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Convergence of Multivalued Martingales: Application to Multivalued Uniform Amarts
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abstract: In this work, we prove a convergence theorem for bounded martingales taking values in a
Banach space Y , without requiring Y to have the Radon Nikodym Property. We then extend this result to
martingales with values in ccb(Y ) (the set of nonempty, convex, closed, and bounded subsets of Y ) under
several topologies. As applications, we show the convergence of multivalued uniform asymptotic martingales
with values in ccb(Y ).
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1. Introduction

The convergence of martingales has been the subject of extensive study. One of the early results in this
direction is due to Neveu, who proved the almost sure convergence of real-valued bounded martingales in
L1 [16]. This was later extended by Chatterji to bounded vector-valued martingales in L1

Y , where Y is a
Banach space with the Radon Nikodym Property (RNP) [6]. Bourgin subsequently established a similar
result for bounded vector-valued martingales in L1

Y , where Y does not necessarily have the RNP, provided
the martingale takes values in a convex, closed, and bounded subset H ⊂ Y that satisfies the RNP [2].
In the present work, we further extend these results to bounded vector-valued martingales in L1

Y taking
values in a convex, closed subset H ⊂ Y , where Y lacks the RNP and H satisfies the RNP but is not
necessarily bounded. Furthermore, this result is extended to the convergence of multivalued martingales
with values in ccb(Y ), under both Mosco convergence and convergence in the linear topology. The results
presented here extend several theorems established in the literature, including Theorem 2.8 in [7] and
Theorem 3.3 in [17]. For more results of multivalued martingales, see [1,7,11,10,21]. As applications,
we establish the convergence again in the sense of Mosco and the linear topology of multivalued uniform
amarts taking values in ccb(Y ). This improves Theorem 4.2 from [8], theorem 3.3 from [9] and theorem
3.1 from [19].

2. Preliminaries

Throughout this paper, (Ω,A,P) denotes a complete probability space and (An)n≥1 a nondecreasing
sequence of sub-σ-algebras of A such that A is generated by

⋃
n≥1 An. Y denotes a linear separable

Banach space, and Y ∗ its topological dual. We denote by BY (respectively BY ∗) the closed unit ball of
Y (respectively of Y ∗), and by 2Y the collection of all subsets of Y . In what follows, we use the following
notations :

cc(Y ) = {B ⊆ Y : nonempty convex and closed },
ccb(Y ) = {B ⊆ Y : nonempty, convex, closed and bounded }
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and

cwk(Y ) = {B ⊆ Y : nonempty, convex and weakly compact }.

Also for each B ∈ 2Y \ {∅}, coB denote the norm-closed convex hull of B.
The distance function associated with a set B ⊂ Y is defined by

d(y,B) := inf
b∈B

∥y − b∥, y ∈ Y,

while the support function of B is given by

δ∗(y∗, B) := sup
b∈B

⟨y∗, b⟩, y∗ ∈ Y ∗,

and the Hausdorff norm of B is defined by

|B| = sup
b∈B

∥b∥.

A multivalued mapping F : Ω → cc(Y ) is said to be A-measurable multifunction if, for every open set
O ⊂ Y , the set

F−(O) = {ω ∈ Ω : F (ω) ∩O ̸= ∅} belongs to A.

A function f : Ω → Y is called an A-measurable selector of F if

f(ω) ∈ F (ω), for all ω ∈ Ω.

A sequence (gn)n≥1 of A-measurable selectors of F is called a Castaing
representation of F if, for every ω ∈ Ω,

F (ω) =
{
gn(ω) : n ∈ N∗

}∥.∥
.

Let H ∈ cc(Y ). L1
Y (resp. L1

H) (resp. L1
R) denotes the space of A-measurable and Bochner integrable

functions defined from Ω to Y (resp. from Ω to H ) (resp. from Ω to R) .
F is integrable if d(0, F (.)) is in L1

R.
Let L0

ccb(Y )(A) be the set of all A-measurable multifunctions from (Ω,A) to ccb(Y ).

Ld1

ccb(Y )(A) = {F ∈ L0
ccb(Y )(A) such that d(0, F (.)) ∈ L1

R},
L1
ccb(Y )(A) = {F ∈ L0

ccb(Y )(A) such that |F | ∈ L1
R},

S1
F (A) = {g ∈ L1

Y (A) such that g(ω) ∈ F (ω) a.s.}.

A multifunction F is said to be integrable if and only if S1
F (A) ̸= ∅ .

Let B be a sub-σ-algebra of A, and let g : Ω → Y be an integrable random variable. The conditional
expectation of g with respect to B is defined as the (almost surely unique) B-measurable and integrable
random variable h satisfying∫

A

g(ω) dP(ω) =

∫
A

h(ω) dP(ω), for all A ∈ B.

Whenever such a conditional expectation exists, it is denoted by EBg. In the multivalued case, the
existence of the conditional expectation of
F ∈ Ld1

ccb(Y )(A) is defined by

S1
EBF (B) =

{
EBg : g ∈ S1

F (A)
}
,

where the closure is taken in the space L1
Y . Further properties of integrable multifunction are discussed

in [13,20].
The Hausdorff metric h(., .) between the sets C1, C2 ∈ ccb(Y ) is defined as a uniform distance between
the functions d(., C1) and d(., C2) by
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h(C1, C2) = sup
y∈Y

|d(y, C1)− d(y, C2)|.

By corollary 3.2.8 of [4] for any C1, C2 ∈ ccb(Y ), the Hausdorff distance between C1 and C2 is also
defined by

h(C1, C2) = sup
y∗∈BY ∗

|δ∗(y∗, C1)− δ∗(y∗, C2)|.

Definition 2.1 Let σ : Ω → N∗ a function. This function is a stopping time relative to (An)n≥1 if for
all n ≥ 1

[σ = n] ∈ An.

We specify Aσ by

Aσ = {A ∈ A : A ∩ [σ = n] ∈ An for all n ≥ 1}.

And

for each ω ∈ Ω, Fσ(ω) = Fσ(ω)(ω).

Definition 2.2 (Fn,An)n≥1 is an adapted sequence if, ∀n ∈ N∗, Fn is measurable relative to the σ-
algebra An.

Definition 2.3 An adapted sequence (gn,An)n≥1 in L1
Y is said to be a martingale if gn = EAngn+1 a.s.

for each n ∈ N∗.

Definition 2.4 An adapted sequence (Fn,An)n≥1 in Ld1

ccb(Y )(A) is called a multivalued martingale if for
every n ≥ 1,

Fn = EAnFn+1 a.s.

Here, EAnFn+1 denotes the conditional expectation of Fn+1 with respect to the σ-algebra An.

The following definition provides the natural generalisation of the concept of vector-valued uniform amart
to that of set valued uniform amart (see Luu [14]).

Definition 2.5 An adapted sequence of multivalued functions (Fn,An)n≥1 in Ld1

ccb(Y )(A) is said to be a

multivalued uniform amart if

lim
τ∈T

sup
σ≥τ

H(EAτFσ, Fτ ) = 0.

Where T is the set of all bounded stopping time.
Recall that

H(EAτFσ, Fτ ) =

∫
Ω

h(EAτFσ, Fτ )dP.

A sequence (Fn)n≥1 in L1
cc(Y )(A) is said to be bounded if the sequence (|Fn|)n≥1 is bounded in L1

R(A).

Let (Bn)n≥1 in cc(Y ) and B∞ in cc(Y ). (Bn)n≥1 Mosco-converges to B∞ and denotedM− lim
n→∞

Bn = B∞

if

B∞ = s− liBn = w − lsBn.

where

s− liBn = {y ∈ Y : ∥yn − y∥ → 0; yn ∈ Bn}

and

w − lsBn = {y ∈ Y : y = w − lim
j→∞

ynj
; ynj

∈ Bnj
}
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s (resp. w ) denotes the strong (resp. weak) topology in Y .
For more information of Mosco-convergence see [15].
A sequence (Bn)n≥1 in ccb(Y ) converges weakly to B∞ if

lim
n→∞

δ∗(y∗, Bn) = δ∗(y∗, B∞), ∀y∗ ∈ Y ∗,

and (Bn)n≥1 converges in Wijsmann topology to B∞ if

lim
n→∞

d(y,Bn) = d(y,B∞), ∀y ∈ Y .

A sequence (Bn)n≥1 in ccb(Y ) converges to B∞ ∈ ccb(Y ) with respect to the linear topology τL if the
following conditions hold :

• lim
n→∞

δ∗(y∗, Bn) = δ∗(y∗, B∞), ∀y∗ ∈ Y ∗;

• lim
n→∞

d(y,Bn) = d(y,B∞), ∀y ∈ Y .

In this case, we write
B∞ = τL- lim

n→∞
Bn.

Further properties of this topology are discussed in theorem 3.4 of [3].

Remark 2.1 Beer proved in ( [3] theorem 5.1) that the Mosco topology τM is weaker then the topology
τL.

Definition 2.6 Let H in cc(Y ). H has the Radon-Nikodym Property (RNP) if for each Y -valued measure
m on A which is finite total variation and satisfies m << P and whose average range Ar(m) is contained
in H, there exists f ∈ L1

Y (Ω,A,P) such that

m(A) =

∫
A

fdP.

Where Ar(m) = {m(A)/P(A) : P(A) > 0}.

3. Main Results

3.1. Convergence of martingales with values in not RNP Banach space

The following theorem is an enhaced version of Chatterji’s theorem [6] and Bourgin’s theorem [2]. In
fact here Y lacks the RNP and a sequence of martingale (fn,An)n≥1 is with values in a closed convex
subset H satisfies the RNP but is not necessarily bounded.

Theorem 3.1 Let H be a nonempty convex closed subset of Y , possessing the Radon-Nikodym property.
Let (ln,An)n≥1 be a bounded martingale in L1

H(A). Consequently, there exists an H-valued integrable
function l ∈ L1

H(A) such that

lim
n→∞

ln(ω) = l(ω) a.s.

Proof: Let’s fix λ > 0 and let σ : Ω −→ N ∪ {+∞} defined as follows :

σ(ω) =

{
n if ∥li(ω)∥ < λ for i = 1, ..., n− 1 and ∥ln(ω)∥ ≥ λ
∞ if ∥li(ω)∥ < λ for i = 1, 2, ...

See that {σ = n} ∈ An, for each n.
Set n ∧ σ(ω) = inf(n, σ(ω)), then ln∧σ is An-measurable for each n.
By using the fact that (ln,An)n≥1 is a martingale and the technique due to Chatterji, see Theorem 2.2.7
in [2] is not hard to show that (ln∧σ,An)n≥1 is a martingale with values in H and the function g defined
on Ω by
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g(ω) = sup
n≥1

∥ln∧σ(ω)∥ is measurable and integrable.

In fact, from the definition of σ:
g(ω) = lim

n→∞
∥ln∧σ(ω)∥ if ω ∈ {σ < ∞} and g(ω) ≤ λ if ω ∈ {σ = ∞}

Then

∫
Ω

g(ω)dP =

∫
{σ=∞}

g(ω)dP+

∫
{σ<∞}

g(ω)dP.

≤ λ +

∫
{σ<∞}

g(ω)dP.

By Fatou’s Lemma

∫
{σ<∞}

g(ω)dP ≤ lim inf
n→∞

∫
Ω

∥ln∧σ∥dP,

and

∫
Ω

∥ln∧σ∥dP =

∫
{σ<n}

∥ln∧σ(ω)∥dP+

∫
{σ≥n}

∥ln∧σ(ω)∥dP

=

n−1∑
i=1

∫
{σ=i}

∥li(ω)∥dP+

∫
{σ≥n}

∥ln(ω)∥dP

Since (∥ln∥,An)n≥1 is a submartingale, then∫
{σ=i}

∥li(ω)∥dP ≤
∫
{σ=i}

∥ln(ω)∥dP, ∀i < n.

So,

∫
Ω

∥ln∧σ∥dP ≤
∫
Ω

∥ln∥dP ≤ sup
n≥1

∫
Ω

∥ln∥dP = α < ∞.

Finally

∫
Ω

g(ω)dP ≤ λ + α < ∞.

Since g is integrable then for all
ϵ

2
> 0, ∃δ > 0 such that for a measurable set A ∈ A verifying

P(A) ≤ δ =⇒
∫
A

g(ω)dP ≤ ϵ

2
.

For δ > 0 and A ∈ A there exists p ∈ N and B ∈ Ap such that P(A∆B) < δ.

Set mn(A) =

∫
A

ln∧σ(ω)dP.

Let’s show that (mn(A))n≥1 is a Cauchy sequence in Y .
For k ≥ n > p, we have :

∥mk(A)−mn(A)∥ = ∥
∫
A

lk∧σ(ω)dP−
∫
A

ln∧σ(ω)dP∥
By introducing the set B ∈ Ap, we have :
∥mk(A)−mn(A)∥

≤ ∥
∫
B

lk∧σ(ω)dP−
∫
B

ln∧σ(ω)dP∥+
∫
A∆B

∥lk∧σ(ω)∥dP+

∫
A∆B

∥ln∧σ(ω)∥dP

≤ 2

∫
A∆B

g(ω)dP < ϵ.

Then for each A ∈ A, m(A) = lim
n→∞

mn(A) exists.

According to the Hahn-Vitali-Saks theorem [2], m is a Y -valued measure on A.
m is absolutely continuous with respect to P, ∀A ∈ A and finite partition (Ai)1≤i≤n of A

∥m(Ai)∥ ≤ lim
n→∞

∫
Ai

∥ln∧σ∥dP ≤
∫
Ai

gdP < ∞, ∀Ai.

So the total variation |m| of m is finite.
Let y∗ ∈ Y ∗, two cases are to be considered :

If δ∗(y∗, H) = ∞, ⟨y∗, m(A)

P(A)
⟩ ≤ δ∗(y∗, H).

If δ∗(y∗, H) < ∞, ⟨y∗,m(A)⟩ = lim
n→∞

⟨y∗,
∫
A

ln∧σdP⟩

= lim
n→∞

∫
A

⟨y∗, ln∧σ⟩dP

≤ δ∗(y∗, H) ·P(A).
Then



6 El-Moustafid Mohamed, Mohammed El Allali, Fatima Ezzaki and Khalid Tahri

⟨y∗, m(A)

P(A)
⟩ ≤ δ∗(y∗, H), ∀y∗ ∈ Y ∗.

Since H ∈ cc(Y ) then
m(A)

P(A)
∈ H, so Ar(m) ⊂ H.

Then by definition 2.6, there exists l ∈ L1
Y such that :

∀A ∈ A : m(A) =

∫
A

ldP.

∀n ≥ 1, ∀k ≥ n and ∀A ∈ An :

mk(A) =

∫
A

lk∧σ(ω)dP =

∫
A

ln∧σ(ω)dP = mn(A).

So : m(A) =

∫
A

l(ω)dP =

∫
A

ln∧σ(ω)dP = mn(A).

Then ∫
A

l(ω)dP =

∫
A

ln∧σ(ω)dP.

According to the uniqueness of the conditional expectation
EAn l(.) = ln∧σ(.) a.s. ∀n ≥ 1.

Now, from Levy’s theorem, we can conclude that (ln∧σ)n≥1 converges almost surely to l.
(i.e. lim

n→∞
ln∧σ(ω) = l(ω) a.s.).

Finally, we show that P({σ = ∞}) −→ 1 as λ → ∞.
∀ω ∈ {σ < ∞} there exists an integer n ≥ 1 such that ∥ln(ω)∥ ≥ λ.
So {σ < ∞} ⊂ {sup

n≥1
∥ln∥ ≥ λ} =⇒ P({σ < ∞}) ≤ P(sup

n≥1
∥ln∥ ≥ λ).

According to the maximal inequality :

P(sup
n≥1

∥ln∥ ≥ λ) ≤ 1

λ
sup
n≥1

E∥ln∥ −→ 0 as λ −→ ∞.

Since ln∧σ(ω) = ln(ω) when ω ∈ {σ = ∞} then (ln)n≥1 converges almost surely to l. So, there exists a
negligeable N ∈ A such that ∀ω ∈ Ω \N : lim

n→∞
ln(ω) = l(ω). 2

3.2. Convergence of set valued martingales

We begin by recalling some preliminary results that will be needed after.

Lemma 3.1 For any X ∈ Ld1

cc(Y ) and sub-σ-algebras G ⊂ A,

(i) [21] |EGX| ≤ EG |X| a.s.
(ii) [12] d(y,EGX) ≤ EG(d(y,X)) a.s. , y ∈ Y .
(iii) [18] δ∗(y∗, EGX) = EG(δ∗(y∗, X)) a.s. , y∗ ∈ Y ∗.

Proposition 3.1 [7] Let (Xn,An)n≥1 be a martingale in Ld1

cc(Y ). Then there exists a family of adapted

sequences (f i
n)(n≥1,i≥1) in L1

Y such that
∀i ≥ 1, (f i

n,An)n≥1 is a selection martingale of (Xn,An)n≥1.
∀n ≥ 1, (f i

n)i≥1 is a Castaing representation of Xn.

The lemma below plays a fundamental role in the proof of the multivalued extension of Theorem 3.1. It
provides a key tool for establishing the almost sure convergence of the support functions of the multivalued
martingales (Xn)n≥1 denoted by (δ∗(·, Xn))n≥1 to the support function δ∗(·, X). This convergence is
obtained using only martingale selections of (Xn)n≥1 without invoking any separability condition on the
dual space Y ∗ or any compactness assumption.

Lemma 3.2 Let H in cc(Y ), possessing the Radon-Nikodym property and (Xn,An)n≥1 a multivalued
martingale in L1

ccb(H)(A) verifying :

sup
n≥1

E|Xn| < ∞,
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Then there exists a measurable multifunction X ∈ L1
ccb(H)(A) such that :

(a) ∀y ∈ Y , lim sup
n−→∞

d(y,Xn) ≤ d(y,X) a.s.

(b) lim
n−→∞

|Xn| = |X| a.s.

(c) ∀y∗ ∈ Y ∗, lim
n−→∞

δ∗(y∗, Xn) = δ∗(y∗, X) a.s.

Proof: By proposition 3.1, there is a collection of adapted sequences (f i
n)(n≥1,i≥1) in L1

Y verifying:
∀i ∈ N∗, (f i

n,An)n≥1 is a selection martingale of (Xn,An)n≥1.
(a) See that sup

n≥1
E|f i

n| ≤ sup
n≥1

E|Xn| < ∞.

So, (f i
n,An)n≥1 is a bounded martingale with values in H.

By theorem 3.1, ∀i ≥ 1 there exists f i ∈ L1
H such that (f i

n)n≥1 converges a.s. to f i. Then, there exists a
negligible N such that ∀i ≥ 1, ∀ω ∈ Ω \N : lim

n
f i
n(ω) = f i(ω).

Let’s put : X(ω) =

{
co{f i(ω),∀i ≥ 1} ∀ ω ∈ Ω \N

{0} if ω ∈ N.
X is a A-measurable multifunction.
So, by lemma 3.1 (ii) we conclude that (d(y,Xn),An)n≥1 is a bounded sub-martingale, ∀y ∈ Y .
Then (d(y,Xn))n≥1 converge a.s.
Now by using the same technique as in [21], we show (a) and (b)

lim sup
n−→∞

d(y,Xn) = lim
n−→∞

{ inf
i1,...,ik∈N∗,ai1

,...,aik
∈[0,1]

d(y,

k∑
j=1

aijf
ij
n )}

≤ { inf
i1,...,ik∈N∗,ai1

,...,aik
∈[0,1]

lim
n−→∞

d(y,

k∑
j=1

aijf
ij
n )}

= { inf
i1,...,ik∈N∗,ai1 ,...,aik

∈[0,1]
d(y,

k∑
j=1

aijf
ij )}

= d(y,X) a.s where

k∑
j=1

aij = 1.

So, lim sup
n−→∞

d(y,Xn) ≤ d(y,X) a.s.

(b) Since for each i ∈ N∗, the sequence (f i
n,An)n≥1 is a martingale then (∥ f i

n ∥,An)n≥1 is a submartingale

satisfying sup
n≥1

∫
sup
i∈N∗

||f i
n||dP < ∞. Then, by a convergence result of Neveu ( [16], lemma V.2.9), we get :

lim
n→∞

|Xn| = lim
n→∞

sup
i≥1

||f i
n||

= sup
i≥1

lim
n−→∞

||f i
n||

= sup
i≥1

||f i|| a.s

= sup
i1,...,ik∈N∗,ai1

,...,aik
∈[0,1]

||
k∑

j=1

aijf
ij || = |X| a.s.

Then lim
n→∞

|Xn| = |X| a.s.

By Fatou’s Lemma :
E|X| ≤ lim inf

n→∞
E|Xn| ≤ sup

n≥1
E|Xn| < ∞. Then X ∈ L1

ccb(H)(A).

(c) For any fixed y∗ ∈ Y ∗, (< y∗, f i
n >,An)n≥1 is a martingale so : a submartingale satisfying the

condition sup
n≥1

∫
sup
i∈N∗

|< y∗, f i
n >| dP < ∞.

By the result of Neveu ( [16], lemma V.2.9), we have :
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sup
i≥1

< y∗, f i
n > −→ sup

i≥1
< y∗, f i > a.s. as n −→ ∞.

Then, lim
n−→∞

δ∗(y∗, Xn) = lim
n−→∞

sup
i∈N∗

< y∗, f i
n >

= sup
i∈N∗

lim
n−→∞

< y∗, f i
n >

= sup
i∈N∗

< y∗, f i > = δ∗(y∗, X) a.s.

So, lim
n−→∞

δ∗(y∗, Xn) = δ∗(y∗, X) a.s.

2

Building on Theorem 3.1 and Proposition 3.1, we derive new convergence results for martingales taking
values in the family of closed, bounded, and convex subsets of a Banach space Y , not necessarily possessing
the Radon Nikodym Property. The results presented here can be viewed as a multivalued extension of
Theorem 3.1. Moreover, they refine and generalize classical results found in the literature for example,
those in references [7] and [17].

Theorem 3.2 Assume that H is a nonempty convex closed subset of Y , possessing the Radon-Nikodym
property and (Xn,An)n≥1 a multivalued martingale in L1

ccb(H)(A) verifying :

sup
n≥1

E|Xn| < +∞.

Let X be the same multivalued random function defined in lemma 3.2, if X ∈ L1
cwk(H)(A) then :

M − lim
n→∞

Xn = X a.s.

Proof: Let (α∗
k)k≥1 be a dense sequence in Y ∗ with respect to the Mackey topology τ(Y ∗, Y ). By lemma

3.2 (c), there exists a negligeable N1 such that ∀ω ∈ Ω\N1, ∀k ≥ 1 : lim
n−→∞

δ∗(α∗
k, Xn(ω)) = δ∗(α∗

k, X(ω)).

Let ω ∈ Ω \N1 and let y ∈ w− lsXn(ω), there exists (ynj
)j≥1 ∈ (Xnj

(ω))j≥1 such that : y = w− lim ynj

So : ⟨α∗
k, y⟩ = lim

n−→∞
⟨α∗

k, ynj
⟩ ≤ lim

n−→∞
δ∗(α∗

k, Xn(ω)) = δ∗(α∗
k, X(ω)).

Since X(ω) ∈ cwk(Y ), according to lemma III-34 in [5], y ∈ X(ω). Then w-lsXn(ω) ⊂ X(ω) a.s.
By construction of X and convexity of Xn, it easy to see that

X(ω) ⊂ s− liXn(ω) a.s.
Then : M − lim

n→∞
Xn = X a.s. 2

When Y ∗ is strongly separable, the following theorem guarantees the convergence of a bounded martingale
(Xn)n≥1 to X in linear topology which is stronger than Mosco topology.

Theorem 3.3 Let Y be a separable Banach space, Y ∗ its strongly separable dual and H a nonempty con-
vex closed subset of Y possessing the Radon-Nikodym property. Assume that (Xn,An)n≥1 is a multivalued
martingale in L1

ccb(H)(A) verifying

sup
n≥1

E|Xn| < +∞.

Then there exists X ∈ L1
ccb(H)(A) such that

τL − lim
n→∞

Xn = X a.s.

Proof: Let D∗
1 = (y∗j )j∈N∗ be a countable dense sequence in BY ∗ .

From lemma 3.2 (c), there exists a negligeable subset N ′ such that for all ω ∈ Ω \N ′ :
lim

n−→∞
δ∗(y∗j , Xn) = δ∗(y∗j , X).

And by the same lemma (b) lim
n−→∞

|Xn| = |X| a.s, then sup
n

|Xn| < ∞ a.s.

So, (δ∗(., Xn))n≥1 is equicontinuous, then there exists a negligible N ′′ such that ∀ω ∈ Ω \N ′′
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lim
n→∞

δ∗(y∗, Xn(ω)) = δ∗(y∗, X(ω)), ∀y∗ ∈ Y ∗.

∀y ∈ Y , we have :
lim inf
n−→∞

d(y,Xn) = lim inf
n−→∞

sup
y∗
j∈D∗

1

(⟨y∗j , y⟩ − δ∗(y∗j , Xn))

≥ sup
y∗
j∈D∗

1

lim inf
n−→∞

(⟨y∗j , y⟩ − δ∗(y∗j , Xn))

= sup
y∗
j∈D∗

1

lim
n−→∞

(⟨y∗j , y⟩ − δ∗(y∗j , Xn))

= sup
y∗
j∈D∗

1

(⟨y∗j , x⟩ − δ∗(y∗j , X))

= d(y,X) a.s.
By lemma 3.2 (a), we have lim sup

n−→∞
d(y,Xn) ≤ d(y,X) a.s, ∀y ∈ Y .

So : lim
n→∞

d(y,Xn) = d(y,X) a.s.

Since sup
n

|Xn| < ∞ a.s., (d(., Xn))n≥1 is equicontinuous.

Then lim
n→∞

d(y,Xn) = d(y,X) a.s. ∀y ∈ Y .

So : τL − lim
n→∞

Xn = X a.s. 2

More relations between Xn and X are defined by the following result.

Theorem 3.4 Assume that Y ∗ is the strongly separable dual of Y , H a nonempty convex closed subset of
Y possessing the Radon-Nikodym property and (Xn,An)n≥1 a bounded martingale in L1

ccb(H)(A). Then

there exists X ∈ L1
ccb(H)(A) such that

(i) τL − lim
n→∞

EAnX = X a.s.

(ii) lim
n→∞

h(Xn, E
AnX) = 0 a.s.

Proof: (i) We will proceed in 2 steps.
Step 1. Let X be the multifunction constructed in lemma 3.2, since for all y∗ ∈ Y ∗ δ∗(y∗, X) is integrable
by Levy’s theorem :

lim
n−→∞

δ∗(y∗, EAnX) = EAnδ∗(y∗, X) = δ∗(y∗, X) a.s.

Let (β∗
j )j∈N∗ be a countable dense sequence in Y ∗, then ∀j ≥ 1 :

lim
n−→∞

δ∗(β∗
j , E

AnX) = δ∗(β∗
j , X) a.s.

Let y∗ ∈ Y ∗ and ω ∈ Ω,
| δ∗(y∗, EAnX(ω))− δ∗(y∗, X(ω)) |

≤| δ∗(x∗, EAnX(ω))− δ∗(β∗
j , E

AnX(ω)) | + | δ∗(e∗j , EAnX(ω))− δ∗(β∗
j , X(ω)) |

+ | δ∗(β∗
j , X(ω))− δ∗(x∗, X(ω)) |

≤∥ x∗ − β∗
j ∥ ·EAn |X(ω)|+ | δ∗(β∗

j , E
AnX(ω))− δ∗(β∗

j , X(ω)) | + ∥ β∗
j − x∗ ∥ ·|X(ω)|.

By lemma 3.2, |X| < ∞ a.s. and by Levy’s theorem applied to (EAn |X|)n≥1, sup
n

EAn |X| < ∞ a.s.

Then there exists a negligible N such that ∀ω ∈ Ω \N :
lim

n→∞
δ∗(y∗, EAnX(ω)) = δ∗(y∗, X(ω)).

Step 2. lim sup
n−→∞

d(y,EAnX) ≤ lim sup
n−→∞

EAn(d(y,X))

= lim
n−→∞

EAn(d(y,X))

= d(y,X) a.s.
And lim inf

n−→∞
d(y,EAnX) = lim inf

n−→∞
sup

y∗∈BY ∗

(⟨y∗, y⟩ − δ∗(y∗, EAnX))

≥ sup
y∗∈BY ∗

lim inf
n−→∞

(⟨y∗, y⟩ − δ∗(y∗, EAnX))

= sup
y∗∈BY ∗

lim
n−→∞

(⟨y∗, y⟩ − δ∗(y∗, EAnX))
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= sup
y∗∈BY ∗

(⟨y∗, y⟩ − δ∗(y∗, X))

= d(y,X) a.s.
Since sup

n
|EAnX| < ∞ a.s., the convergence in Wijsmann topology is required from the equicontinuity

of (d(., EAnX))n≥1.
We conclude that τL − lim

n→∞
EAnX = X a.s.

(ii) sup
n

∫
Ω

h(Xn, E
AnX)dP ≤ sup

n

∫
Ω

|Xn|dP+

∫
Ω

|X|dP < ∞.

Let (y∗k)k≥1 be a dense sequence in the closed unit ball BY ∗ , so :

h(Xn, E
AnX) = sup

k≥1
|δ∗(y∗k, Xn)− δ∗(y∗k, E

AnX)|.

Since
(
(δ∗(y∗k, Xn)− δ∗(y∗k, E

AnX)),An

)
n≥1

is martingale then
(
|δ∗(y∗k, Xn)− δ∗(y∗k, E

AnX)|,An

)
n≥1

is

a sub-martingale satisfying sup
n≥1

∫
Ω

sup
k≥1

|δ∗(y∗k, Xn)− δ∗(y∗k, E
AnX)|dP < ∞.

Then by [16], lemma V.2.9 :
lim
n→∞

h(Xn, E
AnX) = lim

n→∞
sup
k≥1

|δ∗(y∗k, Xn)− δ∗(y∗k, E
AnX)|

= sup
k≥1

lim
n→∞

|δ∗(y∗k, Xn)− δ∗(y∗k, E
AnX)|

= 0 a.s. 2

3.3. Application to the convergence of mutivalued uniform amart

We start this part with the following lemma. It shows the different relationships between the con-
vergence of closed and bounded subset of Y in several topologies and will serve in the proof of the main
results presented in the following section.

Lemma 3.3 Let (An)n≥1 and (Bn)n≥1 two sequences in ccb(Y ) such that :

lim
n→∞

h(An, Bn) = 0,

let A ∈ ccb(Y ),
(a) If τL − lim

n→∞
An = A =⇒ τL − lim

n→∞
Bn = A.

(b) If lim
n→∞

|An| = |A| =⇒ lim
n→∞

|Bn| = |A|.
(c) If M − lim

n→∞
An = A =⇒ M − lim

n→∞
Bn = A.

Proof: (a) Since, ∀y∗ ∈ BY ∗ δ∗(y∗, Bn) ≤ δ∗(y∗, An) + h(An, Bn), then

lim
n→∞

δ∗(y∗, Bn) ≤ δ∗(y∗, A),

but δ∗(y∗, An) ≤ δ∗(y∗, Bn) + h(An, Bn), then

lim
n→∞

δ∗(y∗, Bn) ≥ δ∗(y∗, A),

therefore

τW − lim
n→∞

Bn = A.

Since d(y,Bn) ≤ d(y,An) + h(An, Bn), then

lim
n→∞

d(y,Bn) ≤ d(y,A),

but d(y,An) ≤ d(y,Bn) + h(An, Bn), hence
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lim
n→∞

d(y,Bn) ≥ d(y,A),

then lim
n→∞

d(y,Bn) = d(y,A).

Finally τL − lim
n→∞

Bn = A.

(b) Since |An| ≤ |Bn|+ h(An, Bn), then

lim
n→∞

|Bn| ≥ |A|,

but |Bn| ≤ |An|+ h(An, Bn), then

lim
n→∞

|Bn| ≤ |A|.

Finally lim
n→∞

|Bn| = |A|.
(c) follow from proposition 3.1 in [1], but for a completeness of the reader, we give the proof.
Let y ∈ A = M − lim

n→∞
An, so there exists a sequence yn ∈ An such that y = lim

n→∞
yn.

We have : d(y,Bn) ≤∥ y − yn ∥ + d(yn, Bn) ≤∥ y − yn ∥ + h(An, Bn).
By lim

n→∞
h(An, Bn) = 0, we deduce that lim

n→∞
d(y,Bn) = 0.

So y ∈ s− liBn.
Consequently

A ⊂ s− liBn.

Now let y ∈ w − lsBn. Then there exists a subsequence (ynj
)j≥1 with

ynj
∈ Bnj

such that y = w − lim
j→∞

ynj
, for all j ∈ N.

Let us choose a subsequence znj
∈ Anj

such that

∥ ynj
− znj

∥≤ h(Anj
, Bnj

) +
1

j
.

And knowing that znj
= (znj

− ynj
) + ynj

, we have w − lim
j→∞

znj
= y ∈ A.

Therefore

w − lsBn ⊂ A.

Finally M − lim
n→∞

Bn = A. 2

Since every set valued martingale (Xn,An)n≥1 is a set valued uniform amart, the next result presents a
generalised version of lemma 3.2 for set valued uniform amart.

Theorem 3.5 Assume that H is a nonempty convex closed subset of Y , possessing the Radon-Nikodym
property and (Xn,An)n≥1 an adapted sequence of uniform amart in L1

ccb(H)(A) verifying :

sup
n≥1

E|Xn| < ∞.

Then there exists a measurable multifunction X ∈ L1
ccb(H)(A) such that

(a) ∀y ∈ Y , lim sup
n−→∞

d(y,Xn) ≤ d(y,X) a.s.

(b) lim
n−→∞

|Xn| = |X| a.s.

(c) ∀y∗ ∈ Y ∗, lim
n−→∞

δ∗(y∗, Xn) = δ∗(y∗, X) a.s.

Proof: From [14] Proposition 2.6, there is a martingale (Mn)n≥1 in L1
ccb(Y )(A) such that the sequence

(Pn)n≥1 given by
(1) Pn(ω) = h(Xn(ω),Mn(ω)) is a nonnegative uniform potential, where the martingale (Mn)n≥1 can be
defined by
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(2) lim
m→∞

H(EAnXm,Mn) = 0.

From (2) lim
m→∞

∫
Ω

h(EAnXm(ω),Mn(ω))dP = 0, 1 ≤ n ≤ m.

Set (gm)m≥n = (h(EAnXm,Mn))m≥n.
There exists a subsequence (gmk

)k≥n such that lim
k→∞

gmk
(ω) = 0 a.s.

Then lim
k→∞

h(EAnXmk
(ω),Mn(ω)) = 0 a.s, 1 ≤ n ≤ mk.

Which implies that :
lim
k→∞

sup
y∗∈BE∗

|δ∗(y∗, EAnXmk
(ω))− δ∗(y∗,Mn(ω))| = 0 a.s

So there exists a negligible set N2 such that ∀ω ∈ Ω \N2 and ∀y∗ ∈ Y ∗ :
lim

k−→∞
δ∗(y∗, EAnXmk

(ω)) = δ∗(y∗,Mn(ω)) (3.5.1)

By hypothesis Xmk
(.) ⊂ H a.s. so, EAnXmk

(.) ⊂ H a.s, ∀k ≥ n.
By (3.5.1) δ∗(y∗,Mn(.)) ≤ δ∗(y∗, H) a.s, ∀y∗ ∈ Y ∗.
Since H is convex and closed then, Mn(.) ⊂ H a.s.

Because (Pn)n≥1 is an uniform potential (i.e lim
τ∈T

∫
Ω

PτdP = 0 ) so :

lim
n→∞

h(Xn,Mn) = 0 a.s.

Since :

∫
|Mn|dP ≤

∫
|Xn|dP+

∫
h(Xn,Mn)dP. (3.5.2)

So (Mn,An)n≥1 is a bounded martingale. By lemma 3.2, there exists a measurable multifunction
X ∈ L1

ccb(H)(A) such that : ∀y ∈ Y , lim sup
n−→∞

d(y,Mn) ≤ d(y,X) a.s.

(Pn)n≥1 is a nonnegative uniform potential : lim
n→∞

h(Xn,Mn) = 0 a.s. Then

(a) ∀y ∈ Y , lim sup
n−→∞

d(y,Xn) ≤ lim sup
n−→∞

d(y,Mn) ≤ d(y,X) a.s.

(b) By lemma 3.2 (b) lim
n−→∞

|Mn| = |X| a.s.

By lemma 3.3 (b) and the fact that lim
n→∞

h(Xn,Mn) = 0 a.s,

lim
n−→∞

|Xn| = |X| a.s.

(c) Since lim
n→∞

h(Xn,Mn) = 0 a.s, then

lim
n−→∞

δ∗(y∗, Xn) = lim
n−→∞

δ∗(y∗,Mn) = δ∗(y∗, X) a.s, ∀y∗ ∈ Y ∗. 2

If X is in cwk(Y ), the following theorem provides the Mosco-convergence of a bounded uniform amart
(Xn,An)n≥1. It’s also an improved version of theorem 3.1 in [19].

Theorem 3.6 Assume that H is a nonempty convex closed subset of Y , possessing the Radon-Nikodym
property and (Xn,An)n≥1 an adapted sequence of uniform amart in L1

ccb(H)(A) verifying :

sup
n≥1

E|Xn| < +∞.

Let X be the multifunction constructed in lemma 3.2, if X ∈ L1
cwk(H)(A) then :

M − lim
n→∞

Xn = X a.s.

Proof: From [14] Proposition 2.6 and the proof of theorem 3.5, there is a martingale (Mn,An)n≥1 in
L1
ccb(H)(A) such that lim

n→∞
h(Xn(ω),Mn(ω)) = 0 a.s,

since sup
n≥1

E|Mn| < +∞, by theorem 3.2 there exist X ∈ L1
cwk(H)(A) such that

M − lim
n→∞

Mn = X a.s.

Then applying lemma 3.3 (c) :
M − lim

n→∞
Xn = X a.s. 2

The result below can be seen as both an extension of theorem 3.3 and 3.4 to uniform amarts and
further generalizes results previously established in theorem 4.2 of [8] and theorem 4.3 in [9].
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Theorem 3.7 Let Y ∗ be the strongly separable dual of the Banach space Y . Let H a nonempty con-
vex closed subset of Y possessing the Radon-Nikodym property and (Xn,An)n≥1 a uniform amart in
L1
ccb(H)(A).

Then there exists X ∈ L1
ccb(H)(A) such that

(i) τL − lim
n→∞

EAnX = X a.s.

(ii) lim
n→∞

h(Xn, E
AnX) = 0 a.s.

(iii) τL − lim
n→∞

Xn = X a.s.

Proof: (i) From [14] Proposition 2.6 and the proof of theorem 3.5, there is a bounded martingale
(Mn,An)n≥1 in L1

ccb(H)(A) such that

sup
n≥1

E|Mn| < +∞ (3.7.1)

and lim
n→∞

h(Xn,Mn) = 0 a.s. (3.7.2)

By (3.7.1) and theorem 3.4, there exists X ∈ L1
ccb(H)(A) such that

τL − lim
n→∞

Mn = X a.s.

From theorem 3.4 (ii) lim
n→∞

h(Mn, E
AnX) = 0 a.s. and by Lemma 3.3 (a) :

τL − lim
n→∞

EAnX = X a.s.

(ii) h(Xn, E
AnX) ≤ h(Xn,Mn) + h(Mn, E

AnX).
Then by (3.7.2) and Theorem 3.4 (ii)

lim
n→∞

h(Xn, E
AnX) = 0 a.s.

(iii) From (i), (ii) and Lemma 3.3 (a), we get

τL − lim
n→∞

Xn = X a.s.

2
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Séminaire d’Analyse Convexe Montpellier, Exposé N◦7 1989.
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Exposé N°9 (1984).

15. U. Mosco, Convergence of convex sets and solutions of variational inequalities, Adv. Math., 3(1969) 510-585.

16. N. Neveu, Martingales temps discret, Masson et Cie, Editeur 1972.

17. N.S. Papageorgiou, Convergence and representation theorems for set valued random processes, Journal of mathematical
analysis and applications, 1990, vol. 150, no 1, p. 129-145.

18. N.S. Papageorgiou, A Convergence theorem for set valued supermartingales with values in separable Banach space,
Stochastic Anal. Appl. 5 (1987), 510-520.

19. N.S. Papageorgiou, Convergence theorems for set-valued amarts and uniform amarts, Analysis Mathematica 22.2
(1996): 147-161. 22.2 (1996): 147-161.

20. M. Valadier, On conditional expectation of random sets. Ann. Math. Pura Appl. (iv) CXXVI, 81-91(1980)

21. Z. P. Wang and X. H. Xue, On convergence and closedness of multivalued martingale, American Mathematical Society,
vol. 341 (1994)15.

El-Moustafid Mohamed,

Laboratory of Modeling and Mathematical Structures,

University of Sidi Mohamed Ben Abdellah,

Faculty of Sciences and Technology,

30000 Fez, Morocco.

E-mail address: mohamed.elmoustafid@usmba.ac.ma

and

Mohammed El Allali,

Laboratory of Modeling and Mathematical Structures,

University of Sidi Mohamed Ben Abdellah,

Faculty of Sciences and Technology,

30000 Fez, Morocco.

E-mail address: elallalimohammed1@gmail.com

and

Fatima Ezzaki,

Laboratory of Modeling and Mathematical Structures,

University of Sidi Mohamed Ben Abdellah,

Faculty of Sciences and Technology,

30000 Fez, Morocco.

E-mail address: fatima.ezzaki@usmba.ac.ma

and

Khalid Tahri,

Department of mathematics,

University Mohammed Premier,

Faculty of Sciences,

60000 Oujda, Morocco.

E-mail address: tahri1khalid@gmail.com


	Introduction
	Preliminaries
	Main Results
	Convergence of martingales with values in not RNP Banach space
	Convergence of set valued martingales
	Application to the convergence of mutivalued uniform amart


