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The Bi-Fox-Wright Function Srivastava Triple Hypergeometric Function ‘I’HX;;Lq(.) and
Applications of the Multiple Laplace Transform
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ABSTRACT: The aim of this work is to introduce bi-Fox-Wright function Srivastava triple hypergeomet-
ric function that includes two Fox-Wright functions as its kernel, demonstrating how it simplifies to certain
established results in the literature. The discussion includes properties such as integral representations, differ-
ential formulas, and recurrence relations. In addition, connections are established between the double Mellin
transform and the Laplace transform. Finally, solution to the double Caputo fractional differential equation
containing the bi-Fox-Wright function Srivastava triple hypergeometric function using the Laplace integral
transform is formulated.
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form, double Laplace transform.

Contents
1 Introduction and Preliminary 1
2 Definition and Special Cases of ‘I’Hg"p”q() 5
3 Integral Representation of ¥ H\"" (.) 6
4 Differential Formulas of ¥ () 8
5 Recurrence Relation of YH " () 9
6 Integral Transforms of Y H " (.) 10
7 Double Caputo Fractional Differential Equation Containing ‘I’HKL;’(I() 12
8 Conclusion 12

1. Introduction and Preliminary

Special functions are obtained as a solution to the differential equation; for example, the hypergeo-
metric differential equation is an important differential equation that arises in science and engineering,
given in [1] by

d?u du
z(l—z)ﬁﬁ—[c—(a—l—b—|—1)]£—abu=0. (1.1)
One of the most significant solutions of (1.1) is called the Gauss hypergeometric function named after
Johann Carl Friedrich Gauss (1777-1855) given in [5] as

o F1(a,b;¢; 2) 2277 (1.2)

r=0

where |z| < 1, a,b € C, ¢ € C\Zg, C is the set of complex numbers, Z; denotes the sets of non-positive
integers and (a), is the Pochhammer’s symbol (also known as the rising factorial) defined for a complex
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number (a # 0) as

_T(a+r) {a(a+1)(a+2)(a+r—1), if reN,a€C, 13)

1, if r=0,a € C\{0},

where N is the set of natural numbers, I'(.) is the classical gamma function [19]. The following properties
of the Pochhammer symbol can be found in [6,17]:

(@)rtk = (@)r(a+ 1) = (a)r(a + k)r, (1.4)
m+nwwﬂwwk@+2+§), (L5)
Z(a),«i—: =(1-2)"%]z <1. (1.6)
r=0 .

In 1880 Appell considered the following product of two Gauss functions [18]:

JFi(a, byl Fu(d Wiz = 3 (2 ((i))j((:))(b) ?jj -, (L.7)

this study identifies five distinct possibilities for obtaining new functions, including four Appell func-
tions of two variables. It leads to the discovery of 14 complete Saran hypergeometric functions of three
variables and of second order, together with ten types of the triple hypergeometric function from the Lau-
ricella’s set and 20 different triple hypergeometric functions of Exton. Srivastava observed the existence
of three additional complete triple hypergeometric functions of the second order that were not included
in Lauricella’s set, which are defined as follows [20]:

7,7r=0

o~ (@) (D) ke (o @7 Y 27

H b, c;d, e; = —_— 1.

““”*”””“)]220 @5 R (18)
s . 7 kzr

Hp(a,b,c;d,e, f; § ”T J*’“(C)H’“:iyff 1.9

B(a7 , G aeafax7y7 ~ (f)r ]l k" T!’ ( )
- (a)j+r( )ik (C)egr 0 yF 27

Hc(a,b,c;d;x,y,2) = § — 1.10

C(a ‘ “d Z) 4 k,r=0 (d)j-i-k-i-r ]! k! 7! ( )

Next, we give the definition of some closely related functions, integral transforms, and fractional derivative
operators as follows:

Definition 1.1 The beta function is defined in [12] as

! [ min{Re(z), Re a
Mww{htlu—w ldt, (min{Re(x), Re(y)} > 0,a € C),

T'(z)'(y) _
é(iJr(g , (z,y € C\Zy) .

(1.11)

Definition 1.2 The Foxz- Wright function is defined by the series formula in [15]

(rks Ri)1,n H (r n
' t + nRy) z
WUy(2) = p¥y z § k 1 5, (1.12)
(deL)l g d +nD ) nt

where z,1i,d, € C, R, D, € R, (k=1,2,3,...,6,2=1,2,3,...,¢), R is the set of real numbers.
Definition 1.3 [2] The integral representation of the Gauss hypergeometric function in (1.2) is

. _ 1 ! b—1 c—bl —a
QFl(a,b, C; Z) = W—@A t (1 7t) (]. 7tZ) dt, (113)

where b,c € C, Re(c) > Re(b) >0, |1 —z)| <.
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Definition 1.4 The Laplace transform given in [11] as

£LF)6) = F o) = | et (e, (1.14)

for all s € C, t € R and RT is the set of positive real numbers. The inverse Laplace transform is

218 ) _iso

1 y+ioco
O =LHI0N0) = 5 [ e Fs, (1.15)
¥
where denotes i is the imaginary unit and v > 0.

Definition 1.5 (The double Laplace transform) The double Laplace transform [8] is

LoLo{F(E7))(5,0) = F(s,0) :/OOO /OOO =1 § (¢ 7)dtdr, (1.16)

for all 5,0 € C, t,7 € RT. The inverse double Laplace transform is

~y+ioco e+100
67 = £ LI 0 = o / | e R s, (1.17)

where Re(s) > v and Re(l) > e.

Definition 1.6 The Mellin transform [11] is

M{F(B)}(s) = / T, (118)

for all s € C, t € RY. The inverse Mellin transform is given by

o+i00
MYF()}E) = i,/ £ f(s)ds, (1.19)

Q'ITZ —ico
for all 0 = Re(s), t € RT.
Definition 1.7 [13] (The double Mellin transform) Let (y,z) € R%Z = (0,00) x (0,00). The function

f(y,2) is Mellin transformable if the function f(y, z)y®z" is absolute Lebesgue integrable in R? for some
real numbers a and b. Then the double Mellin transform of f(y, z) is defined as the complex function

M{F(y,2)}(s,6) = / h / Ty, 2)dydz, (1.20)

where s and £ are complex numbers such that Re(s) = a and Re({) = b.
Let the function f(y, z) be continuous on R with the Mellin transform f(s,{). Then the inverse of double
Mellin transform exists and satisfies

o+i00 d+ioc0 ;
f(y,2) i) /U N /5 27t f (s, 0)dsdl. (1.21)

Definition 1.8 [14] The Caputo fractional differential operator is

ml a)fozz—t) ol AT L f(t)}dt, (0 <m—1< Re(a)<m,méeN),

{0}, (@ =m,m eN). (1.22)

“D{f(t)} = {
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Definition 1.9 [3] The double Caputo fractional derivative operator is

CDS.SDS {y(p.q)} =

0tp

1 R 4 \ym—(¢—1 —r n—¢&—1 gt - -
F(mic)r(nié)/o /0 (p—1) (g—7) 3tm37'”{f(t’ )}dtdr, (1.23)

where m —1 < Re(¢) <m, n —a < Re(§) <n, m,n € N.
The double Laplace transform of the double Caputo fractional derivative operator is

Cpé Cp € )¢ = ik [0*(0,9)
LqLp{q Dgrp Do {y(p. @)} }(s,0) = s°65 | Lo Lp{y(p,q Z S Ly Tpk ()
k=0
a , m—1n—1 o akJrl 0,
Zéllﬁ{ y(P )}(s)+zzs1k€1z£q{8pi’éql‘1)”, (1.24)
k=0 1=0

Taking m =n = 2 in (1.24), then the following result is obtained:
LoLo{§ D, 5 DS Ay, @)} (s, 0) = s° [LaLyp{y(p, )} (s, 0) — 57 Lo{y(0,q)}(s)
_ Ay(0, _ _ Ay(p,0 i
— 572, {2 ) = ey .0 0) - 722, { 2D ) 4 0.0

_1,-20y(0,0) 5 ;0y(0,0) = _, ,0y(0,0)
1)-2 2)—1 29229 5 ")
0~ o + 570 94 + 570 apoq |-

(1.25)

Definition 1.10 [9] The bi-Fox-Wright function beta function is
(7, Ti)in | (e, Ri)g
z,y
(EJ’ Lj)l,g (dL7 DL)I,u
1
= [ -, (-2 e, (-1 ) at 1.26

where min{ Re(m), Re(n)} > 0, min{Re(p), Re(q)} > 0, min{ Re(z), Re(y)} > 0.

v pm,n v nm,n
Byt (x,y) = "By

Lemma 1.1 [10] The double Laplace transform of the bi-Fox-Wright function beta function is

(TivTi)l,}u(lvl) (Tk’ka)l,fv(Ll)

LB @)} () = BT zy |, (1.27)
(£j7Lj)1,Q (dLaDL)l,u
where s and ¢ are the Laplace parameters and s,£ > 0.
Lemma 1.2 The double Mellin transform of the bi-Fox-Wright function beta function is
{q'Bm" y)} = YT(s)"T(¢)B(z + ms,y + n), (1.28)

Where s,€ are the Mellin transform parameters with s,{ > 0, Re(z) > —ms, Re(y) > —nl and YT(.) is
the extended gamma function presented in [4].

Lemma 1.3 [10]
* v (i + XT3, Ti)1n | (i Ri)1 g
P (6j + ALj, Lj),g | (dus Di)1,u

where Re(x) > Am.
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Lemma 1.4 [10]

9 4 . (1i:Ti)1,n | (T + Ry, Ri)v, s
a1 Byt (@,y) = (=1)""ByY" zy—nm |, (1.30)
(€j7Lj)1,g (dL +77DL7DL)1,u

where Re(y) > nn.
Lemma 1.5 [10]
GIrEAY B () (i + ATi, Ti)un | (e + Ry, Ri)v g

= (=1)mtAY gm.n T —Am,y —nn (1.31)
A ( p,q ) )
o 0g" (l; +ALj, Lj)1,g | (de+nDy, Di)1u

where Re(x) > Am, Re(y) > nn.

In this work, bi-Fox-Wright function Srivastava triple hypergeometric function will be introduced and
properties such as integral representations, differential formulas, recurrence relation, integral transforms
and solution to double Caputo fractional differential equation containing bi-Fox-Wright function Srivas-
tava triple hypergeometric function using double Laplace will be demonstrated.

The subsequent sections of this manuscript are organized as follows: Section 2 includes definitions
and special cases of the bi-Fox-Wright function Srivastava triple hypergeometric function. Section 3 dis-
cusses integral representations properties. Sectiond details the differential formulas. Section 5 illustrates
recurrence relation. Section 6 presents integral transforms. Section 7 examines the application to the
double Caputo fractional differential equation. Lastly, Section 8 contains the conclusion.

2. Definition and Special Cases of YH " (.)

We are ready to present the definition and special cases in the following.

Definition 2.1 The extended Srivastava triple hypergeometric ‘I’Hzlpnq() is defined by

(r, Ti)1n | (78, Ri)1,s

(a7 b7 C; d’ e;x’ y”z) = ‘I}Hm’n a/7b7c; d7 e7x7y7’z
(67‘7Lj)179 (dLaDL)Lu
= i (@)r+1(0)r+ \I/B;Tén(c +hk+le—c)agmyk 2

(d)r B(c,e —c¢) TR (2.1)

\\} m,n
HA;pyq

r,k,l=0
where min{Re(m), Re(n)} > 0, min{Re(p), Re(q)} > 0, min{ Re(z), Re(y)} > 0.
If the parameters are substituted appropriately, the following special cases can be obtained:

i. Srivastava and Karlsson [20]

(1,0)1,1 | (1,0)11
Hy(a,b,c;d,e;x,y,z) = \I]Hifi),o a,b,c;d, e;x,y, 2
(1,0)1,1 | (1,0)1,1

ii. Cetinkaya et al., [7]

(1,0)1,1 | (1,0)11
HA?P(aa ba (6 d7 €Ty, Z) = QH}A%yp a, b7 (6N da €T, Y,z
(1,0)1,1 | (1,0)11

iii. Parmar and Pogany [16]

(1,0)11 | (1,0)11
Hapqla,b,cid e;z,y, 2) = \PH,{(;L,q a,b,c;d,e;x,y, 2
(1,0)1,1 | (1,0)11
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3. Integral Representation of “PHX;qu(J

This section addresses various integral representations of the bi-Fox-Wright function Srivastava triple
hypergeometric function Y H'\"" (.). We commence the section with the subsequent theorem.

Aip,q
Theorem 3.1
1 1
YH (a,b, ¢ d,e;3,y, 2) Zm/o A=) T (L= ty) (A = t2)

¥ oF) <a,b; d: (1—?@:6(1—152)) W, (ft%) Ra ((1 _qt)n> dt. (3.1)

Proof: Applying the bi-Fox-Wright function beta function in (1.26) to (2.1), leads to

m,n - (a)r+l(b)r+k ! — o c—
\PHA%q(a,b,c;d,e;x,y,z): Z m 0 t(‘ 1(1—t)e el
rk,1=0 ’

r .k Ll
p q r Yy z

Changing the order of summation and integration in Eq. (3.2) and later using the property of Pochhammer
symbol in (1.4), gives

1 ! p q
v rrm,n c—1 e—c—1
H™" (a,b,c;d, e;3,y,2) == |t (1=t v (——) v, (-
A,p,q(a c € Yy Z) B(C, e C) A ( ) h*g tm f ( (1 t)n>

= (a i E oo iy
x{z< 2;)(?)rr!zk:(b+r)k(tzl) $os il } -

r=0 l

Using the generalized binomial theorem in Eq. (1.6), the Gauss hypergeometric function in (1.2) to (3.3),

the required result in (3.1) is obtained. O
Theorem 3.2

v 1 bt b d—b b

Hmvn b . d . — tC*l —1 1 ¢ e—c—1 1 . —b—1 1 —t a—
A;p7q(aa e 7(5’%3/’3) B(C,G—C)B(b,d—b) A /0 w ( ) ( U)) ( y)
—a p q
1—ty)(l —tz) — v (——) v, ———+)dt. 4
X [(L=ty) (L —t2) =2yl " n¥y (57 ) s ( = t)n> (3-4)

Proof: Putting the integral representation of the Gauss hypergeometric function in Eq. (1.13) into (3.1),
the required result in (3.4) is obtained. O

Little simplification of Eq. (3.4), the following result is obtained:
Corollary 3.1

mn 1 F e e - -
\PHA;};7q(a7b,c;d,e;x,y,z): B(C,&*C)B(b,d*b)/o /0 ¢ 1vb 1(1_t)e ¢ 1(1_,0)(1 ’ 1<1_ty) b

t
_a zytv “ D q
1—zv— 1-— U, (—— ) ¥, | — . .
x (1—av—t2) ( (1ty)(1vxtz)) W (<) s “( (1t)”>dt (3:5)
Theorem 3.3

\I/Hm,n

A;p,q(aa ba C; d7 € x,y, Z) =

2 3
m /0 Sin2c_1 0COS€7C?1 0(1 — ySiH2 9)71)(1 — ZSin2 9)70/

T p q
F b; d; Vo l——=) t¥u (— de. .
e 1(07 ’ ’(1—ysin29)(1—zsin29)>h g( sinmﬁ)f ( cos”&) (36)
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Proof: Substituting ¢ = sin® 6 then 1 — ¢ = cos? @ and dt = sinf cos# also this implies at t = 0, § = 0

and at t = 1, § = T in Eq. (3.1), we obtained the desired result in (3.6). O

Theorem 3.4

‘I'ngfq(a,b, cd,ex,y, z) = B, i — o /OOO a _t;)a1+b+e 14+v—vy) (1 4+v—0vz)"

X o Fy (a, b ff}ly;ffv - vz)) W, (—p (1 + i>m> $U, (—g(1+ )™ dv. (3.7)
Proof: Letting v = ﬁ then 1 —t = 141rv and dt = (117”1))2 also this implies at t =0, v =0 and at t = 1,
v =1 into Eq. (3.1), we obtained the desired result in (3.7). O
Theorem 3.5

U rym,n . .
HA;p,q(a‘a b7 C da ex,y, Z)

- l14+a+b—e ¢
- ((ZSB(f):_Z) / (v =) Hp—v) " p— (v — )y P — (v —p)2]

xeh (a’ ree —f;)i][;)—zw(v - w)z]) »¥o <M) 7 <M) w38

Proof: Substituting ¢t = (’;:‘:, then 1 —t = i:;, dt = ¢Cﬁ)sa this also implies at t = 0, v = p and at t = 1,
v = ¢ into Eq. (3.1), we obtained the desired result in (3.8). O

Theorem 3.6

21+a+b76 1 W B
YH (a,b,cidy e x,y,2) = m——— / W+ DI =0) " p—plo -yl o+ (v+1)2] ¢

Aipa B(e,e—c¢) J_4
22y 2Mp ) < 2Mmq >
x oF | a,b;d; U | —— | f Uy | ———— | du. 3.9
£ (o i) % () v (e (39
Proof: Putting t = ”JQFI, then 1 —¢ = 1%“ and dt = ‘12—” this also implies at t =0, v = —1 and at t = 1,
v =1 into Eq. (3.1), we obtained the desired result in (3.9). O

Theorem 3.7

v rrm,n . . . (1 + I‘C)C 1 ,Uc—l(l _ U)e_c_l L
Hipalebed ee,y,2) = B(c,e —c) /o (14 ko)e—b—a 14 kv—(1+ K)oy

a o x(1 4 kv)?
X LA ro = (14 m)vz] 2Py (“’b’d’ Mt ro— A+ mogl [+ ro— (1 —|—/~c)vz])
~p(1+kv)™ g1+ kv)"
X Uy ( ([1 n H]’U)m) f\I/u ( (1 — ’U)" dt. (310)
Proof: Setting t = 8122}? then 1 — ¢t = ((15:3) and dt = (1(1232 dv also implies at t = 0, v = 0 and at

t=1,v=11into Eq. (3.1), we obtained the desired result in (3.10). O
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4. Differential Formulas of ¥ H"" (.)

We start the Section with following theorem.

Theorem 4.1
N O (—I)AB(C—)\m,e—C)
aip)\ HA;p’q<a7b;C;dye;x7y7z> = B(C,S*C)
(Ti + AT, Ty)ap | (e, R,y
‘IJHzlpnq a7b7c_ )\m;d,e - Am;l.’y’z : (4.1)

(fj +)\Lj,Lj)1)g (dL,DL)l,u

Proof: Differentiating Eq. (2.1) A-time with respect to p using, gives

8>\ W grm,n — ()T-‘rl(b)T-HC x” y Z a)\ L4 mn
ap Hy o (a,bcid e;x,y, 2) = ; (@ Ble,e—o) rl K T op> ("Bl e+ k+le—c)}. (42)
r,k,l=0

Applying Eq. (1.29) to (4.2), gives

a)\ \\} m,n
> Hqu(a b,c;d,e;x,y, 2)
(i + AT, Ti)vyn | (ke Ric)y
\IlBngl c—)\m-l—k—i—l,e—c
PSS @rsilbre (6 +ALj Li)1yg | (d; D)1 eyt
o B(e,e —c¢) rl k1

(~1)*B(c— Am,e — €) g ymm (s + XT3, Ti)1,n | (7k, Ri)a,p

a,b,c— Am;d,e — dm;x,y, 2

_ A;p,q
B(C7e C) (EJ +)\Lj>Lj)1,g (duDL)l,u
O
Applying Eq. (1.30) to (2.1), the following differential formula is obtained:
Corollary 4.1
0 U rrm,n (—I)AB(C—,e—C—CH)
87 A;p,q(aab7c;d7€;x7yaz) = B(C,G—C)
(1, Ti)1,n | (Th + 1Ry, Ri)1 g
‘I’Hffp"q a,b,c;de —mn,z,y,z | . (4.3)
(€j7Lj)17g (d. + 77DL>DL)1,u
Putting Eq. (1.31) to (2.1), gives
Corollary 4.2
3’7+’\‘I’H2’Ifq(a, b,c;d,e;x,y,2) _ (=)™ AB(c — Am,e —c—(n)
Oprogn B(c,e —¢)
(1 + N3, Ti)1n | (i + 1Ry, Ri)1,y
X ‘I’HZ’pT?q a,b,c— Am;d,e — = mnn;x,y,z | . (4.4)
(éj +>\LjaLj)1,g (dL+77DLaDL)1,u
Theorem 4.2
oA HCHw O rrmon
W{ HA;p,q(a7b7C; d,e;x,y,Z)}
= _ (a )/\J(r‘”)( z;‘) G )CJ“"‘I’H;x"p”q(a+/\—H;.),b—&-)\-i—(,c—i—C—i—w;d—kk&—&-C—&-w;%y,z)7 (4.5)
CHw

where A\, (,w € N.
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Proof: Differentiating Eq. (2.1) partially with respect to z, gives

0 U rym,n SES (a‘)r+l(b)r+k ‘PB;?&“(C + k + l? € — C) xril yk Zl
L Lvgmn (b ed,e; = * L
oz { Aipiq(@ b, Cds €32,y Z)} 7; k;o (d)y B(e,e —c¢) (r—1D!E! ] (46)

Setting r — r + 1 in Eq. (4.6) and using the property of Pochhammer symbol in (1.4), yields

3]
P {‘PHZ;;Lq(a, b,c;d,e;x,y, Z)}

(a)(b) i (0 4+ 1)pa(b+ Dris YBE e+ k+1e—c)ar yb 2 .
(@) o (d+1), B(c,e —¢) rl R :

Differentiating Eq. (4.7) (A — 1)-times partially with respect to z, gives

7] m,n
e {‘I’HA;’M(a,b, c d,e;xa%z)}

— b)x i (@ + Nrt(b+ N pir "Byl e+ k+1e—c)am y 2!

(d+ A, B(c,e —c¢) rl k]

AWHX’;Q(&—F/\,b+/\,c,d—|—)\,e,x,y,z) (48)

Similarly, differentiating Eq. (4.8) (-times partially with respect to y, yields

3/\+C ¥ rym,n
gy L At b s ey, 2) )

_ (a)/\(b))\+C(C)§ i (a+)\)r+l(b+)\+c)r+k ‘I’Bz?é"(c-‘v-C‘i‘k’-i-l,e—c) xTyk o

(d+ ), B(c,e —c¢) rl kI

_ W‘I’Hﬁfq(a+/\,b—i-/\+C,C+C;d+>\7€;’£7y73)- (4.9)
: 5

Again, Differentiating Eq. (4.10) w-times partially with respect to z, gives

oA CHw @ rmon
W{ HA;},,q(avb,C;dye;m,yvz)}

_ (@) x40 (D) rtc(€)cqw i (a+N)rpi(O+ X+ )rrk \I’Bg}én(c +(H+wt+k+le—c)azmyk 2t

(d)r(e)w Nt (d+N), B(c,e —c) rl kL

_ (a),\+w(b),\+¢(c)<+w W rrm,n
ST @Dae | Awa

(a+A+tw b+ A+ c+(+w;d+ N e+w;z,y, z). (4.10)

a

5. Recurrence Relation of YH " (.)

We can see the bi-Fox-Wright Function Srivastava triple hypergeometric function Y H X”;;fq(.) satisfies
following recurrence relation

Theorem 5.1
YH (a4 1,b,¢:d 65wy, 2) = YH (a,b,¢;d, 652, y, 2)
bx\l} m,n z\I} m,n
+ — HA.’pq(a—&—1,b—|—1,c;d—|—1,e;a:,y,z)—|—f HA.’pq(a—i—l,b,c—&—1;d,e;x,y,z). (5.1)
a P, c D,
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Proof: The left-hand side of Eq. (5.1) can be expressed as

U rrm,n . A o ZOO (a + 1)r+l(b)r+k \IIB;Z}(}”(C + k+ l, € — C) x’ yk Zl
HA;p,q(a—’_17b7cﬂd)evxﬂyvz)_ < (d)., B(C e_c) Fgﬁ (52)
,k,1=0 ’

Applying the Pochhammer symbol property in Eq. (1.5) to (5.2), we get the following

YHT" (a+1,b,¢;d,e; 2,9, 2)

Aip,q
_ i (@)ys1()rar VB e+ k4 Le — c) . o k2 653
B (d), B(c,e —c¢) rl kNI '
7,k 1=0
In simplification of Eq. (5.3), it gives the following
W prm,n T o (@i (B)rgk YBpu e+ k+1e—c)ar gyt 2t
HA;p,q(a—i-Lb,c,d,e,x,%z)f Z . Blee o) ST
r,k,l=0
L2 i f: (@)r i (0)rs "B (e k+le—c) ar=! gk il
L (d)r B(c,e —¢) (r=1!E 1
2 e (@)rs1(D)rik \I’B;”é”(c +hk+le—c)amyk 21
. : —_— . 5.4
+QZ Z (d)r B(c,e —¢) rl k! (1—1)! (5.4)

Il
N
o
I

0

T7

Putting r — r+ 1 and [ — [ + 1 in the third and fourth summations and applying the property of the
Pochhammer symbol in Eq. (1.4), gives

VB e+ k+le—c)ar yk 2l

YHY (a4 1,b,cd, sy, z) = Y (a)r&()b)ﬂrk

Aipa o B(e,e—c¢) kT
L i (a+ Drpi(b+ )i Y By etk +le—c)amy 2
a & (d+1), B(e,e —c¢) rl kI
o) w s _ g
+Z Z (@+Drpa(b)ryr " Bp"(c+k+l+1e C)x;ﬁil_ (5.5)
¢ = (d), B(c+1l,e—c¢) rl kLl
Writing Eq. (5.5) in compact form, the result required in (5.1) is obtained. O
6. Integral Transforms of Y H}" (.)
Theorem 6.1 (Double Laplace transform)
L {Hlﬁﬁq(a, b,c;d, e;x,y, Z)} (p:q)
1 U (Tiaﬂ)l,ha(lajw (TIWR/C)I,fa(l)l)
= VHT, a,b,c;d,e;x,y,z |, (6.1)

(€j7Lj)1,g (deL)l,u

where s and ¢ are the Laplace parameters and s,£ > 0.

Proof: Applying double Laplace transform in Eq. (1.20) to (2.1) and changing the order of summation
and integration, gives

oo

m,n a)ry1(b)r x" yk 2! m,n
L{‘I’HA;;g’q(a,b,c;d,e;x,y,z)}(s,é): E WMMHE{WBP,(} (c—|—l<:+l,e—c)}. (6.2)
rkl=0 \ " ’ T
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Applying Eq. (1.27) to (6.2) with little simplification yields
c{Y L (ab,cd 3, 2) | (5,0)

(Tivﬂ)l,ha(lvl) (Tk7Rk7)1,fa(1al)

VBT, c+k+le—c
1507
S (@) (6, L)y (d; D)1 il
- _ Ik
st o (d), B(c,e —¢) rl k1!
1 (Ti;T’i)l,ha(lal) (TkaRk)l,fa(lal)
:7‘11 th’fl a”bac;d7e;$7yaz
y o (éjaLj)l,g (deL)l,u
Corollary 6.1
v 1 y+ioo e+i00 st
H" (a,b,c;d,e;2,y, 2 :7/ / eStteT
A,p7q( Y ) (27T’L)2 y—100 €—100
1 (TiaTi)l,hm(l’l) (Tk7Rk)1,f7(1?1)
X Q‘I'Hzlf% a,b,c;d,e;x,y,z | dsdl, (6.3)
) (gjaLj)Lg (dth)l,u

where v,€ > 0.

Next, we shall show that the double Melli transform is also true in the following theorem

Theorem 6.2 (Double Mellin transform)

Aipq
~ YT(s)YT(0)B(b+ms, e +nl — c)
N B(c,e —¢)

M {q’Hm’n (a,b,¢;d,e;x,y, z)} (s,0)

Proof: Using direct substitution of Eq. (2.1) into the left-hand side of (1.28), gives

M {‘I’Hm’" (a,b,c;d, e;x,y, z)} (s,0)

Aip,q
—  (@)r1(®)rrx a" Yy
- Nt O)rik T V2 g wpmne k4 e—c)). :
T;;OM%B@@—w)MkﬂH VB et bt le—c)) (65)

Applying Eq. (1.28) to (6.5) with little simplification yields

M{PH (06,6, 2,9, 2) b (s,0)

1 i (a)r+l(b)r+kB(b+ms+k+l,e+n€—c)££zj
st r,k,1=0 (d)r

B(c,e —c) rl kLl
YT(s)YT(¢0)B(b l—
_ (s)"T()B(b+ ms,e+n C)HA(mb,c—s-ms;d,e—Fms—&-nﬁ;:myaz)-
B(c,e —c¢)

Corollary 6.2

1 o+4i00 d+1i00 . v
T'(s)YT(¢)B(b 0
(27Ti)QB(C’ €— C) /o—ioo d—ioco (S) ( ) ( + ms, e +n C)

X Hy(a,b,c+ms;d,e+ms+nl;z,y, z)p *q ‘dsdl. (6.6)

A\ m,n
HA:,p,q

(a,b,¢;d,e;2,y, 2) =

Ha(a,b,c+ ms;d,e + ms+ nt;x,y, z). (6.4)
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7. Double Caputo Fractional Differential Equation Containing ‘I’Hlln,’:q(.)

Problem 1 Consider the double Caputo fractional differential equation

qCDg+gD§+ {y(p7 Q)} = \PHZ})Z,qg(aa b7 ) da LY, Z)a (71)

with initial condition

_ 9y(0,0)  9y(0,0)  9%y(0,0)

y(0,0) - ap - 8(] - apaq =0

y(p,0)
,0) = =0 . 7.2

y(p,0) 4 (7.2)

dy(0, q)
()7 p— f— 0
y(0,q9) o

Solution: Taking the double Laplace transform of both sides of Eq. (7.1), gives

_ - 9y(0,q _
62 00} 5, ) = 57 Ly 0.0} 0) — 572, { 20D () 7, (0} 1)
- y(p,0) S1 1, 90y(0,0) 5 ,3y(0,0) ., ,dy(0,0)
.y 2 YIUHY) / lg 1 lg 2YI\M M) 2€ 1YI9\H V) 26 2YI\M M)
ﬁp{ 4 (&) +s y(0,0) + s o +s D4 +s 9p0q
CE (TiaTi)l,hv(lal) (TkaRk)l,fv(]-al)
= 7‘I’Hzlf . a,b,c;d,e;x,y, 2 | . (7.3)
S 507
(€j7Lj)1,g (db,Dl,)lﬂL
Applying the initial condition in Eq. (7.2) to (7.3), yields
LqLp{y(p, )} (s,0)
Cf \DHmn (Ti>iz-‘7$)1,h7(171> (Tkka)l,f7(171) b J ( )
oy A;’Q,é a,bc;d,e;z,y,z | . 7.4
s v (45 Lj)1,g (dis D)1u
Taking the inverse double Laplace transform of Eq. (7.4), yields
(Ti7Ti>1,h7(1a1) (rk7Rk>17f7(1a1)
y(p7 Q) :pcqf\I,Hzggqg Cl,b, & d,€§$>y72 . (75)

(éj Lj)l,g (dLaDL)l,u

8. Conclusion

The extended Srivastava triple hypergeometric function known as the bi-Fox-Wright Function Srivas-
tava triple hypergeometric function because its kernel consists of two Fox-Wright functions was introduced
and studied due to its potential application in science and engineering.

Areas for further research include, but are not limited to:

i. Applying fractional derivative and integral operators to the bi-Fox-Wright Function Srivastava triple
hypergeometric function.

ii. Investigating multi-variable and multi-index extended forms of the bi-Fox-Wright Function Srivas-
tava triple hypergeometric function.

iii. Enhancing numerical techniques for evaluating the presented bi-Fox-Wright function Srivastava
triple hypergeometric function.
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