r Estimator
g ° 55‘: @ || + Nonlinear Estim o | | +Nonlinear Estim
e o f N E 3
+¢2¥
ol
= o
g g4 o o s 84 s g
Z o o > z
] ° e X S
g2 2 G o 5 s 5 .
2 0o 45 5 - 5 &4
s P S ] g
5 s ° N
Q| s o |
- <
27 ° 2 | o
ERE.
o o g
T T T T T T T T T T T T T T T T T T
0 10 20 30 40 50 0 20 40 60 80 100 0 100 200 300 400 500
Y Y Y

Figure 3: Comparison between linear and nonlinear estimators when the true model is linear.

The approximation errors are reported in Table 5.3:

n Error; (linear estimator) | Errory (nonlinear estimator)
50 0.3494 0.3060
100 0.2681 0.2627
500 0.2175 0.2164

Table 5.3: Approximation errors of linear vs. nonlinear estimators.

A comparison between the linear and nonlinear estimators reveals that, while both estimators improve
with increasing sample size, the nonlinear estimator consistently provides a better fit to the true regression
function. This improvement becomes more pronounced for larger samples, where the nonlinear estimator
benefits from its ability to adapt to curvature in the regression structure. Overall, these findings confirm
that the least squares—based estimator performs more accurately in the nonlinear setting when sufficient
data are available.

6. Conclusion

We developed a nonparametric least squares estimator for regression under double censoring. The
construction relies on self-consistent estimators of the survival functions, and the resulting estimator is
shown to be consistent. Simulation studies corroborate the theoretical results and illustrate the practical
performance of the method.
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