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Closed-Form Solutions for 12th-Order Nonlinear Rational Recursive Difference Equations

Haya A. Altamimi and Hanan S. Gafel

ABSTRACT: This study presents direct computations of numerous closed-form solutions for various rational
recursive problems. Several results related to the ensuing rational recursive sequences are examined in this

article:
Mn—11

E1 £ N —1Mm—3Mn—5Mn—7Mn—9Mn—11

where the initial conditions are arbitrary real numbers. A universal closed-form solution for nonlinear rational
recursive difference equations is unlikely because of their inherent specificity and complexity; only certain
forms can be solved analytically. Researchers therefore focus on particular subclasses of these equations,
often transforming them into more tractable linear forms through appropriate substitutions. By analyzing the
structure of a given equation and applying the necessary transformations, we can identify a solvable class of
nonlinear difference equations and obtain a closed-form solution.

Nn+1 = , n=0,1,2,...,

Key Words: Nonlinear rational difference equations, order-twelve difference equations, closed-form
solutions, high-order difference equations.
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1. Introduction

This paper investigates the characteristics and stability of rational recursive sequences, providing new
insights into their dynamic behavior:

TIn—11
1+ Nn—1Mm—3"Mn—5Tn—7"n—9"n—11
where the initial conditions are arbitrary real numbers.

Over the last decade, research on difference equations has experienced consistent growth, largely
due to their role as mathematical models for real-world phenomena across diverse disciplines such as
probability theory, queuing systems, statistical analysis, stochastic time series, combinatorics, number
theory, geometry, electrical engineering, radiation studies, biological genetics, economics, psychology, and
sociology. Today, difference equations form a cornerstone of applied analysis and are expected to continue
contributing profoundly to the broader field of mathematics.

Recently, the study of the qualitative properties of rational difference equations has received con-
siderable attention. Comprehensive examinations of both rational and non-rational difference equations
can be found in [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26,27,28,29,30,31,32,33,
34,35,36,37,38,39,40,41,42,43,44] and the references cited therein. Investigating rational difference equa-
tions of order higher than one presents both significant challenges and valuable insights, as key results on
their global dynamics often serve as foundational examples in extending the general theory of non-linear

Mnt1 = , n=0,1,2,... (1.1)
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difference equations of the same order. However, no effective general methods have yet been found to
address the global behavior of such equations. Accordingly, extending the study of rational difference
equations of order exceeding one is both important and timely.

Abdelrahman and Moaaz [1] obtained the solution and investigated the global behavior of the non-

linear rational difference equation

bnn—k
% k :
o+ 0B [ico,iz) tn—i

h+1 = Qlpn—k +

Ogul and Simsek [2] analyzed a nonlinear rational difference equation of order thirty

M1 = In=29 n=20,12
" +1 £ 0y 5Nn—11Mn—17n—23"n—29 T

with arbitrary non-zero initial conditions.
Aljoufi et al. [3] investigated the eighteenth-order rational difference equation

n—17
1+ 02N —5Mm—8Mn—11Mn—14TIn—17

Mn+1 = , n=0,1,2,...

where the initial conditions are arbitrary real numbers.

Simgek et al. [4] studied the following fifteenth-order rational difference equation:

Mn—2Mn—8Mn—14
0 5Mn—11 £ e 2Mn—5Nn—8Nn—11Mn—14

Mn+1 =
where the initial values are arbitrary positive real numbers.

Alogeili [5] obtained the solutions of the difference equation

Tin—1

M1 = ————.
T = e

Cinar [6,7,8] investigated the solutions of the following difference equations

nnfl 777171 (l’l’]n,1

P T T a0

Karatas et al. [9] obtained the form of the solution of the difference equation

Nn—>5

1= -
It 1+ Nn—2"1n—5

Here, we recall some notations and results which will be useful in our investigation.
Let I be some interval of real numbers and let

foI g,

be a continuously differentiable function. Then for every set of initial conditions

Nekoy N—k+15N—k+2,-- 570 € I,

the difference equation

77n+1:f(77n77)n—1,--~777n—k>7 'I’L:071,2,...

o0

has a unique solution {n, }>> .

1+ bnnnn—l ’
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Definition 1.1 (Equilibrium Point) A point 7 € I is called an equilibrium point of Equation (1.2) if
n=rfmn....1n).

That is, ny, = 7 for n >0, is a solution of Eq. (1.2), or equivalently, 7j is a fized point of f.

Definition 1.2 (Stability)

o The equilibrium point 7 of Eq. (1.2) is locally stable if for every € > 0, there exists § > 0 such that
for all n_r, n—r+1,M—k+2,...,m0 € I, with

1n—& — 0+ M—ky1 — 0 + [Nkg2 — 0| + -+ |no — 7| <6,

we have
| — 7] <&, foralln> —k.

o The equilibrium point 7 of Eq. (1.2) is said to be locally asymptotically stable if it constitutes a
locally stable solution and there exists a constant v > 0 such that

-k — 0| + n—k1 — 0|+ [N—k42 — 0|+ + o — 7| <6
holds for all n_g, N—f+1,M—k+2,..-,M0 € I. Under these conditions, we have
lim n, = 7.
n— oo
e The equilibrium point j of Eq. (1.2) is a global attractor if for all n_j,N—k+41,...,M0 € I we have
lim 7, = 7.
n— oo
o An equilibrium point 7 of Eq. (1.2) is considered globally asymptotically stable if it is locally stable
and simultaneously serves as a global attractor for the equation.

e The equilibrium point 7 of Eq. (1.2) is deemed unstable if it fails to exhibit local stability.

The linearization of Eq. (1.2) around the equilibrium point 7 yields the linear difference equation
k _ _
ma=3 Aoy,
Theorem 1.1 Let p,qg € R and k € {0,1,2,...}. The inequality
Il + gl <1,
provides a sufficient criterion for the asymptotic stability of the difference equation
Mgl + P + M-k =0, n=0,1,2,....

Remark 1.1 This theorem can be directly extended to encompass more general linear equations of
the form:

Nn+k +p1nn+k71 ++pk77n :07 n:071127"' (13)

where p1,p2,...,pr € Rand k € {0,1,2,...}. Eq. (1.3) is asymptotically stable if the following
condition holds:

k
Z pil < 1.
i=0

Definition 1.3 (Periodicity) A sequence {n,}>° _, is considered periodic with period p if Npyp = 1y for
allm > —k.
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2. First Case
below:

We introduce a particular representation for the solutions of the rational recursive sequences presented
MNn4+1 =

Tn—11

1+ Dn—17n—3Mn—5Mn—7Mn—9Mn—11
with initial conditions taken as arbitrary real numbers

. n=0,1,2 (2.1)
Theorem 2.1 Assume that {n,}32 _1; is a solution of Eq. (2.1). Then forn =0,1,2,..., the following
holds:

alll_ (1 + 6m kigeca) b1 — (1 + 6m [jhfdb)
M2n-11 = M2n—10 =
| - 0(1 + (6m + 1) kigeca)’ | - 0(1 + (6m + 1) lihfdb)’
ch:O(l + (6m + 1) kigeca) dll_ ( + (6m + 1) ljhfdd)
Man—9 = n—1 ) 5 Ta2n—-8 = s
[1,—o(1 4 (6m + 2) kigeca) - (1 + (6m + 2) ljhfdb)
. eIy (1 + (6m + 2) kigeca) ; FII (1 + (6m +2) l]hfdb)
R T (1 +(6m+3) kigeea) T TN (1 + (6m + 3) jhfdb)
gll_ (1 + (6m + 3) kigeca) RIT ! o1+ (6m+3) l]hfdb)
M=o = T 0(1 T+ (6m+4) kigeea) " T TN (L+ (6 + 4) Gbfdb)
i1 (1 + (6m + 4) kigeca) J Hm L1+ (6m +4) l]hfdb)
M2n—3 = 1 ) M2n—2 =
L= 0( + (6m + 5) kigeca) | - (1 + (6m + 5) ljhfdb)
. ETTV (1 + (6m + 5) kigeca) le (14 (6m +5) ljhfdb)
12n—1 = 12n
Hm:0(1 + (6m + 6) kigeca) I._ 0(1 + (6m + 6) ljhfdb)

Wherenll—anlozb;U79:C;778:d;7777:€776—f7

n-1=4k, mn=1, andH;lloAm:L

5—9;774:h77773:i 772_j7

Proof: We apply induction to prove the result for this rational recursive sequence. It is easy to see that

alll = 0(1 + 6m kigeca)
Man-23 = Hn 3

for n = 0, the result holds. Suppose that n > 0 and that the assumption is satisfied for n — 1. That is

B bH 2 (1+ 6mljhfdb)
- 0( + (6m + 1) kigeca) an=22 | - (1 + (6m + 1) Ljhfdb)’
eIz (1+(6m+1) kigeca) dIT_ 2(1—1—(6m—|—1) l]hfdb)
Man=21 = e (1 Y (6m + 2) kigeca) T T (1 + (6m +2)1jhfdb)
eIl (1+(6m+2) kigeca) fIL - (1+(6m+2) ljhfdb)
Man=10 = 02 (1 G 1 8) kigeca) | T T [ (1 4 (6m +3)ljhfdb)
gT1M 2 (1 + (6m + 3) kigeca) RTTEA (1 + (6m + 3) ljhfdb)
Mon-17 = - M2n-16 = p—
[15.=o(1 + (6m + 4) kigeca) 1 =0(1+ (6m +4) Ijhfdb)
; iT1223 (1 + (6m + 4) kigeca) ; G+ (6m + 4) Ljh fdb)
P T2 (1 (6m+ 5) kigeea) T TIA (1 + (6m+ 5) [jhfdb)
kTT2% (1 4 (6m + 5) kigeca) IS (1 + (6m + 5) Ljh fdb)
M2n—13 = n—2 ; Mon—12 = n—2
[1, =614 (6m + 6) kigeca) | |

(14 (6m + 6) Ljhfdb)
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From the main Eq. (2.1), it can be derived that:

M2n—23

1+ mon—13M2n—15M2n—17M12n—19M12n—21712n—23
a 1722 (1+6mkigeca)
I 70(1+(6m+1)kzgeca)
[kn; 20(1+(67n+5)kzgeca):| |:1HZ 20(1+(67n+4)kzgeca)]
L1y, 25 (1 m6)kigeea) | | L, (1 (6m-+5)kigeca)
1+ |:g1_[” U(l+(6m+3)k1geca):| |: H&70(1+(6m+2)k2geca)i|
I 20(1+(6m+4)kzgeca) I 20(1+(677L+3)kzge(,a)
|:an1 20(1+(6m+1)k7,geca)i| |: alln 0(1+6mkzgeca) :|
_o(14+(6m+2)kigeca) [125 (14 (6m+1)kigeca)

Taon—-11 =

R (1 + 6m kigeca)
_Hm 0(1 + (6m + 1) kigeca)

1

kigeca 1 6m k
=) Hmmmwm) Tz (14 6m Kigeca)

kigeca
L+ (1+(6n 96 ) kigeca) )

(14 (6n — 6) kigeca)
(6n — 6) kigeca + kigeca)

I 0(1 + (6m + 1) kigeca)

allh 2 o (1 + 6m kigeca)
[ 0(1 + (6m + 1) kigeca)

a Hm o (1 + 6m kigeca)
H" 2 o (L4 (6m + 1) kigeca)

_alln % (1 + 6m kigeca) <
5 (7
5 (i

(6n — 6) kigeca)
(6n — 5) kigeca)

Consequently, we obtain

a H;_:lo (14 6m kigeca)
172 (1 + (6m + 1) kigeca)

Likewise, from (2.1), it can be derived that:

Man—11 =

M12n—22
1+ mi2n—12M12n—-14M12n—-16M12n—18M12n—20M12n—22
b1 22 (1+6mlijhfdb)
[1% 22 (14+(6m-+1)ljh fdb)
zn::, ‘g 14+(6m+5)l5hfdb) | [ 4 I1%22 (1+(6m~+4)ljh fdb)
[ 2 (14+(6m~+6)Ljh fdb) } [ n 2 (14+(6m+5)1jh fdb) }
[h]_[:; 20(1-&-(6m+3)l]hfdb)} [f 1_[:;;20(1+(6m+2)ljhfdb)}
m_%(1+(6m+4)zyhfdlb) 12 20(1+(6m+3)l7hfdb)

AT —o(+(6m+1)ljhfdb) b1 _2 (14+6mljhfdb)
{ 1% (1+(6m+2)ljh fdb) } { o (1+( GmH)thfdb)]

M2n—10 =

[T (1 + 6mijhfdb)
Hm=0(1+(6m+ )Ijhfdb)

b2 (1 + 6mijhfdb) E
(7
1G

1

ljhfdb
. 20(1+(6'rn+6)ljhfdb) [T 25 (1 + 6mijihfdb)

ljhfdb
L+ (1+(6n 6 lghfdb))

(1+ (6n — 6)Ljhfdb)
(1+ (6n — 6)ljhfdb+ Ljhfdb)
+ (6n — 6)Ljhfdb)
1+ (6n — 5)ljhfdb)

12221+ (6m + 1)Ijhfdb)
b1 (1 + Gmljhfdb)
_H;;20(1+(6m+ Yjhfdb)
BTN (1 + 6mljhfdb)
IR (1 + (6m+ 1)1jhfdb)

1
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Thus, we have

b1 (1 4 6mijhfdb)

fh2n=10 = 125 (1 + (6m + 1)Ljhfdb)

In a similar fashion, the remaining relations can be readily derived. Hence, the proof is complete.

O

Theorem 2.2 Eq. (2.1) possesses a unique equilibrium point at zero, which is not locally asymptotically
stable.

Proof: For the equilibrium points of Eq. (2.1), the following expression holds:

Ui

T= 15

Then 7} + 7 = ) or also 777 = 0. Thus the equilibrium point of Eq. (2.1) is 7 = 0.
Let f:(0,00)% — (0,00) be a function defined by

,
flr u,v,w,y,2) = 1k ruvwys

This implies that

1

2
. _ —rivwyz
Fr(ryw,0,w,9,2) = trgeagayey Juln ,0,0,9,2) = Trguuyaye
2 2
_ —r?uwyz _ —r uvyz
fv(r,u,v,my,z)—W, fw(rvuvvvway’z)_W’
2
_ —ruvwz _ —r uvwy
Fylriw,v,w,y,2) = gy Fo(rw,0,w0,9,2) = sy

We note that

The proof is obtained by applying Theorem 1.1.

Theorem 2.3 Every positive solution of Eq. (2.1) is bounded and

lim n, =0.

n—oo
Proof: It follows from Eq. (2.1) that

Nn—11
1+ 9 19— 30— 85— —9Mn—11

NMn+1 = S MNMn—11-

Hence, the subsequences {n12n—11}320, {M2n—10}ol0, {M2n—9 oo, {M2n—8}220:

{Mman—7}tnzos {Man—6Fneo: {M2n—sFneos {M2n—atneo {M2n—3}nzo, {M2n—2}nZ0, {M2n—1} o
are decreasing, and thus, each is bounded from above by

M = max{n_11,1-10,1-9, -8, N—7:1N—651—5, N—4, -3, —2, -1, 1o } -

To confirm the results presented in this section, a numerical example is provided to demonstrate a
representative type of solution to Eq. (2.1). O
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Example 2.1 Consider Eq. (2.1) with the following initial values n_1; = 0.9,9n_10 = —1.1,n_9 =
0.7,m—8 = —=0.6,n—7 = 1.3,n—¢ = —1.2,n_5 = 0.8,n—y = —=1.5,n—3 = 1,2 = —0.9,7_1 = 0.6,n0 =
—0.7.

The graph in Figure 1 is presented below.

Plot of 1,11 = -1
15 L+ Du-1Ma—3Tn—5Mn— 1T —0Mn—11
ne
0.5 H
= OF
0.5
,1 =
7))
15 | | | | L L L L L |
0 10 20 30 40 50 60 70 80 90 100

n

Figure 1:

Example 2.1 illustrates the dynamics of Eq. (2.1) with the given initial conditions.
3. Second Case
The following rational recurrence relations are considered:

Mn—11
1 = 1M —3Mn—5Mn—7Mn—9Mn—11

Mgl = , n=0,1,2,..., (3.1)

with initial conditions taken as arbitrary real numbers.
A distinct representation of the solutions to Eq. (3.1) is given in the subsequent theorem.

Theorem 3.1 Assume that {n,},— 1, is a solution of Eq. (3.1). Then forn =0,1,2,..., the following
holds:

a1 (1 — 6mkigeca) b1 (1 — 6mijhfdb)
Mon—-11 = —57 5 ) Mon—-10 = —5 7 ; )
[1,—o(1 = (6m + 1) kigeca) I, —o(1 — (6m +1)ljhfdb)

eI — (6m + 1) kigeca) AT (1 — (6m 4+ 1) ik fdb)

TS T (= (6m + 2) kigea) T T (1— (6m + 2) Ljhfdb)
eI (1 — (6m +2) kigeca) _ FII (1 — (6m + 2) Ljh fdb)

e T T (1 (6m + 3) kigeea) | "0 T ML (1= (6m + 3) ik fdb)
_ gTIn (1 — (6m + 3) kigeca) RTINS0 — (6m + 3) Ljh fdb)

TS T (1 (6m + 4) kigeea) T ML (1= (6m + 4) Ljkfdb)
[T (1 — (6m + 4) kigeca) G (1 — (6m + 4) Ljh fdb)

T T (1= (6m 4 5) kigeea) 0T (1 — (6m + 5) Ljhfdb)
_ KTT (1 — (6m + 5) kigeca) U1 — (6m + 5) Ljhfdb)

T T A (Gm+ 6) kigeca) | Ty (1= (6m +6) Ljhfdb)

where r kigeca # 1, rljhfdb# 1 forr=1,2,3,....
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Proof: We apply induction to prove the result for this rational recursive sequence. It is easy to see that
for n = 0, the result holds. Suppose that n > 0 and that the assumption is satisfied for n — 1. That is,

al % (1 — 6mkigeca) b1 (1 — 6mljhfdb)

Man=28 = 2 (1 ~(6m+ 1) kigeea) P T IR (1 (6m 4+ 1) Ljkfdb)
Il (1 — (6m + 1) kigeca) dln= 0( — (6m + 1) ljhfdb)
Man—2t = | - (1 — (6m + 2) kigeca) ' Man=20 = I 20( — (6m + 2) Ljhfdb)
eIl (1 — (6m + 2) kigeca) FI (1 — (6m + 2) ljhfdb)

an =10 = e 20( " (6m + 3) kigeca) " T I 20( — (6m +3) jhfdb)
gl (1 — (6m + 3) kigeca) I8 | (1 — (6m + 3) ljhfdb)

M= T (G 4 4) kigeea) T T T 20( ~(6m + 1) ljhfdb)
il 0(1 — (6m + 4) kigeca) J Hm 0( — (6m +4)ljhfdb)
Men=1e = I (1 — (6m + 5) kigeca) ' Mon—a = I (1 — (6m + 5) Ijhfdb)

I - (1— (6m + 5) kigeca) A - (1— (6m+5)ljhfdb)

Ten T = T (U (Gmt 6) kigeea) T T2 (1— (6m 4+ 6) Lihfdb)

By applying the main Eq. (3.1), we obtain

N12n—23
1 = M2n-13M2n—15M2n—17M12n—19M12n—21712n—23
a H;;Qo(l—ﬁ'm kigeca)
H:’T'L_:%(lf(ﬁerl) kigeca)
|:lc [17.2 (1—(6m+5) kzgeca):| |:z 1522 (1—(6m+4) kzgeca)i|
%(1 (6m+6) kigeca) | | 2%(1 (6m+5) kigeca)
1— {g H;:f o (1—(6m+3) kzgeca)] [e H;:f o (1—(6m+2) kzgeca)]
ITh= 0(1 (6m+4) kigeca) Iz (1 (6m—+3) kigeca)
cT17 2 (1—(6m+1) kigeca) a H:’n;zo(lf()m kigeca)
H:;;zo(l—(ﬁm-&-Q) kigeca) HZ;;%(l—(6m+l) kigeca)

Man—-11 =

alI2 (1 — 6mkigeca) 1

H;_jo(l — (6m + 1) kigeca) | 1— 0(1 k(z(sgnifa) vigeca) H’;fo(l — 6m kigeca)

aTI2 (1 — 6mkigeca)

_H”_:2 (1 — (6m + 1) kigeca)

1— kzgeca )
(1—(6n—6) kigeca)

_ aH % (1 — 6m kigeca) ( 6n—6) kigeca) >
5 (i

71_[ (1 — (6m + 1) kigeca) 6n — 6) kigeca — kigeca)

B aH ~ ( — 6m kigeca)
_H (1 — (6m + 1) kigeca)

(
Eesn - kzgeca))

6n — 5) kigeca)

Therefore, we have

a1y (1 — 6m kigeca)
15251 = (6m + 1) kigeca)

Man—11 =
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Likewise, by applying the main Eq. (3.1), we obtain

M2n—22

1- T2n—12712n-14M12n—16712n—18712n—207112n—22
b[1 2 (1—6mijhdb)
—o(1—(6m+1)ljhfdb)
"2 (1—(6m+5)ljhfdb) "2 (1—(6m-+4)ljh fdb)
{ n 21— (6m+6)zjhfdb)} {1‘[; 21— (6m+5)ljhfdb)}
Il % 1—(6m+3)lihfdb) | [ fI15_0(1—(6m+2)lihfdb)
{ %_%(1 (6m+4)ljhfdb) }[ mno(Zl (6m+3)lahfdb)]
dI1% 5 (1—(6m+1)ljhfdb) b1 % (1—6mijh fdb)
{ I 50— (6m+2)lahfdb>} [an;%(l—(ﬁm-i-l)ljhfdb)}

M2n—-10 =

~ [I% (1 — 6mljhfdb) 1

T rn—2 . - p—)
[Tn=o(1 = (6m + 1)ljhfdb) 1_HZF20 it sy To (1 — 6mijhfdb)

bTT_% (1 — 6mljhfdb)
T1223 (1 — (6m + 1)1jh fdb)

m=0

bI1%2% (1 — 6mijhfdb) E
1G

1_ ljhfdb )
(A=(6n—6)Ijhfdb)

(1 —(6n—6)ljhfdb)

~(6n — 6)ljhfdb — l]hfdb))
—
— (

6n — 6)Ljhfdb)
6n—>5 ljhfdb))

T2 (1= (6m + V)ljhfdb)

_ b1 — 6mljhfdb)
T1%22 (1 — (6m + 1)Ijhfdb)

m=0

Hence, we have

bTT% (1 — 6mijhfdb)
[T (1 — (6m + 1)ljhfdb)

In a similar fashion, the remaining relations can be readily derived. Hence, the proof is complete. O

Man—10 =

Theorem 3.2 Eq. (3.1) possesses a unique equilibrium point at zero, which is not locally asymptotically
stable.

Example 3.1 Consider Eq. (3.1) with initial values n_11 = 0.4,7-10 = —0.3,7_9 = 0.2,1_g = —0.25,
n—r = 0.3,n—¢ = —0.1,n_5 = 0.15,n_4, = —0.35,7_3 = 0.1,n_2 = —0.2,n_1 = 0.05,179 = —0.05. The
graph in Figure 2 is presented below.

g 11
Plot of 9,41 = i
05— L — 10370 —5"n 77 —97n 11
)

04

03

02
01
= 0k

01

02

03

04 L L L 1 1 1 | | | |

0 10 20 30 40 50 60 70 80 90 100
n
Figure 2:

Example 3.1 illustrates the dynamics of Eq. (3.1) with the given initial conditions.
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4. Third Case

Focusing on the rational recursive sequences below, Theorem 4.1 provides a particular representation
of their solutions.

M = — In=11 . n=01,2,..., (4.1)
— 1+ 1M —3Mn—5Mn—7Mn—9Mn—11

with the initial conditions chosen as arbitrary real numbers satisfying
N-111-97-71-570-30-1 7 1, N-107-87-67-a7-270 7 1.

Theorem 4.1 Let {n,},>_,, be a solution of Eq. (4.1). Then Eq. (4.1) has unbounded solutions and for
n=01,2,...
M2n-11 = (—1 1 kigeca)™’ M2n-10 = (—1 + ljhfdb)™’
Maon—g = c(—1 + kigeca)™, nmion—s = d(—1 + [jhfdb)",
e f
M2n—-7 = W, M2n—6 = W,
Man—5 = g(—1 =+ kigeca)",  map—a = h(—1+ ljhfdb)",
? _ J
1+ kigeca)r? 2T (T phfdn)n

Mon—3 = (
Maon—1 = k(=1 + kigeca)™, man = 1(—1+ [jhfdd)™.

Proof: The result holds for n = 0. Now assume that n > 0 and that the result is true for n — 1. That is,

a b
0 (—1 + kigeca) "1’ T (—1+ 0 n—1’
M2n—23 15k T 12022 T R
Man—21 = c(—1+ kigeca) "™, man—20 = d(—1+ li'chfdb) -1,
e
7 (=1 + kigeca) 1’ T (C1+ 0 n—1’
M2n—19 1+ & 1 M12n—18 LT 1jhfdb T
Men—17 = g(=1+ kigeca) ", nmizp—16 = h(=1+1jhfdb)" ",
_ 4 _ j
7 (=1 + kigeca) "1’ T (=140 n—1’
M2n—15 1% 1 M2n—14 LT 1jhfdb T
Man—13 = k(=1 + kigeca) "', man_12 = I(=1 + jhfdb)" .

As a consequence of Eq. (4.1), we have

i2n—23

Taon—-11 =
—1 4+ M2n—13M2n-15M12n-17M12n—19M12n—21712n—23

(71+kigeca)"*1
[k(—1+ kigeca)™ ] [W} [9(—1+ kigeca)" 1]
[(—sz‘geeca)"—‘l [o(=1 + kigeca)"~"] [(471%1'560@)"—1

o (71+kigaeca) n—1
—1+ kigeca

1+

Hence, we have

a

Ton—-11 = W.
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Similarly, as a consequence of Eq. (4.1), we have

2n—22
—1 4+ M2n—12M2n—14M2n—16T12n— 1871120 —20712n—22
[[(=1 + [jhfdb) "] [W] [h(—1 + Ljhfdb) "]
| =] [A(=1+ Lih fab) "] | oty

b
_ CIFGhan T
T Z1+1jhfdb

M2n—-10 =

1+

So, we have

b
M2n—10 = W

In a similar fashion, the remaining relations can be readily derived. Hence, the proof is complete. O

Theorem 4.2 All three of the equilibrium points in Eq. (4.1) are not locally asymptotically stable and
are 0, :I:\G/§ .

Proof: The argument follows the same reasoning as in the proof of Theorem 2.2 and is therefore omitted.
a

Theorem 4.3 Eq. (4.1) admits a periodic solution of period twelve if and only if kigeca = ljhfdb = 2.
The solution then takes the form

{b’a7d7c7f7€7h?g7j7i’l7kl’b7a7d7cﬂf’e7h7g?j7i7l?k7'"}'
Proof: First suppose that there exists a prime period twelve solution
b7a7dﬂc7f’e7h7g7j7i7l7k?b7a7d’c7f767h7g7j7i7l7k7""

of Eq. (4.1), we see from Eq. (4.1) that

@ = “TTkigeca) 9 = g(=1+ kigeca)"

d - d(—l + l]hfdb)n7 j - (—1+l_ghfdb)"

C = C(—l + kigeca)”, 7, = W

f = =k I =1(=1+ljhfdb)"

e = m, k:k(flJrkzgeca)"
or

(=1+1ljhfdb)" =1, (—1+ kigeca)™ = 1.

Then

ljhfdb =2, kigeca = 2.

Secondly, assume that ljhfdb = kigeca = 2. Then, from Eq. (4.1), we obtain n12, = {, 7121 =
kymon—2 = JiMmon—3 = &, M2n—a = hMon-s = g,Man—6 = fiMon-—7 = €N2n-sg = d,Man—9 =
¢, M2n—10 = b, Mi2n—11 = a.

This establishes a period-twelve solution, completing the proof. O
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Example 4.1 Let us examine Eq. (4.1) with n_;; = 0.1,7_10 = 0.2,9_9 = 0.15,9_g = 0.25,7_7 =
0.2,n_¢ =0.3,7—5 = 0.25,_4 = 0.35,7_3 = 0.3,n—2 = 0.4,n_1 = 0.35,79 = 0.45. The graph in Figure 3

is presented below.

Mh-11

Plot of 1,11 =

—1 + G 1M —3Mn—5Nn— 7N —97n—11

05

0 10 20 30 40 50 60 70 80 90 100

n

Figure 3:

Example 4.1 illustrates the dynamics of Eq. (4.1) with the given initial conditions.

5. Forth Case

Here, we consider the final case, given by:

n—11
1 = P 13— 5 =T —9"n—11

Mnt1 = , n=0,1,2,..., (5.1)

where the initial conditions are arbitrary real numbers satisfying
N-117-90-71-50-37-1 7 =1, 7-107-87—67-47—270 # —1.

Theorem 5.1 presents a comprehensive characterization of the solutions.

Theorem 5.1 Let {n,}5>_1; be a solution of Eq. (5.1). It follows that Eq. (5.1) admits unbounded
solutions forn=20,1,2,..., and

(-D)"a (=1)™b

Mm2n-11 = W7 Mm2n-10 = W,
Maon—9 = (=1)"c(1 + kigeca)™, man—s = (—1)"d(1 + ljhfdb)",
Mon-7 = Hi, M2n—6 = i,

(14 kigeca)™ (L+1jhfdb)n
Maon—s5 = (—=1)"g(1 + kigeca)”, mon—a = (=1)"h(1 +1jhfdb)",
M2n-3 = ¢7 M2n—2 = i,

(1 + kigeca)™ (L+1jhfdb)n
Mon—1 = (=1)"k(1 + kigeca)",  1man = (=1)"1(1 + [jhfdb)".
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Proof: The result holds for n = 0. Now assume that n > 0 and that the result is true for n — 1. That is,

B (71)n71a B (71)n71b

Man—23 = —(1 n k:igeca)”_l’ Man—22 = —(1 T ljhfdb)"_l’

Mon—21 = (—1)" (1 + kigeca)" ™,  man—20 = (—1)"'d(1 + ljhfdb)" ",
_(=pnte _ =y

M2on—19 = (1 + kigeca)»—1’ Mon—18 = (1 + ljhfdbyn—1’

Mon—17 = (71)“719(1 + kigeca)”fl, Mon—16 = (71)”71h(1 + ljhfdb)nil,
I G Vi _ =D

M2n—15 = (1 + kigeca)»—1’ M2n—14 = (1 + ljhfdbyn—1’

Maon_13 = (—1)" k(1 + kigeca)" ™,  mian_12 = (=1)""H(1 + ljhfdb)"~ .

Now, it follows from Eq. (5.1) that

12n—23
—1 — M12n—13M120n—15T12n—17712n—19712n—21112n—23
_(=D"a
(1+kigeca)r—1
n—1_
[(=1)" " k(1 + kigeca) "] [@,;;7&1)2,1} [(—=1)"1g(1 + kigeca) "]
1= (‘Unile 1 n—1 1 k n—1 (_1)n71a
(+kigeca) "1 (=1 e(1 + kigeca) "] {+Figeca)n—T
_ (D"
(kigeca)n71
—1 — kigeca

Man—11 =

Hence, we have

__ (D"
M2n-11 = (1 + kigeca)®”

Similary, it follows from Eq. (5.1) that

12n—22
M2n—-10 =
—1 — N1opn—12M12n—14112n—16"712n—18712n—20112n—22
(="'
— (I+ljhfdb) "1
= ) . -
: [(—=1)"=1(1 + Ljhfdb) "] [W] [(=1)"='h(1 + Ljhfdb) "]
N (=n"'f n— . n— (-1)"~'b
[t | (0 d0 -+ a0 "] [ |
(="'
_ (HGhfab "
~ —1—1ljhfdb

Hence, we have

N G D
M2n—10 = (1 + ljhfdb)""

In a similar fashion, the remaining relations can be readily derived. Hence, the proof is complete. O

Theorem 5.2 The two equilibrium points of Eq. (5.1), specifically 0 and —+/2, do not exhibit local
asymptotic stability.

Theorem 5.3 Eq. (5.1) admits a periodic solution of period twelve if and only if kigeca = ljhfdb = —2.
The solution then takes the form

{b7a7d7c7f7€’h7g7j’i’l7k’b’a7d7c’fﬂe7h’g7j?i7l7k7"'}'
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Example 5.1 For Eq. (5.1) consider n_11 = 0.05,7_190 = —0.06,7_9 = 0.04,n_g = —0.03,n_7 =
0.02,n_¢ = —0.01,n_5 = 0.01,n_4 = —0.2,7_3 = 0.03,7_2 = —0.04,7—1 = 0.06,179 = -0.05 . See
Figure 4

Flot of flas1 = L= JZ;n I;Un TNn—97n—11
025 — :
02—
015 —
0.1 -
0.05
-0.05 -
041
-0.15
021 n(n)
025 I 1 I I I 1 I I I ]
0 10 20 30 40 50 60 70 80 90 100

Figure 4:

Example 5.1 illustrates the dynamics of Eq. (5.1) with the given initial conditions.

6. Conclusion

This study addressed a specific rational nonlinear difference equation of the twelfth order defined by
arbitrary real initial conditions. By constructing explicit solutions, we were able to capture the intricate
recursive structure inherent in such high-order formulations. The initial conditions being arbitrary real
numbers ensures the generality of the results and allows for the examination of the sequence behavior
across a broad spectrum of starting values. Four distinct instances of the equation—differing in the
sign configurations within the recurrence—were explored in depth. For each case, graphical analysis
was conducted to visualize the qualitative behavior of the sequences, revealing varied dynamics as a
consequence of the sign alternations. The findings enrich the theoretical framework surrounding high-
order rational difference equations and open avenues for future exploration concerning their long-term
behavior and structural properties.

Acknowledgments

The authors would like to acknowledge Deanship of Graduate Studies and Scientific Research, Taif
University for funding this work.

References

1. Abdelrahman, M. A. E., and Moaaz, O., On the new class of the nonlinear rational difference equations, Electron. J.
Math. Anal. Appl., 6 (1), 117-125 (2018).

2. Ogul, B., and Simsek, D., Dynamical analysis and solutions of nonlinear difference equations of thirty order, Univ. J.
Math. Appl., 7 (3), 111-120 (2024).

3. Aljoufi, L. Sh., Al Mohammady, S., and Ahmed, A. M., Ezpressions and dynamical behavior of solutions of eighteenth-
order of a class of rational difference equations, J. Math. Comput. Sci., 28, 258-269 (2023).

4. Simsek, D., Ogul, B., and Abdullayev, F., Dynamical behavior of solution of fifteenth-order rational difference equation,
Filomat, 38 (3), 997-1008 (2024).

5. Alogeili, M., Dynamics of a rational difference equation, Appl. Math. Comput., 176 (2), 768-774 (2006).

6. Cinar, C., On the positive solutions of the difference equation xp4+1 = szxniglil, Appl. Math. Comput., 156 (2),
587-590 (2004).
7. Cinar, C., On the positive solutions of the difference equation xp41 = —n=l __ Appl. Math. Comput., 158 (3),

14axnx,_—1’

809-812 (2004).



CLOSED-FORM SOLUTIONS FOR 12TH-ORDER NONLINEAR RATIONAL RECURSIVE DIFFERENCE EQUATIONS 15

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.
23.

24.
25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Cinar, C., On the solutions of the difference equation Tp41 = %, Appl. Math. Comput., 158 (3), 793-797
(2004).

Karatag, R., Cinar, C., and Simsek, D., On positive solutions of the difference equation xp4+1 = ﬁ’ Int. J.
Contemp. Math. Sci., 1 (10), 495-500 (2006).

Abu Alhalawa, M., and Saleh, M., Dynamics of higher order rational difference equation, Int. J. Nonlinear Anal. Appl.,
8 (2), 363-379 (2017).

Agarwal, R. P., and Elsayed, E. M., Periodicity and stability of solutions of higher order rational difference equation,
Adv. Stud. Contemp. Math., 17, 181-201 (2008).

Agarwal, R. P., Difference equations and inequalities: theory, methods and applications, Marcel Dekker Inc., New York,
(1992).

Ahmed, A. M., and Youssef, A. M., A solution form of a class of higher-order rational difference equations, J. Egypt.
Math. Soc., 21 (3), 248-253, (2013).

Belhannache, F., Touafek, N., and Abo-Zeid, R., On a higher-order rational difference equation, J. Appl. Math. Inf.,
34 (5-6), 369-382, (2016).

Bozkurt, F., Ozturk, 1., and Ozen, S., The global behavior of the difference equation, Stud. Univ. Babes-Bolyai Math.,
54, 3-12, (2009).

Elabbasy, E. M., and Elsayed, E. M., Dynamics of a rational difference equation, Chinese Ann. Math. Ser. B, 30,
187-198, (2009).

Elabbasy, E. M., and Elsayed, E. M., On the solutions of a class of difference equations of higher order, Int. J. Math.
Stat., 6, 57-68, (2010).

El-Dessoky, M. M., On the difference equation xn41 = atn—1 + bxp_k + %, Math. Meth. Appl. Sci., 40 (3),
535-545, (2017).

El-Metwally, H., and Elsayed, E. M., Form of solutions and periodicity for systems of difference equations, J. Comput.
Anal. Appl., 15, 852-857, (2013).

Elsayed, E. M., Behavior and expression of the solutions of some rational difference equations, J. Comput. Anal. Appl.,
15, 73-81, (2013).

Elsayed, E. M., Behavior of a rational recursive sequences, Stud. Univ. Babes-Bolyai Math., LVI, 27-42, (2011).
Elsayed, E. M., Dynamics of a rational recursive sequence, Int. J. Diff. Equ., 4, 185-200, (2009).

Elsayed, E. M., On the global attractivity and the solution of recursive sequence, Stud. Sci. Math. Hung., 47, 401-418,
(2010).

Elsayed, E. M., Qualitative behavior of difference equation of order three, Acta Sci. Math. (Szeged), 75, 113-129, (2009).

Elsayed, E. M., Alzahrani, F., and Alayachi, H. S., Formulas and properties of some class of nonlinear difference
equations, J. Comput. Anal. Appl., 24, 1517-1531, (2018).

Elsayed, E. M., and Ahmed, A. M., Dynamics of a three-dimensional systems of rational difference equations, Math.
Methods Appl. Sci., 39 (5), 1026-1038, (2016).

Elsayed, E. M., and Gafel, H. S., On the periodic solutions of some systems of difference equations, Commun. Adv.
Math. Sci., 1 (2), 126-136, (2018).

Elsayed, E. M., and Gafel, H. S., The behavior and closed form of the solutions of some difference equations, J. Comput.
Anal. Appl., 27 (5), 849-863, (2019).

Elsayed, E. M., and Ibrahim, T. F., Periodicity and solutions for some systems of nonlinear rational difference equa-
tions, Hacettepe J. Math. Stat., 44, 1361-1390, (2015).

Elsayed, E. M., and Ibrahim, T. F., Solutions and periodicity of a rational recursive sequences of order five, Bull.
Malays. Math. Sci. Soc., 38, 95-112, (2015).

Gafel, H. S., Global stability of second order nonlinear difference equation, JP J. Heat Mass Transf., 23 (2), 201-223,
(2021).

Gafel, H. S., On a solvable systems of third order rational difference equations, Appl. Math. Inf. Sci., 18 (4), 871-883,
(2024).

Gafel, H. S., and Altamimi, H. A., Behavior and solution representations of fourth-order rational systems of difference
equations, Eur. J. Pure Appl. Math., 18 (3), Article 6218, (2025).

Gafel, H. S., and Altamimi, H. A., Generalized numerical solutions of nonlinear difference equations and their charac-
teristics, Far East J. Appl. Math., 118 (1), 39-67, (2025).

Gafel, H. S., and Rashid, S., Enhanced evolutionary approach for solving fractional difference recurrent neural network
systems: a comprehensive review and state of the art in view of time-scale analysis, AIMS Math., 8 (12), 30731-30759,
(2023).



16

36.

37.

38.

39.

40.

41.

42.

43.

44.

H. A. AutamiMmi AND H. S. GAFEL

Ibrahim, T. F., Closed form expressions of some systems of nonlinear partial difference equations, J. Comput. Anal.
Appl., 23, 433445, (2017).

Karatas, R., On solutions of the difference equation xp+1 = RN ey Slzjz":zz P Selguk J. Appl. Math., 8
(1), 51-56, (2007).

Kocié, V. L., and Ladas, G., Global behavior of nonlinear difference equations of higher order with applications, Kluwer
Academic Publishers, Dordrecht, (1993).

Kulenovié¢, M. R. S., and Ladas, G., Dynamics of second order rational difference equations with open problems and
congectures, Chapman & Hall/CRC Press, New York, (2001).

Saleh, M., and Abu-Baha, S., “Dynamics of a higher order rational difference equation,” Appl. Math. Comput., 181
(1), 84-102 (2006).

Saleh, M., and Alogeili, M., “On the difference equation y,+1 = A +
359-363 (2006).

yyik with A < 0,” Appl. Math. Comput., 176,

Saleh, M., and Alogeili, M., “On the rational difference equation y,+1 = A + y’;;k,” Appl. Math. Comput., 171 (2),
862-869 (2005).

Simsek, D., and Abdullayev, F. G., “On the recursive sequence zn1 = I ;"_(4’“'*'3) ;7 J. Math. Sci., 6, 762-771
(2017) HEo) T (k1) ik
Simsek, D., Cinar, C., and Yalcginkaya, I., “On the recursive sequence z,1 = In=3 » Int. J. Contemp. Math. Sci.,

1+zp 1’
1 (10), 475-480 (2006).

Haya A. Altamimi,

Department of Mathematics and Statistics,

College of Science,
Taif University, Taif 21944, Saudi Arabia.
E-mail address: $44580205@students.tu.edu.sa

Hanan S. Gafel,

Department of Mathematics and Statistics,

College of Science,
Taif University, Taif 21944, Saudi Arabia
E-mail address: h.gafal@tu.edu.sa



	Introduction
	First Case
	Second Case
	Third Case
	Forth Case
	Conclusion

