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Novel Iterative Approaches: Examining Stability, and Convergence

Charu Batra, Rakesh Kumar, Man Singh*

ABSTRACT: In this paper, we propose a new iterative method for approximating fixed points of contraction
mappings. We prove a convergence theorem and evaluate its rate of convergence regarding the KF, AA,
Piri, and S* iterative algorithms. In addition, we present findings on stability. These findings contribute to
the ongoing development of iterative algorithms for nonlinear problems in various mathematical and applied
contexts.
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1. Introduction

Fixed point theory is a fundamental area of nonlinear analysis, with wide-ranging applications in
mathematics, optimization, economics, and engineering. Specifically, it focuses on identifying points that
remain unchanged under specific mappings, referred to as fixed points. Iterative methods have long
been the preferred approach for approximating fixed points due to their simplicity and effectiveness.
These methods play a pivotal role in solving complex problems such as nonlinear equations, variational
inequalities, and optimization tasks; see [1,2,3,4,5,6,7,8,9,10]

The development of efficient iterative algorithms, especially for contraction mappings, has garnered
significant attention in recent years. The key considerations in designing such algorithms include ensuring
strong convergence to a fixed point and analyzing the stability of the iteration process. Convergence
guarantees that the sequence generated by the iterative method approaches the true fixed point, while
stability ensures that small perturbations in the initial conditions or parameters do not lead to large
deviations in the solution. Together, convergence and stability are crucial properties that determine
the practical applicability of an iterative method. Numerous iterative procedures have been extensively
studied in the literature by various authors, such as Picard [14], Mann [12], Ishikawa [13], Noor [15], SP
[16], Agarwal [17], Piri [18], and Ullah et al. [19], among others.

In 2013, Karahan and Ozdemir [20] introduced a three-step iterative method, namely S* iteration

p=yev,

Yn+1 = (1 — &)y, + ,11v,,
v = (1 = op)Hyy + oty
Un = (1 — wn)yn + wp Iy,

(1.1)
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where {e,}, {0} and {w,} are sequences in [0, 1] with Zen = o0.
n=0
In 2013, Karahan and Ozdemir [20] showed that their iteration converges faster than Picard, Maan, and

Agarwal-O’Regan-Sahu iterations for nonexpansive mapping in Banach space.
In 2019, Piri et al. [18] introduced the following iteration process

pn=yeT,
Ynt1 = (1 — ex)uy, + €,1v,,
b~ (1.2)

Up = H((l - an)yn + UnHyn),

where {e,} and {0} are sequences in (0,1) with 1 —¢,, <&, and 1 — 0y, < 0.

Piri et al. [21] showed that their iteration converges quicker than Picard [14], SP [16], Agarwal [17],
Noor [15], Ishikawa [13], Mann [12], Thakur [22] and Abbas and Nazir [23] for contractive mappings.
In 2022, Ullah et al. [19] introduced a three-step iteration namely KF iteration

yp=yeT,

n =1I I*an ana

Ynt1 = (1 — en)Iyn + enllvy) (1.3)
vn:HunM

up = (1 — 0p)Yn + onTYn)

o0
where {e,}, {on} are sequences in [0, 1] with Z Ep = 00.
n=0
In 2022, Beg et al. [24] introduced the following four-step iterative scheme named as A A-iteration scheme.

y1=y¢€ T7
Yn+1 = anv
vp = I[(1 — en)up + e,1Tuy], (1.4)

Up = H[(]. — wn)wn + wnHwn]v

oo
where {e,}, {w,} and {d,,} are in [0,1] and an = 0.
n=0
Motivated and inspired by the above-mentioned results, we introduce a new iterative algorithm (New
Algo.)

ag=acT,

an+1 = IB3[(1 — &,)le,, + €,11b,,],

b, = I[[(1 — op)7d, + onlle,]] (1.5)
e, = I13[d,,],

dn, =T[(1 — 9,)an + 91ay],

In this paper, we propose a new iterative method for approximating fixed points of contraction mappings
in real normed linear spaces. We establish a strong convergence theorem, proving that the proposed
method converges to a fixed point under standard conditions. Additionally, we investigate the stability
of the algorithm, providing insights into its robustness and reliability in practical scenarios. To evaluate
the effectiveness of the proposed method, we compare its performance with several well-known iterative
algorithms, including the S*, Piri, KF, and AA iterations. Theoretical analysis demonstrates that our
method achieves strong convergence and exhibits superior stability.

The results of this study contribute to the ongoing development of iterative techniques for fixed-point
problems, offering an efficient and stable alternative to existing methods.
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2. Preliminaries

In this section, we present some fundamental definitions and results that will be instrumental in
establishing our main findings. Let A be a real normed linear space, and let T be a nonempty closed convex
subset of A. Consider II as a self-contraction mapping from A to itself, and let F(II) = {z € A : [Ix = x}
denote the set of fixed points of the mapping II.

Definition 2.1 Let IT: A — A be an operator. We say that I is a contraction operator if it satisfies the
condition

ITTu — Io|| < ¢|lu—wv]|  for all wu,v €A,

where ¢ € [0,1).

Definition 2.2 Let {u,}32, be a sequence in A. An iteration of the form xp41 = f(II,2,), converging
to a fixed point v, is said to be I-stable, or stable with respect to I, if for o, = ||xnt1 — f(I un)|l,
n=0,1,2,3,..., the following holds:

lim u, =v if and only if lim o, =0.
n—roo n—r oo

Definition 2.3 Let {u,} and {v,} be two sequences of positive real numbers that approach u and v,
respectively.

l= lim w
n—oo |v, — |
1. If I = oo, this implies that {v,} converges faster than {u,}.
2. If 0 <l < o0, it indicates that {u,} and {v,} converge at the same rate, meaning both sequences
approach their respective limits at a similar pace.
3. If 1 =0, it means that {u,} converges to u more quickly than {v,} converges to v.

Lemma 2.1 [25] Let {u,}52, and {v,}32, be sequences of non-negative real numbers that satisfy the
inequality

Un+1 S (1 - wn)un + Un,

where w, € (0,1) for alln € N, Zf;o wy = 00, and o> — 0 as n — oo. Under these conditions, we
have lim,, s u,, = 0.

3. Main Results

In this section, we begin with the convergence and stability results of a new four-step iterative scheme
using contraction mapping under some parametrical conditions. Suppose (A, ||.||) is a real normed linear
space and T is a nonempty closed convex subset of A. Let I : A — A be a contraction mapping with a
contraction factor ¢ € [0,1), F(II) # ¢. Furthermore, we compare the rate of convergence of our results

to that of Piri, KF, AA, S*.
3.1. Convergence Result
Theorem 3.1 Let {a,}52, be a sequence defined by (1.5 ) where {e}, {wn} and {9,} are in [0,1] and

o0
Z en = 00. Then {a,} converges strongly to a unique fixed point of II.

n=0
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Proof: Assume that F(IT) # ¢ and v € F(II), using Algorithm (1.5), we have

I = vl = IT(1 = O )an + VaTlan] = v]

<1 = Y)an + ¥, 1a, — v

< ¢l = In)(an —v) + In(lay, — v)||
C[(X = n)llan — vl + In | Man — vl]

<1 =dn)llan —v|| + ¢Inllan — v

< ([T =) + COnlllan — v

< (1 =Y + (Onlllan — vl

< (llan =l (3.1)

Using Algorithm (1.5) and equation (3.1), we get

llen = vl = 1T (dn) = v
< lldn — |
< HMlan = v)ll- (3.2)

Using Algorithm (1.5), equations (3.1) and (3.2), we get

= |IIP*[(1 — o,)d,, + 0, 11c,] — v||

<& - o,)d,, + 0,Ic, — ||

< §3||(1 —0,)(lldy, — v) + o (Ile,, — )|

< (1 = on)¢lldy — vl + ondllen — ]

< (1 = an)Cllan — vl + 0n¢Pllan —v]]

< (1 = on)llan — vl + onllan —v|]

< llan —v]. (3.3)

Using Algorithm (1.5), equations (3.2) and (3.3), we have

Inductively, we get

Since 0 < (<1, 1—¢,(1-¢) €

= IIB[(1 — en) ey, + ,110,] — v
< GP[(1 = en)Tey + eTlb, — o]
< (1 = en) (e — v) + en(TTby — v))|

< Cl1 = en)Cllen — vl + engllbn — o]

< M1 = en)¢Mlan — vl + enllbn = vll]

< ¢ = en)¢Mlan — vl + en¢®llan — o]

< Pl = en)llan — vl + encllan — o]

< L= (1 = Qenlllan — vl (3-4)
lan1 = vl < UV TTI = (1= Qerlllag — v (3-5)

k=0

(0,1] and &, € [0,1], for all k£ € N, from equation (3.5) we have

¢*Vllag — v

— <
lant1 — vl < (-0 ger

o0
Since Z e, = 0o. Hence, {a,} converges strongly to v € F(IT). This completes the proof.

n=0
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3.2. Stability Result

Theorem 3.2 Let {a,}32, be a sequence defined by Algorithm (1.5), Zen = 00. Then, iterative
n=0
algorithm {a,}22, is I-stable.

Proof: Since II is a contraction mapping with contraction factor ¢ € [0,1). Let v be a fixed point

of II. Let us assume that {l,}5°, and {0,}52, are sequences in E and [0,00) respectively. Define

On = |ln+1 — f(IL 1,)||. We have to show that lim ¢, = 0 <= lim [, = v. Assume that lim o, =0
n—00 n—00 n—00

and using Algorithm (1.5) we get

[lnt1 = vll < [l = FAL L)+ ([ (L, 1) = o] (3.7)
Subsequently, we have
i1 = vll < 0w + L= (1 = Q)en]llln — . (3-8)
So, we get
Unt1 < (1 — wp)ty + vp, (3.9)
where u, = [|l, —v[|,w, = (1 = ()&, € (0,1] and v, = 0. As lim o, = 0, this implies 3> = 0 as
n — oo. e ’
By using Lemma (2.1), we have
nhﬁrr;(j Hnt1 — o] =0. (3.10)
= nl;rréo lpt1 = v. (3.11)

Conversely, let lim [, = v.
n—oo

Then
on = lnt1 — F(IL 1) ||
< g — ol + [lv = fAL L) ||
< lnsr =0l + L= (1= Qenlllln — vl. (3.12)
Since lim l,41 =wv and ¢ € [0,1), we get lim o, = 0. O
n—oo n—oo

3.3. Rate of Convergence

Theorem 3.3 Let {y,}2, and {a,}>2, be two sequences defined by Algorithms (1.1) and (1.5) respec-

tively, where {en}, {on}, {wn} and {V,} are in [0,1] and an = oo. Then the iteration defined by

n=0
(1.5) converges faster than (1.1) to a fized point v of 1I.
Proof: From equation (3.5) as in Theorem (3.1), we have
lanr = ol < ¢TI = (1= Qeilllao — v]l- (3.13)

k=0
So, we have

lan+1 —vll < An, (3.14)
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where A, = (3D T _[1 — (1 = Qexlllao — v||.
Using Algorithm (1.1), we get

un — vl = [[(1 = wn)yn + wnlly, — v
< (1 =wn)llyn — vl + wn|[Hyn — v
< (I =wn)llyn — vl + Cwnllyn — v
< (1 = wn)llyn — vl +wallyn — vl
< Cllyn —vll.

Using Algorithm (1.1) and equation (3.15), we get

||Un — vl = ||(1 - Un)Hyn + opllu, — UH
< (1= on)[Myn — vl 4 o [[Hun — v
< ¢l = on)llyn — vl + onllun — o]
<1 = on)llyn = vl + onlllyn — vll]
< Cllyn —vll.

From Algorithm (1.1) and equation (3.16), we get

yn+1 —vll = (1 = en)myn + epllv, — |
< (I —en)llmyn — vl + en[[Tvn — ]|
< (1= en)Cllyn = vll + Cenllyn — ol
<= (1= Qen]llyn — vl|.

Inductively, we get:

lynrr = ol < ¢TI = (@ = Qenlliyo = oll-

k=0
So, we have
||y’l’l+1 - UH S Vn,

where v, = (MU T [1 = (1= Q)ex]llyo — vl
Using equations (3.14) and (3.18), we get

lim )\l = lim <7(n+1) H}czo[l — (1= Qexlllao — vl

noo Uy oo [Ti=oll = (1 = Oelllyo — vl

As ¢ €10,1) and nh_}ng@ g%zzﬁ:g:giﬂ“;g:g” are finite, which implies

An .
lim 22 = lim ¢7"+t) =0,
n—00 U, n—o0o

This implies that Algorithm 1.5 converges faster than Algorithm 1.1 to v.

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

Theorem 3.4 Let {y,}>2, and {a,}>2, be two sequences defined by Algorithms (1.2) and (1.5) respec-

tively, where {e,}, {on}, {wn} and {9,} are in [0,1] and an = o00. Then the iteration defined by

n=0

(1.5) converges faster than (1.2) to a fized point v of I1.
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Proof: From equation (3.5) as in Theorem (3.1), we have

n
lan1 = vl < U= (1= Qerlllag - v
k=0

So, we have
||an+1 - UH S )\n7

where A, = 3PD T _[1 — (1 = Qexlllao — v|.
Using Algorithm (1.2), we get
[on — vl = [Tu, —v]|
< Cllun — o,

Using Algorithm (1.2), we get

l[tn = vl] = [H[(1 = 00)yn + onllyn] — v
< = on)yn + onlly, — 2
<A =o)llyn — vl + oy, — vl]
< I =on)llyn — vl + Conllyn — vll]
<A =on)llyn — vl + onllyn — vl]
< Cllyn —oll.
From Algorithm (1.2) and equations (3.23) and (3.24), we get

[yn+1 — vl = |(1 = &n)up + epllv, — o]
< (1= en)|Hup — vf| + &n vy — |
< (L=en)Cllun — vl + Cenllon — |
< Gl = en)llyn — vl +enlllyn — vll]
< Pt = (1= Qenlllyn — vl

Inductively, we get:
g1 = oll < GOV TTI = (1= Qerlllyo — vl
k=0

So, we have
[9nt1 — vl < v,

where v, = (2 VT o [1 = (1 = Qexlllyo — vl
Using equations (3.22) and (3.26), we get

lim )\—n = lim Cﬁ(n+1) [0l = (1 = Qexlllag — v

oo Vp - nmoo [Ti=oll = (1 = Ozlllyo — vl

As ¢ €[0,1) and lim Ue=el=0=0crlloo—vll i gnip0 which implies

nosoo I i—oll=(1=COex]llyo—vl|

lim 22— Jim ¢6n+) — .
n—oo I/n n—r oo

This implies Algorithm 1.5 converges faster than Algorithm 1.2 to v.

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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Theorem 3.5 Let {y,}°2, and {a,}>2, be two sequences defined by Algorithms (1.4) and (1.5) respec-

tively, where {e,}, {on}, {wn} and {9,} are in [0,1] and an = o0o0. Then the iteration defined by

n=0

(1.5) converges faster than (1.4) to a fized point v of I1.

Proof: From equation (3.5) as in Theorem (3.1), we have

n
lans1 — vl < YT = (1= Qerlllag — v
k=0

So, we have
||an+l - UH S )\'m

where A, = (3D TP 11— (1 = Q)ex]llao — |
Using Algorithm 1.3, we have

[on — vl = [[Mun — v
< (llun =
Using Algorithm 1.3 and equation (3.31), we have
[un — vl = [T[(1 = on)yn + onmyn] —v||
<A = on)yn + onmys — |

< (M = on)llyn = vll + onlllyn — vl
< Cllyn = vll-

Using Algorithm 1.3 and equation (3.32), we have

lyn1 — vl = TI((1 — e,)My, + ex1lv,) — v

< C(1 = &n)[Myp — vl + en|[Hvn — v
< (1= en)llyn — vl + Cenllvn — vl
< (1 = en)lyn — vll + Cenllyn — vl
<1 —en)llyn — vl + sznHyn —vl|.

Using equations (3.31), (3.32) and (3.33), we have
[yn+1 = ol < 'L = (1 = Qenlllyn — vll-
Inductively, we get:
lynt1 — ol < DT = (1= Oelllyo — .
k=0
So, we have
Yn+1 — vl < vn,

where v, = ("I [1 = (1 = Qoner]llyo — v-
Using equations (3.30) and (3.34), we get

lim )\l — lim C7(n+1) Hk:O[l - (1 - C)€k]||a0 - U”

noo Uy nreo k=oll = (1= Qexlllyo — vl

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)
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As ¢ €10,1) and nh—>12<> g’&jﬁ:g:giﬂ”;g:g” is finite, which implies

lim 2% = lim ¢TntD — . (3.36)

n—00 UV, n—00

This implies Algorithm 1.5 converges faster than Algorithm 1.3 to v.
|

Theorem 3.6 Let {y,}2, and {a,}>2, be two sequences defined by Algorithms (1.4) and (1.5) respec-
o0

tively, where {e,}, {on}, {wn} and {9,} are in [0,1] and an = o0o. Then the iteration defined by

n=0
(1.5) converges faster than (1.4) to a fized point v of T1.
Proof: From equation (3.5) as in Theorem (3.1), we have
lans1 = vl < YT = (1= Qerlllag — v (3.37)
k=0
So, we have
llant1 — vl < An, (3.38)

where A, = (3PDTY_[1 — (1 = Qexlllao — v|.
Using Algorithm 1.4, we have
[wn = ]| = [[(1 = Yn)yn + Inllyn — vl
<A = In)yn + InIly, — ||
< (1= du)llyn — vl + In|[Hyn — v
< (1 =9)llyn — vl + (Onllyn — vl
< (1 =9n)llyn — vl + Inllyn — vl
< lyn =l (3.39)

Using Algorithm 1.4 and equation (3.39), we have

[un — vl = [[I[(1 — wn)wn + wpllw,] — v
< (1 — wp)wy, + 0w, — ||
< ¢l = wn)[[wp = o[ + wn[[TTw, — ]
< (1 = wn)[Jwy, — v + Cwnllwn — v]
< C[(1 = wn)llwy — V|| + wn flwn — vl]
< (llwn = ]
< Cllyn — |- (3.40)

Using Algorithm 1.4 and equation (3.40), we have

||U7I - U” = ||H[(1 - En)un + EnHun] - U”
< CH(l - En)un + enllu, — 'UH
<l = en)lun — v|| + enl|Tu, — vl]]
< ([ = en)llun — o[l + Cenllun — 0]

<1 = en)llun — vl + enllun — vl]]
< ¢ = (1= Qenlllun —
<= (1= Qenlllyn — - (3.41)
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Using Algorithm 1.4 and equation (3.41), we have

[yn+1 = vl = [lmvn — o
< Cllvn =
<L - (1= Qenlllvn — vl
<= (1= Qenlllvn — vl (3.42)

Inductively, we get:

lynsr = ol < YT = (@ = Qerlliyo = ll-

k=0
So, we have
[9ns1 — vl < v, (3.43)
where v, = C* VT o [1 = (1 = Qexlllyo — vl
Using equations (3.38) and (3.43), we get
An ol —(1— —
lim Z® = lim CS(TL+1) Hﬁfo[ ( C)Ek]”a() U” ) (344)
neo Uy mhoo [Tk—oll = (1 = Oelllyo — vl

As ¢ €10,1) and nh_)rr;o ngzﬁigigi’;”‘l;g:zl“l is finite, which implies

lim % — lim ¢t — . (3.45)

n—00 Uy n— 00

This implies Algorithm 1.5 converges faster than Algorithm 1.4 to v.

4. Numerical Example

Example 4.1 Assume that A = R is equipped with the usual norm, and let T = [1,20]. Define the
operator ¢ : T — T by:

Y(x) =+Vax?2—8x+16, forallze .

Clearly, * = 2 is the unique fixed point. The sequences {&,} = {en} = {pn} = {xn} = m are
used, with an initial guess of g = 10. Table 1 and Figure 1 illustrate that the new iteration method

converges to x* = 2 more rapidly than the S*, KF, AA, and Piri iterative methods.

Table 1: Comparison of different Algorithms.
Algorithm  Iter. Sec.
New Algo. 10  0.1967

AA 11 0.5006
KF 13 0.6853
Piri 18 1.2742

S* 20 1.4196
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Comparison of Convergence Rates

1.0 —— New Algo
- AA Algo
— KF Algo
—— PIRI Algo
0.8 — S*Algo
L06F
x
|
<
x
I 0.4
o
0.2
0.0f
2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

Number of Iterations

Figure 1: Comparison of different Algorithms

Example 4.2 Assume that A = R is equipped with the usual norm, and let T = [0,10]. Define the
operator ¢ : T — Y by:

3
o(z) = , forallzeT.

Clearly, x* = 3 is the unique fixed point since ¢(3) = 3. Table 2 and Figure 2 illustrate that the new
iteration method achieves convergence to one of the fixed points more efficiently than the S*, KF, AA,

and Piri iterative methods.

Table 2: Comparison of different Algorithms.
Algorithm  Iter. Sec.
New Algo. 16  0.5196

S* 18 0.6006
piri 20  0.9853
AA 24 1.3742

KF 27 1.5196
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Comparison of Convergence Rates

—— New Algo
0.8 —— AA Algo
— KF Algo
0.7} — PIRI Algo
S* Algo
0.6
705}
<
X
|
i': 0.4
o
uf 0.3
0.2
0.1
0.0}

2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Number of Iterations

Figure 2: Comparison of different Algorithms

Example 4.3 Assume that A = R is equipped with the usual norm, and let T = [1,100]. Define the
operator ¢ : T — T by:

Y(x)=+v8x—9, forallzeX.

Clearly, * = 4 + /7 are the unique fixed points. The sequences {¢,} = {€,} = {pn} = {xn} = HL"l

are used, with an initial guess of o = 10. Table 3 and Figure 3 illustrate that the new iteration method
achieves convergence to one of the fixed points more efficiently compared to the S*, KF, AA, and Piri

iterative methods.

Table 3: Comparison of different Algorithms.
Algorithm  Iter. Sec.
New Algo. 30  0.6196

AA 34 0.8006
KF 40 0.9853
Piri 45 1.4742

S* 69  1.7196
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Comparison of Convergence Rates

—— New Algo
—— AA Algo
0.81 —— KF Algo
— —— PIRI Algo
i S* Algo
< 0.6
3
|
x
= 04r
I
<
w
0.2
O'O _I 1 L 1 1 1 1

0 5 10 15 20 25 30 35 40
Number of Iterations

Figure 3: Comparison of different Algorithms

5. Conclusion

In this paper, we introduced a new iterative method for approximating fixed points of contraction

mappings in real normed linear spaces. We established a strong convergence theorem for the proposed
method, demonstrating its efficiency in reaching a fixed point under standard conditions. Additionally,
we analyzed the stability of the iteration process, showing that the method is robust and reliable when
small perturbations are present. Our comparisons with several existing iterative algorithms, such as the

S*

, Piri, KF, and AA iterations, reveal that the new method exhibits superior convergence behavior and

stability.

These results contribute to the growing body of research on fixed-point iterative methods, offering

a practical and efficient alternative for solving nonlinear problems in various fields. Future work may
focus on extending this method to more general classes of mappings and investigating its performance in
higher-dimensional and more complex spaces.
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