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Secure Communication Through Function-Synchronization of Time-Delayed Uncertain
Genesio-Lorenz Systems

Ayub Khan and Rimpi Pal

ABSTRACT: In this manuscript, we have developed a new technique to obtain generalised function synchro-
nization between two non-identical chaotic systems by adaptive sliding mode control technique. The adaptive
controller consists of both static state feedback as well as time-varying delayed state feedback terms. The
controller is designed without using any lemmas. Further, the technique is applied to synchronize modified
multi-delayed Genesio system and Lorenz system. Next, we have shown its application in achieving secure
communication between non-identical Genesio system as sender and Lorenz system as the receiver system. We
have modified the Chaotic Masking Scheme for achieving enhanced security. Finally, numerical simulations
are performed which confirm the effectiveness of our proposed control techniques and encryption methods.
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1. Introduction

The control of time-delay systems is a subject of great interest and a lot of research has been going on in
this direction. Since Mackey & Glass first observed chaos in delayed system [1|, many researchers got in-
terested in the dynamics and chaos-synchronization of time-delayed chaotic systems. Time-delay systems
are ubiquous in nature and dissipative systems with non-linear time-delayed feedback can produce chaotic
dynamics. We know that high complexity of multiple time-delayed systems helps in enhancing message
security. Especially in certain communication systems, it is required to achieve chaos synchronization be-
tween multiple time-delayed transmitter and receiver systems. Thus, in a chaos synchronization problem,
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there is a chaotic system considered the master system and another identical or non-identical chaotic sys-
tem considered the slave system, whose dynamics is made to synchronize with that of the master system
by driving the slave system with a control input [2,3,6,4,5]. So, the problem of deriving a controller for
a multi-delayed chaos synchronization system is an important area of research.

The concept of synchronization has been developed in various fields such as integer-order chaotic
systems, fractional-order chaotic systems, time-delayed systems and distributed-order systems [7,8,9,10].
Synchronization of time-delayed systems has since attracted much attention. Complete synchronization,
anti-synchronization, projective synchronization, hybrid synchronization, and generalized synchronization
are considered in multi-time-delayed chaotic systems. In this paper, we have performed synchronization
where the master and slave systems are synchronized up to a scaling factor a(t), which is a function of time.
If a(t) = 1, complete synchronization is obtained as a special case, if a(t) = —1, anti-synchronization is
obtained while if «(t) is any other non-zero scalar, we get projective synchronization as a special case.
Further, if we choose different values of a(t) for different state variables, we obtain the case of Hybrid
projective synchronzation. If these values of «(t) are changed to some continous function of time ’t’
instead of non-zero scalars, the latter is called as the case of Hybrid Projective Function Synchronization
or simply, Generalized Function Synchronization.

It is worth noting that if parameters and time-delays are approximately chosen, chaotic delayed
systems can exhibit unprecedented complicated behaviour. Thus, synchronization of chaotic delayed
systems have been intensively investigated in last two decades. [11,12,13,14,15,16,17,18,19]. However,
in most studies on synchronization of chaotic delayed systems assume that the parameters involved are
known in advance but in most practical situations, values of the parameters cannot be known in advance.
Thus, to tackle the uncertainities induced by the unknown parameters various strategies are employed
[20,21,22,23]. In our paper, we have merged two control methods: Adaptive control method and Sliding
mode control method to control chaos and give a proper estimation of uncertain parameters.

After the obtainment of Generalized Function Synchronization, we show it’s application in obtaining
secure communication. By virtue of the characteristics like unpredictability and sensitivity to initial
conditions of the chaotic systems, secure communications have become one of the major applications of
the synchronization scheme of the chaotic systems [24,25,26,27,28,29]. One of the earliest methods for
obtaining chaotic secure communication is through Chaotic Masking Scheme. This scheme uses chaotic
signal (which are represented by state variables defining the dynamics of the chaotic model) as a carrier
to hide the secret information during transmission, and then the receiver modulator restores this secret
information by removing the chaotic signal through synchronization. In this paper, we have modified
the masking scheme by using more than one chaotic signals for masking the secret information. This
enhances security during transmission. [30].

This article is organized as follows: In section 2, a general class of multi-time-delayed chaotic systems is
introduced following which master and slave systems are introduced. In section 3, the control technique
derived is explained so that Generalized Function Synchronization (GFS) via adaptive sliding mode
control is achieved. In section 4, the method is applied so that GFS is achieved between modified twice-
delayed Genesio and Lorenz systems. Numerical simulations establishing synchronization are performed
in section 5. Further, in section 6, an application to secure communications is shown where the chaotic
models are chosen as sender and receiver modulators. Section 7 verifies the proposed laws numerically
and compares graphs of sent messages versus received messages. In section 8, conclusion is drawn.

2. Introduction to Delay Systems

We consider a class of discrete multi-time-delayed chaotic system with uncertain parameters of the form:
B(t) = (@ Ty Ty oo Ty 1) g(2, ) O+ Y (e, )N (2.1)

where x(t)€ R™ denotes system’s n-dimensional state vector,f, h; : R” — R™ are nonlinear functions of
its arguements. 6 = (01,62, ....,0,)7 € RP, g: R™ — R™ P is also non-linear function of its arguements.
0;, A;;i=1(1)p,j=1(1)m are the uncertain parameters of the system. (1) is chosen as the master system.
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734 = 1(1)m are the constant time delays of the system where,z,, = xz(t — 7;);4 = 1(1)m. The non-
identical discrete multi-time-delayed chaotic slave system with uncertain parameters is of the form:

y(t) = F(yv Yy s Yrgy eeeens » YT s t) + G(ya t) -0 + Z H1 (yn ’ t)Az + u(t) (22)
=1

where y(t)€ R™ denotes system’s n-dimensional state vector,F, H; : R™ — R™ are nonlinear functions of
its arguements. © = (01,0, ....,0,)T € R?, G: R" — R"*? is also non-linear function of its arguements.
©;,A;;i=1(1)p,j=1(1)m are the uncertain parameters of the system. (2) is chosen as the slave system.
Here u(t) € R™ is the control input vector.

Remark: The parameters 0;,\;,0;, Aj;i = 1(1)p, j = 1(1)m are unknown, these are taken as uncertaini-
ties when sliding surfaces are designed and will be estimated by an adaptive control law when reaching
mode control is proposed.

Some time-delayed chaotic systems satisfying (1) are:

1. Rossler system with multiple time-delays:

n

Il(t) = —T2 — T3 — Z zi(x‘r“t))\i
i=1

.’Eg(t) = x1+axs

I3 (t) = b+ x311 — cr3

where a,b,c are parameters, 7; are the time-delays and A; are geometric factors.
2. Perez-Malta-Coutinho equation:
©(t) = Bo—Pixr —qx
wheref,, 81,y are parameters, 7 is the time-delay.
3. Modified multiple time-delayed Genesio system:
z(t) =
yt) = =
2(t) azx +by(t — 72) +cz + 2*(t — 1)

where a,b,c are parameters, 71, 7 are the time-delays.

4. Modified multiple time-delayed Lorenz system:

#(t) = oly—x)
y(t) = pr—axz—y(t —72)
it) = wy—Pa(t—T3)

where o, p, 8 are parameters, 7o, 73 are the time-delays.
3. GFS Via Adaptive Sliding Mode Control Method

Let a(t) # 0 Vt be the scaling function. Then the generalized synchronization errors are defined as follows

e(t) = a(t)—alt)y() (3.1)

Hence using (1), (2) and (3), the error dynamics is given by

t) = fHglt) -0+ iz, i —

=1

a(OfF + Gy, t) - ©+ Y Hi(yr,, 1) A + u(t)} — &(t)y(t) (3-2)

i=1
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It is clear that the stability of error dynamics (4) results in generalised hybrid synchronization between
the non-identical master and slave system (1) and (2). Thus, the synchronization problem is replaced by
the equivalent of stabilizing the error dynamics (4) by using suitable input u(t).

The sliding mode control (SMC) theory is an efficient approach to solve the robust control problems.
Its advantages are easy realization, rapid and fast response and insensitivity to variations in system
parameters or external disturbances when there are uncertainities, especially those derived from uncertain
parameters, adaptive control is found most suitable. Thus, combinig the robustness of the SMC with
adaptability of adaptive control, we design an adaptive S.M. controller to realize generalised hybrid
synchronization of non-identical multi-time-delayed chaotic systems containing uncertain parameters.

To design S.M. controller, 3 two basic steps, first to select an appropriate switching surface and sec-
ond, to establish a control law which guarantees stability of the sliding surface.

3.1. Sliding Surface Design

The sliding mode surface can be in general defined as
S(t) = Ae(t) (3.3)

where A= diag (ay,as, ...... ;an) € R" x R™. Now, the necessary condition for any state trajectory to stay
on the switiching surface S(t)=0 is S(¢) = 0. Thus, in the sliding mode, we must have

S() = 0 (3.4)
Sty = 0 (3.5)

Next, we design a control law u(t) which will guarantee that the error system trajectories reach on the
sliding surface S(t)=0 and stay on it for all subsequent time.

3.2. Adaptive SMC design and Parameter Adaptation laws

We assume that the constant rate reaching law is applied. thus, the law can be chosen as

S(t) = —qsgn{S(t)} (3.6)
where q>0. Thus, using (4), (5) and (7), it follows

0 = S(t)
= Aé
= A[.f + g(xat) 0+ Z hi(z‘rmt)/\i -
a){F +G(y,t)-© + Z Hi(yr, t)Ai +u(t)} — a(t)y(t)] (3.7)

(8) and (9) are identical. In order to achieve this, we propose the following adaptive SMC laws and
parameter update laws for synchronizing the multi-delay systems

1. Adaptive Sliding Mode Control Laws

a(t)u(t) = f + g(1'7t) ’ é + Z hi(x‘rﬂt)j‘i - a(t)F - OZ(t)G(y,t) ’ é - a(t) ZHz(yﬂvt)Az
i=1 i=1
—a(t)y(t) + Ke(t) + Z Li(t)e(t — ;) + qA L sgn{S(t)} (3.8)

where k= diag (k1, k2, ...., kn) € R™ x R™ is the static state feedback matrix while L;(t); i=1(1)m
are the delayed time-varying state feedback matrices. Further, (t),O(t) are the estimations of



SECURE COMMUNICATION THROUGH FUNCTION-SYNCHRONIZATION... 5

the uncertain parameter vectors § and © respectively. j\i, Ai;izl(l)m denote estimations of the
uncertain parameters A;, A; respectively. Also, sgn(-) denotes the signum function, ¢ > 0 is the
constant gain which is so determined that sliding condition is satisfied and sliding mode motion
will occur.

2. Parameter update laws

M) = {Ahi(wn,t) + Bie(t — 1)} Ae — ka, Ny i = 1(1)m

N(t) = —a(®){AHi(ys,. 1) + Cie(t — )} Ae — kn, Ay 3i = 1(1)m

i) = {Ag(z, )T Ae — kb

o) = —a(t){AG(y,t)}T Ae — keO (3.9)

where, ko= diag (k917k92, ko, ), ko= diag (ko,,key,,.....ko,) € RP x R?, ky,, kx, € R; i=1(1)m are all
control gains and \; = \; — A, Ay = A; — Ay i=1(1)m,# =60 — 0 and © = 6 -o.

3.3. Stability Analysis

It is proved in the form of the following theorem:

Theorem: If the error dynamics (4) is controlled by u(t) given by (10) where k is chosen as a posi-
tive definite matrix and L;(t) is determined by the equation

Li(t) = A YNB, +MCi} ;i=1(1)m (3.10)

together with parameter update laws given by (11), where kg, ko are positive definite matrices and
kx,, ka,>0 Vt, then the state trajectories will converge to sliding surface S(t)=

Proof: To prove this, we define the following Lyapunov-Krasovskii functional V(t) as

V= %S(t)TS( £+

1\3\»—\
w\'—'
[\J\'—‘

Thus,

;>\

V= S0TS(#) +070+ 676+ 3 A, Z
i=1 i=1
Now, using (9), (10), (11) and (12), it can be shown that

m m
V= —eTA%ke — ¢S(t)T sgn{S(t)} — 0T kel — OTke© — Z kA7 — Z ka, A2 <0
i=1 i=1
Thus, the trajectories of the error dynamics are globally asymptotically driven onto the sliding surface
S(t)=0 and maintained there V¢>0. Hence, the proof is complete.

By Lyapunov-Krasovskii stability theorem, it follows that when the trajectories are driven onto the
sliding mode S=0, the error asymptotically declines on the sliding surface which establishes the stability
of the error dynamics (4). Consequently, generalised function synchronization between master and slave
systems (1) and (2) is achieved.

4. GFS Between Modified Genesio and Lorenz System with Two Time-Delays: an
Application
Genesio system with two time-delays is given by
i’:l (t) = X2
.’i‘g (t) = X3
Zg(t) = a.’tl+bl‘2(t*7’2)+0$3+$?(t*7’1) (41)
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and, modified Lorenz system with two time-delays is

yl(t) = 0(1‘2 7561) +’Z,L1
U2(t) = py1—yiys —y2(t — 72) +u2
Us(t) = vyiy2 — Bys(t — 73) + us (4.2)
Ty
(13) and (14) are the master and slave system respectively. Relating (13) with (1), wefindx=| zo | ,f =
T3
Ta 0 0 a 0
T3 g = 0 0 79(c>7h2 0 yhi = hg = 0351, A2 = b, A1 =
22 (t—1) T1 T3 xa(t — T2)
(i 0
A3 = 0, while relating (14) with (2), we find, x=| v2 |, F=| —wnys—y(t—"1) |,
Y3 Y1Yy2
y2—y1 0 o 0
G = 0 (7 ,@Z( >7H3= 0 s Hy = Hy = 03x1,A3 = 3,A; = A2 = 0.
0 0 P —ys(t — 73)
The error dynamical system is given by
ety = z—a(t)o(xe —z1) +u1] — an
é2(t) = a3 —a()lpyr — y1ys — y2(t — 72) +u2] — dye
é3(t) = ax14bxa(t — 1) + cxs + it — 1) — a(t)[yry2 — Bys(t — 73) + us] — dys (4.3)
e . sgn{ey }
Let us choose A=I5 and q=1, then S(t)={ ez | while the reaching law is given by S(t) = | sgn{e2}
es3 sgn{es}
1 1 0
Now, let us choose kg = ko = Iz, k = I3,kx, = ka, = 1;0 = 1(1)3. Further, let B=[ 0 1 0 | and
0 0 1
101 (b-b) (b-b 0
C= 0 1 0 . Thus, by (12), L1 = 03><3,L2 = 0 (b— b) 0 5
0 01 0 0 (b—b)
B-8 0 (3-8
L; = 0 B=p) 0
0 0 (B-5)
Hence, the adaptive SMC laws are given by
aui(t) = xo—a)6(y2 — 1)) — ayr +er + (b—Dblei(t — 1) + (b — b)ea(t — 72) +
(B —=Bei(t —73) + (B — Bes(t — 73)
aus(t) = xz3—alt)[—y1ys —y2(t — 72)] — a(t)pyr — dya + ea + (b — blea(t — 12) +
(B — Bea(t — 73)
auz(t) = axy 4+ bro(t — 1) + éxs + 23 (t —71) — a(t)[y1y2 — Bys(t — 13)] — dys +

e3(b—b)es(t — 72) + (B — B)es(t — 73) (4.4)
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The parameter update laws are then,

= e1(t —7m3)er +e3(t —73)er + ea(t — 73)ea +es(t — 73)es + a(t)ys(t — 73)es — (B — B)
= —a(t)yiea — (p—p) (4.5)

Now, for stability analysis, we consider the Lyapunov-Krasovskii functional as follows:

ciz(t) = z1e3— (G—a)
b(t) = ei(t —To)er +ea(t —To)er + ea(t — To)es + wa(t — To)es + es(t — m2)es — (b —b)
&t) = xzses—(¢—c)
5(t) = —a(t)(y2—y)er — (6 — o)
(t)
(t)

V = 28()7S(0) + (- a) + 5 - b + 5~ + 36—+ 3 (BB + (5~ o)’

Clearly, V(t) is semi positive-definite. Thus, taking time-derivative of the above and using (15), (16) and
(17), it can be shown that,

SOTS(E) + (@ —a)a+ (b— )b+ (6 — e)é+ (6 —0)o+ (B— B)B+ (h— p)p
= G- (a-a)?— (b2 (- —(6-0)—(B—B)?— (- p)?
< 0 (4.6)

IS

v

So, stability of error dynamics (15) is established.

5. Establishment of Synchronization Using Numerical Simulations

In this section, we give numerical simulations to illustrate the effectiveness of the proposed scheme by
applying the theoretical results to modified Genesio system with two time-delays and modified Lorenz
system with two time-delays as discussed in section 4. We choose 71 = 3,75 = 1,73 = 2. We note that by

choosing a = —0.1,b = —0.9,¢ = —1.15 and the initial conditions as z1[t/;t <= 0] == —0.09, 22[t/;t <=
0] == —0.1,23[t/;t <= 0] == 0.0083, the modified Genesio system with two time-delays shows chaotic
behaviour as shown in FIG. 1(a). On the other hand, if we choose o = 0.9,p = 2.5, = 0.1 and the
initial conditions as y1[t/;t <= 0] == —0.9,y2[t/;t <= 0] == 0.1,y3[t/;t <= 0] == —0.01, the modified

Lorenz system with two time-delays shows chaotic behaviour. This has been shown by the 3D phase
portraits in FIG. 1(b).

Let us now choose the initial value of the estimated parameters as a(0) = 2,b(0) = 2,(0) = 1,5(0) =
3,3(0) = —2, (0) = —3. We shall show that by choosing different values of a(t), several synchronization
phenomena can be obtained.

1. Complete synchronization
Here a(t) = 1. The phase portraits of the master system and the completely synchronized slave
system are superimposed and shown in FIG.3(a).

2. Anti-Synchronization
Here a(t) = —1. The phase portraits of the master system and the anti-synchronized slave system
are superimposed and shown in FIG. 3(b).

3. Projective Synchronization
We choose as an example, a(t) = 2. The phase portraits of the master system and the projectively
synchronized slave system are superimposed and shown in FIG. 4(a).

4. Function Projective Synchronization
As an example, let a(t) = 0.5t + 1. The phase portraits of the master system and the function
projectively-synchronized slave system are superimposed and shown in FIG. 4(b).
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3D Phase Portrait of Genesio 3D Phase Portrait of Lorenz
0.1 6 _
5 h@,
0.05 Iy ¢
4
% 0 a 3
X >
2
-0.05

(a) o (b)

Figure 1: (a)Master system (b)Slave system(without controls)

The convergence of all error variables to zero is shown in FIG. 2(a). Time evolution of the estimated
parameters which is shown via FIG. 2(b) which clearly indicates that a — a,b—=be—c,6 — 0,8 —
B,p — p ast — co. We obtain the same error graphs and parameter estimation graphs in every synchro-
nization phenomenon discussed above. Finally, it follows that Generalized Function Synchronization is
achieved between the master system (13) and slave system (14).

Error vs Time
T T T

Uncertain Parameters vs Time
T T T T T

3
e, a(t)
08 o 25 blY)
2 c(t)

0.6 €3 | 2 sigma(t) | |
beta(t)
rho(t)

0.4 1 151

o
Q
s 02 g 1 \
<
® ~— € 05|\
o

0.2 1 or

-04 1 1 051

06 1 At

08 . . . . . . . . . 15 . . . . . . . . .

0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
(a) Time (b) Time

Figure 2: (a) Error Dynamics (b) Parameters Estimation

6. An Application: Secure Communication of Secret Message Between Modulators Using
Synchronization

We present an application of synchronization of the two systems to achieve SECURE COMMUNICATION
between them using CHAOTIC MASKING SCHEME. For achieving the above, we choose master system
as the sender and the slave system as the receiver. A message signal m(t), which is a continuous function
of time t, is scaled k times, and is added to the state variable x3(¢). This message is then transmitted to
the receiver. As the dynamics of both the sender and the receiver are synchronized, the signal is retrieved
from the synchronized state variable y3(t) of the receiver model.

The above application can be explained as follows:
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Compl Synchronizati Anti-Synchronization
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Figure 3: (a)Complete synchronization (b)Anti-synchronization
o1 Projective Synchronization for alpha=2 02 Function Synchronization with alpha= 0.2*t + 1
Master system - — Master system
0.08 |- Slave system | 015 Slave system | |
0.06 -
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0.02 - —
or 4 >\
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-0.06
008 -0.15 |
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y1(t) (b) y1(t)

Figure 4: (a)Projective synchronization (b)Function synchronization

The message signal m(t) is scaled k times and added to x3(¢) so that a new state variable s(t) is introduced
as follows:

s(t) = km(t) + z3(t)

At the sender’s, modulator can be written as:

.i?l(t) = X9
a(t) = s(t)
i3(t) = axy+bro(t — ) + cs(t) + 22 (t — 1)
s(t) = km(t) 4+ x3(t) (6.1)

1(t) o(y1 —y2) +w

U2(t) = py1 —y1yz — y2(t — 7o) +ug

ys(t) = yiy2 — Bys(t —73) +us

ma(t) (s(t) —ys(t))/k (6.2)
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7. Chaotic Masking Communication Scheme

The following diagram explains the modified scheme:

m(t)

HERE, m(t) is the sent signal, m;(t) is the retrieved signal.
The modified error dynamical system is then given by:

éi(t) = z2—at)o(y2 —y1) +w] —dy
éa(t) = s(t) —a)lpyr — y1s(t) — y2(t — 72) + uz] — dys
é3(t) = axy 4 bao(t — 7o) +es(t) + i (t —711) — a(t)[yry2 — Bs(t — 73) + us] — dys (7.1)

We shall use the same controllers and synchronize the modified systems (6.1) and (6.2). Since, the two
modified systems (6.1) and (6.2) have the same structure as the original master and slave systems (only
x3(t) being replaced by s(t)). Hence, the modified Adaptive Control Laws are given by:

aur(t) = xo—at)6(y2 —y1)] — ays +er + (b—Dbler(t — 1) + (b — b)ea(t — 72) +
(B = Bea(t —73) + (B — Bles(t — 73)

auy(t) = s(t) — a(t)[—y1ys — y2(t — 72)] — a(t)pyr — dyz + €2 + (b — b)ea(t — m2) +
(B — B)ea(t —73)

aug(t) = amy 4 bro(t — 1) + és(t) + 22 (t — 1) — a(t)[yry2 — Bys(t — 73)] — s +
es(b—bes(t — 72) + (B — B)es(t — 73) (7.2)

The modified Parameter Update Laws are,

a(t) = wies—(a—a)

5(2&) = ei(t—To)er + ex(t — To)er + ex(t — T2)es + o(t — T2)es + es(t — T2)es — (b—b)

é(t) = s(t)es — (¢ —¢)

ot) = —alt)(y2—y)er— (6 -0)

B(t) = eit—Ts)er +es(t — T3)er + ea(t — T3)ea + e3(t — T3)es + a(t)ys(t — 3)es — (B — B)

pt) = —a(t)yrez — (p—p) (7.3)

These laws ensure the stability of the modified Error Dynamical system (7.1). Upon successful syn-
chronization, we establish that the masked secret message m(t) has been communicated between the
modulators using Numerical Simulations in the next section.
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8. Establishment of Secure Communication Using Numerical Simulations

In this section, we present numerical simulations to illustrate the effectiveness of the CHAOTIC
MASKING scheme to securely communicate secret message m(t). We choose different functions as m(t)
and verify results in each case. Let scaling factor be k¥ = 5. For secure communications, we need to
achieve only Complete synchronization. Hence we take «(t) = 1. Further, s(t) = m(¢) + z3(t). Rest of

the values are chosen with same set of values given by: 7 = 3,75 = 1,73 = 2,a = —0.1,b0 = —0.9,¢ =
—1.15,0 = 0.9,p = 2.5,8 = 0.1, and initial conditions z;[t/;t <= 0] == —0.09,25[t/;t <= 0] ==
—0.1,z3[t/;t <= 0] == 0.0083,y1[t/;t <= 0] == —0.9,y2[t/;t <= 0] == 0.1, y3[t/;t <= 0] == —0.01.

For every signal m(t), which is a continuous function of time ’t’, secured communication is achieved with
high accuracy. For every function m(t), three sets of graphs are drawn that show original message m(t),
received message mq(t) and their asymptotic difference m(t) — m(t) respectively.

L mt)=t3+t2+1
2. m(t) = log(t + 1) + cos(t? + 1)

3. m(t) =sin(2t2 +t +1)

Original message Received message m1(f) Difference
TrrrTpTTrTT T T T

between Sent message m(t) and received message m1(t)
TTT T T LA B [ L L L B L L B L L |

0.003 -
0.002 -
0001+

0.000

/ | 000t

Figure 5: (a) m(t) (b) my(t) (¢) m(t) — mq(t)

Original message Received message mi({)
LA AL B L B B L L L

Difference between Sent message m(t) and received message m1(t)
LA LR A L AL N L L B I AL B LA B

0.003 -

0.002 -

Y v 0.001 -

0.000

-0.001-

(a)-H-Z‘“0“‘2“‘4”‘6”‘5” (b)"-2”‘0”‘2”‘4‘HEH‘EH (C) “-2”‘0”‘2”‘4”‘6”‘8”

Figure 6: (a) m(t) (b) my(t) (c) m(t) — mq(t)

Hence, we observe from these graphs that even for different function values of the messages, the original
and received messages are obtained eventually with high level of accuracy.



12 AyuB KHAN AND RiMmPI PAL

Original message Received message mi ) Difference between Sent message m(t) and received message m1(t)
L B B L L I L L L L L B L R B L |

T

0.003 -

0002

0.001 -

-05 al 0.000

u U 1 -0.001-
0 J

Figure 7: (a) m(t) (b) my(t) (c) m(t) — mq(t)

9. Conclusion

In this paper, we are successful in designing an adaptive sliding mode controller containing static
feedback and time-varying delayed feedback terms in such a way that the uncertainities brought in by
the fully unknown parameters are tackled and the unknown parameters are estimated. Further GFS is
realised between two non-identical, chaotic, multi-delayed systems. The proposed control scheme is also
applied to synchronize modified genesio and lorenz systems as examples. Furthermore, we have showcased
an application of the above synchronization method in obtaining secure communication between the same
systems, where the Genesio system is the sender while the Lorenz system is the receiver. The messages are
sent as continuous functions of time, and we have modified the chaotic masking scheme to achieve secure
communications effectively. We have shown examples of various continuous functions that represent the
messages, and all the numerical simulations confirm our analytical findings. In the future, this work can
be extended to any continuous function m(t), which represents the signal messages.
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