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Elliptic Sombor Stress Energy of Graphs

Hakeem A. Othman, M. Kirankumar, P. Siva Kota Reddy, Husniyah Alzubaidi and Sami H. Altoum

ABSTRACT: In this paper, we present the elliptic Sombor stress matrix ESSM(G) for a connected graph G,
which is linked to the elliptic Sombor stress index. We analyze the matrix’s structural properties, derive bounds
for its eigenvalues, and define the elliptic Sombor stress energy Epssas(G) as the total sum of the absolute
values of its eigenvalues. Additionally, we explore its applicability in chemistry by comparing Fgggsn (G) with
the m-electron energy of benzene derivatives.
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1. Introduction

In this article, we will be focusing on finite, unweighted, simple, and undirected graphs. Let G = (V, E)
denote a graph. The degree of a vertex v in G is denoted by d(v). The distance between two vertices u
and v in G, denoted d(u,v), is the number of edges in the shortest path (or geodesic) connecting them. A
geodesic path P is said to pass through a vertex v if v is an internal vertex of P, meaning v lies on P but
is not an endpoint of P. For standard terminology and notion in graph theory, we follow the text-book
of Harary [10].

Gutman [8] defined the energy of a graph G as the sum of the absolute values of its eigenvalues,
denoted by £(G). Eigenvalues play a crucial role in understanding graphs as they are closely linked to
major graph invariants and properties. Graph energy, a specific matrix norm, has garnered interest from
both pure and applied mathematicians. Spectral graph theory examines the eigenvalues and energies of
matrices associated with graphs, offering essential insights into their structural and dynamic properties.
This measure reflects the collective influence of a graph’s eigenvalues and has diverse applications, from
chemical graph theory to network analysis. Various graph energies related to topological indices have been
introduced and studied, emphasizing their importance in comprehending complex systems. Numerous
matrices can be related to a graph, and their spectrums provide certain helpful information about the
graph [2,4,6,7,9,13,14,16,17,23,27,28,29,30,41,47].

In 1953, Alfonso Shimbel [42] introduced the notion of vertex stress for graphs as a centrality mea-
sure. Stress of a vertex v in a graph G is the number of shortest paths (geodesics) passing through
v. This concept has many applications including the study of biological and social networks. Many
stress related concepts in graphs and topological indices have been defined and studied by several au-
thors [1,3,5,12,15,18-21,25,26,31-34,38-40,43-46]. A graph G is k-stress regular [5] if str(v) = k for all
v e V(Q).
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Othman et al. [24] introduced the concept of elliptic Sombor stress index. The elliptic Sombor stress
index ESI(G) of a graph G is defined as

ESI(G) = Z (str(u) + str(v))\/str(u)? + str(v)2.
weE(G)

In this paper, we introduce the elliptic Sombor stress matrix for a graph G and define the corresponding
elliptic Sombor stress energy Frssa (G) via its eigenvalues. This new framework extends graph energy by
incorporating stress-related measures, offering a fresh view on graph invariants. We establish bounds for
Egssu(G) relative to other invariants and examine its connection to the m-electron energy in benzenoid
hydrocarbons. Our study aims to deepen insights into graph energy for molecular and structural analysis.

2. Elliptic Sombor Stress Matrix and Energy

The elliptic Sombor stress matrix of a graph G with V(G) = {v1,va, -+ ,v,} is defined as ESSM(G) =
(xi;), where

2 2 . )
- (str (v;) + str(vj)) \/str (v3)” + str(v;)°, if viv; € E(G); (2.1)
0, otherwise.

The elliptic Sombor stress characteristic polynomial of a graph G is defined as
Pgssu(G) = |M — ESSM(G)], (2.2)

where [ is an n x n identity matrix.

Since the matrix FSSM(G) is real and symmetric, all roots of the equation Prsspy(G) = 0 are real.
These eigenvalues can be ordered in descending sequence as Ay > Ao > -+ > \,, with \; representing
the largest eigenvalue and A, the smallest eigenvalue.

The elliptic Sombor stress energy Eggssa (G) of a graph G is defined by

Epssm(G) = |\l (2.3)

3. Preliminary Results

In this section, we will document the necessary results to support our main findings in section 4.

Lemma 3.1 Let ¢; and d;, for 1 <i < n, be non-negative real numbers. Then

B3 (Vi i) (5e)-

where M1 = maxi<;<n {¢;} ; Mo = maxi<;<n {d;} ;1 = mini<;<p {¢;} and mo = mini<;<,, {d;}.

Lemma 3.2 Let ¢; and d;, for 1 < i < n be positive real numbers. Then

n

n n 2
Zcfz:d?— (Zcidi> < %Q(Mle —myma)?,
i=1

i=1 i=1

where M1 = maxlgign {Cl} ; M2 = maxlgign {dl} ymy = minlgign {Cl} and mo = minlgign {dl}
Lemma 3.3 (BPR Inequality) Let ¢; and d;, forl < i < n be non-negative real numbers. Then

n n n
n E Cidi — E C; E di
i=1 i=1 i=1

< a(n)(A — a)(B ~b),
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where a,b, A and B are real constants, that for each i,1 < i <n,a <c¢; <A and b <d; < B. Further,

am) =n[5] (1 -5 5])-

Lemma 3.4 (Diaz—Metcalf Inequality) If ¢; and d;,1 < i < n, are nonnegative real numbers. Then

idf + rRzn: < (r+R) <zn:cidi> ;
i=1 i=1

i=1

where r and R are real constants, so that for each 1,1 < i <mn, holds r¢; < d; < Re;.

Lemma 3.5 (The Cauchy-Schwarz inequality) If ¢ = (c1,¢2,...,¢,) and d = (dy,da,...,d,) are real

n-vectors, then
n 2 n n
(Se) <(54) (54)
i=1 i=1 i=1

4. Bounds for the Elliptic Sombor Stress Eigenvalues and Energy

Lemma 4.1 Let \y > Xy > ... > A, be the eigenvalues of the elliptic Sombor stress matriz ESSM(G).
Then

n

2
9 Z )\22 —9 Z [(str (v;) + str (vy)) \/str (Ui)2 + str (Uj)z} = 2ES

i=1 1<i<j<n

where ES =37 i i<p, [(str (v;) + str (vj)) \/str (vi)2 + str (vj)z} 2

Proof: i) The first equality is a direct consequence of ESSM(G);; =0 for all 1,2,...,n.
i) We have

Z M = trace[ESSM(G))?
i=1
i=1j

=2 Z {(str (vs) + str (vj)) \/str (v:)* + str (vj)Q] :

v;v; EE(G)
= 9FS,

n

{(str (v3) + str (v;)) y/str (v3)? + str (ujf] 2

=1

where ES =37, ., {(str (v;) + str (vj)) \/str (v:) + str (vj)z} 2.

Lemma 4.2 Ifa,b,c and d are real numbers, then the determinant of the form

()\+a) Inxn_aJan _CJnXm
_dmen (>\+b) Imxm _meXm

=A+a)" T+ A= (n—1)a) (A — (m —1)b) — mned] .
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Theorem 4.1 If Ky, ,, is a complete bipartite graph, then the elliptic Sombor stress characteristic poly-
nomial is given by

Prssm (Kpp) = A" 72 ()\2 _ (n=1) +m(m—1))*- (nié” —1)? +m*(m — 1)) 'mn>_

Proof: In a complete bipartite graph K, ,, the vertex set V (K, ) can be partitioned into two disjoint
sets A = {u1,usg, ..., un} and B = {v1,va,...,v,}. The stress of any vertex v in K,, ,, is given by

n(n—1) .
== ifved
str(v) = { m(;nil) ifveB
2

Hence,
ESSM (Kpn)=

2 2 m2 2
Omxm |:n(n2 i + m(erL 1)] \/n (n4 D + (TZ ) Imxn

— — 2 —1)2 2 —1)2 °
|:n(n2 1) 'rn(rg 1)] \/n (n4 1) m ('rz 1) Tooscrm O

Prssy(Kmn) = | A — ESSM(Km,n)| -

Thus we have
Prssy(Kmn) =

)

(n=1) (m=1) 2(n=1)2 2(m—1)2
| Mo _ |:n n2 + m 'n2L ] \/n n4 + m 71 Tomsxim
n(n—1) m(m—1) n2(n—1)2 m2(m—1)2
- |: 2 + 2 ] \/ A + A Jnxm )\-In

where I,. is the identity matrix of order r X r, 0,,xm is the zero matrix of order m x m, and J,,,x, is the
m X n matrix with all entries equal to 1.
Thus, by applying Lemma 4.2, we obtain the desired result.

O

Theorem 4.2 If Kix,_1 is a star graph, then the elliptic Sombor stress characteristic polynomial is

given by
_ n—1)°%Mn-2)*
Passr (Kixn-1) = "2 (A? - ()1é)> .
Proof: The star graph Kjx,_1 has two types of vertices: Internal vertex has stress w and
remaining vertex have stress 0. Hence,
n—1)(n— n—1)2(n—2)2
(0)1x1 ( 1)2( 2, /4 1)4( 2) J1x(n—1)

ESSM (Kyyn_1) = e
(n71)2(n72) (n71)4(n72) Jin—1)x1 (0)(n=1)x (n—1)

Ppssmu(Kixn—1) = |M — ESSM(K1xn—1)|

)\Il _(n—l)Z(n—2) /('rl—l)"’4(n—2)2 Jlx(n—l)

_pmhn2) J o) 22 g Mp—1)

where I, is the identity matrix of order r X r, 0,,xm is the zero matrix of order m x m, and J,,x, is the
m X n matrix with all entries equal to 1.
Thus, by applying Lemma 4.2, we obtain the desired result. O
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Theorem 4.3 Let G be any graph with n-vertices. Then

A < (2ES)(n — 1).
n
Proof:
Setting ¢; = 1,d; = A, for i = 2,3,...,n in Lemma 3.5, we have

<ZA) < (n-— 1)zn:A§. (4.1)

From Lemma 4.1, we find that

En:AZ- = —); and zn:Af = -} + 2ES.
=2 =2

Employing the above in (4.1), we obtain

(—M1)* < (n—1) (2ES — A2)

(2ES)(n — 1)

A1

IN

Theorem 4.4 Let G be any graph with n-vertices. Then

Egssm(G) < v/(2ES)n.

Proof: Choosing ¢; = 1,d; = |\;], for i = 2,3,...,n in Lemma 3.5, we get

(Z w) <nd A
=1 i=1
= (Epssu(G))? < n(2ES)

= Egssm(G) < /n(2ES).

d

Theorem 4.5 If G is a graph with n vertices and Egssy (G) be the elliptic Sombor stress energy of G,
then

V2ES < EESSM(G)~

Proof: By the definition of Fggsa(G), we have

n

[Epssm(G)]* = (Z |Ai|> > |\l = 2ES.
i=1

=1

— V2ES < EESSM(G)~
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Theorem 4.6 Let G be any graph with n-vertices and ® be the absolute value of the determinant of the
elliptic Sombor stress matric ESSM(G). Then

V/(2ES) + n(n — 1)®2/" < Epssa(G).

Proof: By the definition of elliptic Sombor stress energy, we find that

(Epssu(G))” = (i |)\i|> = i sx [ +2 ) [Nl

=1 i=1 i<j

= (2ES) + Y ilIAl-
i#]
Since for non-negative numbers, the Arithmetic mean is greater than Geometric mean, we have

1
n(n—1)

1
- - I\ > N
oy 2o Pl = ( TE |

i#] i#]

Il
/~
>
T

E)
2
~—
|

— (1)2/11
Therefore,
> il A = n(n - @
i#j
— [Epssu(G))* > 2ES + n(n — 1)®*/"
= FEgrssm(G) > \/2IES +n(n —1)d2/n,
Equality in AM-GM inequality is attained if and only if all A\;;i =1,2,...,n are equal. o
Lemma 4.3 Let cq,co,...,c, be non-negative numbers. Then

1/n

n n 1/n n n 2 n n
n 711202<ch> §n201<z\/a> <n(n-1) 711201<ch>
i=1 i=1 i=1 i=1 i=1 i=1

Theorem 4.7 Let G be a connected graph with n vertices. Then

V/(2ES) + n(n — 1)@2/n <

Epssn(G) < \/ (2ES)(n — 1) + n@2/n.

Proof: Let ¢; = \)\Z—|27i =1,2,...,n and

1/n
1 n n
V=n|- >l - (H |)\i|2>
=1 =1
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=n @ _ (ﬁ )\l|> 2/n

i=1

[ o]

n
= (2ES) — n®*/".

By Lemma4.3, we obtain

n n 2
VSHZ|)\z’|2— <Z>\i|> <(n-1V.
=1 1=1

Upon simplification of the above equation, we find that

V/(2ES) + n(n — 1)@2/n <

Epssu(G) < /(2ES)(n — 1) + nd?/n.

Theorem 4.8 Let G be a graph of order n. Then

2
Erssm(G) > \/(21538)71 - % (A1 = Amin)’,

where A\1 = Csmax = Maxi<i<n {| M|} and Amin = ming<;<p, {|Ni]}-

Proof: Suppose A1, Ao, ..., A, are the eigenvalues of ESSM(G). We choose ¢; = 1 and d; = |)\;|, which
by Lemma 3.2 implies

2
n n ) n n2 )
; 12 Z ‘)‘z| - (Z |Az|> S Z (Al - >\min)

i=1 =1

e, (2ES)n - (Epssn(G)’ < 2 (= Auin)’

2
= FEgssu(G) > \/(Q]ES)H - % (A1 — Amin)°-

Theorem 4.9 Suppose zero is not an eigenvalue of ESSM(G), then

2\/ )\1>\min (Q]ES)’H,

E >
ESSM(G) o )\1 + )\min

)

where A1 = Amax = MaXi<i<n {|Ai|} and Amin = mini<;<n {| A}

Proof: Suppose Aj, Mg, ..., A, are the eigenvalues of ESSM(G).
Setting ¢; = |A;| and d; = 1 in Lemma3.1, we have

2 2
n n 1 A )‘min -
;|Ail2;12§4<\/;+ \/T1> (;W)
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ie, (2ES)n< (W) (Epssm(G))?

2v/ A1 Amin / (2ES)n
)\1 + )\mm

= Egrssm(G) >

Theorem 4.10 Let G be a graph of order n and Ay > Ao > ... > A, be the non zero eigenvalues of
ESSM(G). Then

(QES) + n>\1)\min
>\1 + )\min ,

where A1 = Apax = Maxi<i<n {|Ai|} and Amin = mini<;<p, {| N[}

Egssu(G) >

Proof: Assigning d; = |A\;|,¢; = 1, R = |\1] and 7 = [Apin| in Lemma 3.4, we get

ZI)\| +)\1 mmzl2 )\1+Am1n Zl)\|

i=1

(ZES) + nAl)‘min ay ()\1 + )\min) EESSM(G)
After simplifying and using the definition of Eggsar(G), we obtain

(QES) + A1 Amin
)\1 + Amin -

Egssm(G) >

Theorem 4.11 Let G be a graph of order n and Ay > A2 > ... > A, be the eigenvalues of ESSM(G).
Then

Epssn(G) > 1/ (2ES)n — a(n) (A1 — Amin)™,
where A\l = Amax = Maxi<i<n {|Ai|} and Apin = mini<;<p {JN\i|} and a(n) =n (%1 (1 -1 [ ])

n
2

Proof: Setting ¢; = || =d;, A < |\ < B and a < |\,| < b in Lemma3.3, we get

i=1

nz Nil* <Z W) < a(n) (A1 = Aumin)”

|(2ES)n — (Brssn(G))?| < an) (= Awin)’

EESSM \/ QES n — (’I’L) (/\1 — /\min)Q.

5. Computational Analysis of Elliptic Sombor Stress Energy and m-Electron Energy

In this section, we conduct a comprehensive computational analysis of the elliptic Sombor stress
energy Erssy(G) and the m-electron energy associated with various benzene derivatives. We focus on
power regression models to effectively capture the nonlinear trends commonly observed in real-world data.
These flexible modeling techniques help researchers identify the best fit for their datasets. The power
regression model, expressed as y = ax?®, facilitates the analysis of nonlinear relationships and yields a
correlation coefficient of 0.976, indicating a strong relationship between the variables.



Table 1: Elliptic Sombor Stress Energy and w-Electron Energy of Derivatives of Benzene
Derivatives of benzene  Fgrgsy(G) — m-electron energy
Benzene 203.646 8
Naphthalene 6109.891 13.683
Phenanthrene 46164.609 19.448
Anthracene 48054.086 19.314
Chrysene 244934.868 25.192
Benzo[a]anthracene 227123.223 25.101
Triphenylene 163548.378 25.275
Tetracene 227951.17 25.188
Benzo[a|pyrene 372508.817 28.222
Benzo|e|pyrene 274860.795 28.336
Perylene 273946.443 28.245
Anthanthrene 572455.455 31.253
Benzo[ghi]perylene 453145.409 31.425
Dibenz[a,clanthracene  583042.878 30.942
Dibenz[a,h]anthracene  1017096.906 30.881
Dibenz[a,jlanthracene  648422.785 30.880
Picene 1127197.025 30.943
Coronene 738063.019 34.572
Dibenzola,h]pyrene 1368396.954 33.928
Dibenzola,i]pyrene 1473548.066 33.954
Dibenzola,l]pyrene 790893.653 34.031
Pyrene 84843.678 22.506

ELLIPTIC SOMBOR STRESS ENERGY OF GRAPHS

Pi-Electron Energy = 3.2485(E_ESSM(G)°-1685

r2=0.9529
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Elliptic Sombor Stress Energy

6. Conclusion

In conclusion, the analysis of elliptic Sombor stress energy and w-electron energy using power re-
gression models reveals significant nonlinear relationships. The strong correlation coefficient of 0.976
underscores the effectiveness of this modeling approach. These findings enhance our understanding of
the properties of benzene derivatives and their interactions.
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