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Fractional Order Stochastic-Integral Problem of It6-Differential Equation
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ABSTRACT: In this paper, an issue of fractional-order Ité-integral equation constrained by a nonlocal frac-
tional order stochastic-integral problem of Ité-differential equation. Firstly, the existence of solutions and
the sufficient conditions for its uniqueness of the constraint will be proved. The dependency of the solution
will be studied and the Hyers-Ulam stability of the constraint will be discussed. Secondly, we prove that for
every solution of the constraint there exists a unique solution for the constrained problem of fractional-order
It6-integral equation. Also, for the unique solution that we get, we will discuss some dependency properties
and the Hyers-Ulam stability for the constrained problem it-self will be proved. Finally some examples will
be given.
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1. Introduction

Stochastic problems have evolved into an essential instrument for modeling intricate systems across
various disciplines, encompassing several areas. Fractional stochastic systems have attracted many re-
searchers in various fields due to their ability to model complex and unpredictable real-world phenomena,
(see [2],[4],16], [9]-[16], [27], [30] and [31]).

In our work, we let (A, F, ) be a complete probability space [7], u is a probability measure occurring
during the time interval [0,7] and F is a c—algebra defined on a sample space A.

Let Z=[0,T] and X (t;w) = X (t), t € Z, w € A, considering the space of all second order stochastic
processes Lo (A) which is identified with the norm

IX(#) 2 = VEX2(t)).
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Let C(]0,T],L2(A)) be the space of all continuous second order stochastic processes on Z = [0,7T]. The
norm of X is given by
[Xllc = sup X

€[0,7]

Let L3(Z,L2(A)) be the space of all second order integrable stochastic processes on Z = [0, 7] with norm

T
1X 15 = / 1X () |2dt.

Here, we follow the work in [17], authors in that work introduced the stochastic Ité-integral of fractional-
order of the function f € C([0,T],L2(A)), B € (3,1) with respect to Brownian motion W(t), denoted

by (Fg)

Definition 1.1 [17] Let f € C([0,T], L2(A)) be a given second order mean square continuous process.
the stochastic Ité-integral of fractional-order of the function f with respect to Brownian motion W(t) is
given by

/ (t—s)P~ 1 1
Faf(t) 0/ Fog T, B (5.

Authors in [17] presented some important properties for stochastic Ité-integral of fractional-order and
solved some minor problems.

Here, we will continue their work and add to their study. For that, we consider the following fractional-
order It6 integral equation

X(t) = Bt '+ XNFgH(t,X(t),Ut), teT, aE(O,l),BE(%,l) (1.1)

a—1 t—Sﬁ '
= Bt —I—/\/ T0) ~———~——H(s, X (s),U(s))dW(s),

subject to the constraint

dU(t) = —oU(t)dt + K(t,U{X)dWL (L), teT,
(1.2)
UWO) =Uo + [ %G(t,uu))dwg(t), ve (31

where B,U, are second order stochastic processes, \,o are nonnegative parameters and W(t), Wi (¢),
W (t) are three independent standard Brownian motions on the complete probability space (A, F, u) .

Here, Firstly, we prove the existence and the uniqueness of the solution & € C(Z,L2(A)) of the
constrained problem (1.2) and discuss some continuous dependencies of the solution I and the stability
of the solution U. Secondly, we prove for every solution of constraind problem (1.2), there exists a unique
solution X € L5(Z,L2(A)) of the problem (1.1), then, we study the continuous dependence of X on some
parameters and random functions and Hyers-Ulam satability.

2. Solution of the Constraint
Consider the following assumptions:

(Al) The functions K,G : Z x La(A)) — La(A) are continuous in t € Z YU € Ly (A), continuous
in i € La(A) Vit € Z. and there exists constants aj,as and second order stochastic processes
Y1 (t)7 Y2 (t) € (C(I7 Lo (A))7 such that

I EEUD)) (o< ([ (O +ar [[UE) (|2,

and

| G@EU®)) [l2< [[v2(B)2 +az [[UE) [l -



CONSTRAINED PROBLEM OF FRACTIONAL-ORDER ITO-INTEGRAL EQUATION SUBJECT... 3

1
(A2) Let a = max{ai,as} be such that a(X + v/T) < 1, where X = WT—fz}(y)

Lemma 2.1 The problem (1.2) is equivalent to Ito—stochastic integral equation

T t
Ut =+ [ %G(s,U(s))dWﬂs)—&- [ ks usine. @
0 0

Proof: Using It6 formula [28], [30], we conclude that the problem (1.2) is equivalent to the stochastic
integral equation

Ut) = e " U0)+e " /e"S K(s,U(s))dWi(s)

T t
oot u0+eUt/wG(s,u(s))dWQ(s)+e”t /o e?*K(s,U(s))dW1 (s)

0
T t

= eUtuo—i—e”t/wG(s,U(s))dWQ(s)-i—/e"(tS)K(S,U(s))dwl(s).
0 0

2.1. The existence of the solution U € C([0,77],L2(A))

To achieve our first main objective, we study the existence of at least one solution U € C([0,T], L2(A))
of the stochastic integral equation (2.1), for that, define the nonempty convex set @, by

Qr ={U € C([0,T], La(A)) : [U(B)]]2 < 7} < C([0,7], La(A)),

such that

o [Woll2 + bR + VT)
1 —a(R+VT)

, where b= max{sup ||y1(¢)||2,sup ||72(t)||2}-
teT teT

Theorem 2.1 Let the assumptions (Al) — (A2) be satisfied, then there exists at least one solution U €
C([0,T7], L2(A)) of the stochastic integral equation (2.1) involving two independent Brownian motions.

Proof: Let the mapping A be defined as

AU = e~y + e~ / mG(s,U(s))dWQ(s)+ / K5 U )AM(s).  (2.2)
0 0
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Let U € @, then we have

sl < e | l+ | [ ue) s
0
+ /He*"(t*S)IC(s,U(s))H;ds
z T 2y—2
S / C = (ol + a2 11U) 1a)*ds

t
+ / €200 (|l (s)ll2 + a1 || Us) [l2)* ds
0

by following

T
2*y 2
lAUlle < e bl +e G+o Ul | [
0
¢
b o(bta U /e—za(t—s>d3
0
T2v—1 f
< ||Y b u —_ b u T
< Whll+ (b U )| s + 0o 1)
Uollz + (b U T b U lle) VT
< - -
< Uolla +R(b+ar)+b+ar)VT =r,
1
where X = ——L_2___ Thus, we obtain that

V-1 T()

. < |thol|2 + bR + VT)
T 1-aR+VT)
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This gives that A : Q, — @, and the class {A4Q,} is uniformly bounded on Q,..
Now, let t1,t5 € [0,T] be such that, |ts — 1] < &, then

[ A U(t2) — A U(t1)||2

IN

T
e —o —0o —0o T —s)*2
e e e+ le s e[ s s s
0

[ e IR U ) — [T IR UG

0
t1 t1

+ o) / ¢TI K (5, U (5)) AW () — / ¢TI K (5,U (5)) AW (5) |2

o

IA

e — e~ | [[Uo) 2

N o e (ECI SN DI DA

to
+o) / =K (5,1 (s)) AW (5) |2
t1

t1
n ||/ [efaugf@ _efamfs)] K(s,U(8))dW1(8)||2,
0

and following by,

[ AU(t2) — AU(tL)||2

IN

}efatg _ efat1| HZ/{O||2
T

e =] | Ul + aa 1) ) ds

+

2]

" /6720“2’@(H%(S)H2+a1 | U(s) [|2)* ds

ty

t1
+ /[e_"(t2‘s) —e o= (|[ya(s)llz + a1 [|U(s) [|2)* ds.
0

This proves the equi-continuity of the class {AQ.,} on Q.
Now, let U,, € Q,, U, - U w.p.1, this implies that

AU (t2) — AU(t1)||2 — 0 ase — 0,

and the class of function {AlU} is equicontinuous. Therefore the closure of { AU} is a compact subset of
C (Arzela-Ascoli theorem [8]) and implies that the operator A is compact.

Now, consider U,, € @, being such that i U, =U w.p.l, where L.i.m denotes the limit of the
continuous second order process in the mean square sense ( [20],[28]), when we apply Lebesgue dominated
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theorem [21], we can obtain

L.i.m L.i.m
n— oo .A]/{n == n— oo

e”tZ/{OJreUt/WG(s,un(s))dWQ(s)Jr/e“(ts)IC(s,Z/ln(s))dwl(s)]

0
T Y1
— e ki T T G o () AV (5) [ K st )i
0

0
t

T
— st ) )
= G_Jtuo—‘—@_Gt/%G(S,%i;g Un(s))dWQ(s)+/e_‘7(t_s)lC(s,£‘i>'£ Un(8))dWi(s)
0 0

= AU

This implies that the operator A : Q, — @, is continuous, here applying Schauder fixed point theorem
[8] and [21], there exists at least one solution U € C of the stochastic integral equation (2.1). O

2.2. Uniqueness of the solution U € C([0,7],L2(A))

To discuss the uniqueness of the solution of the problem (1.2), let us replace hypotheses (A2) by
(A2*) K,G : [0,T] x La(A) — La(A) are continuous in t € [0,T], VU € Ly(A) and satisfy Lipschitz

condition
@, U () = K(t, Ua (D)) [l2 < ar[Uh () — Uz (B)]]2,
and
1G(t,Uh (1) — G(t,Ua (1)) ]2 < azllth () — Uz (t)]2-
Now, we have the following theorem.
Theorem 2.2 Let the assumptions of Theorem (2.1) be satisfied, then the solution U € C([0,T], L2(A))
of the problem (1.2) is unique.

Proof: From the assumption (A2*), we can deduce that
@U@ l2 = 1K 0)]|2 < I UE)) — K(E0)ll2 < ar[|U(B)]]2-

Thus
[ U@))]|2 < b1+ ar|[U(t)][2, where by = [[K(t,0)]]2,

similarly
|G UD)l2 < b2 + az|U(D)]|2, where by = [|G(2, 0)]]2-

Then, the assumptions of Theorem (2.1) are satisfied and the problem (1.2) has at least one solution.
Let Uy and Uz be two solutions of (1.2), then

— )71
) -0l < 1l [ G, 14y(5)) — G, Ua(s))|dWa(s) |

0
+ II/G"’(t*S)[’C(s,Ul(S)) — K(s,Us(s))]dW1(s)]]2
0

T

e, | [ T 164 (6) - Gt 3ds

IA

e=20(t=9)||KC (s, Uy () — K (s, Usz(s))]|2ds.

+
o\ﬁ
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So, we get
[(T—s2 | ]
||U1 *Z/l2||(c < a Hl/{l 7“2”([: /T(’Y) + \/672‘7(t*5)d8
0 0
< aR+VT) [|th —Us||c.
Then

(1-a®+ VD)) th — || <0.
This implies that
||U1—Z/[2||(C =0 = U = U,

which proves the uniqueness of the solution to the problem (1.2). O

2.3. Continuous dependence of U € C([0,T7],Lz(A))

In this part, we prove that the solution of the problem (2.1) dependents continuously on the random
process Uy and on the two functions of the problem K, G .

Definition 2.1 The solution U € C(Z, Ls(A)) of the problem (2.1) depends continuously on the random
process Uy, if for all €1 > 0,3 61 >0 such that

o — U2 < 61 implies that || U —U" ||c < e,

where U* be the solution of
T t
* —oty y* —ot (T — 5)771 * —o(t—s) *
Ut)=e"U; + e WG(S,L{ (s)dWa(s)+ [ e K(s,U*(s))dWh(s).
0 0

Theorem 2.3 Let the assumptions of Theorem (2.2) be satisfied, then the solution of (2.1) depends
continuously on the random process Uy.

Proof: Let U* be the solution of
T

* —0o * —0o (T _
U(t) =e U +e t/T
0
such that ||Uy — US|z < §1. Then we have

UE) U () = e o —U)+e

o —
—
N
I
»
N
1
A

Q
=
»
<
=

»
N
=z

[

Q
=
£

<

*
—

»
N
=

L
s
—~

»
N

+ / ¢TI K (s, U (5)) — K (s, U (5)]dWA (s)
0

and this gives

)22

T
T —
) —u @)l < fﬂ%—%h+¢é(lu

(’V) (GQHU(S) _u*(S)HQ)QdS

t
4 /?%WWMW®fW®M%&
0
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So, we can obtain that
e = U |le < 61+ a(R+ VT U = U*|c,

thus
0

1
1—a(R+VT)

Which completes the proof. O

U —U*|c < =¢; — 0 whenever §; — 0.

Definition 2.2 The solution U € C(Z, La(A)) of the problem (2.1) depends continuously on the random
function IC, if for all €9 >0, 3 d3 >0 such that

IIC(t,UE)) — K (t,UE))|l2 < 02 implies that ||U—-U" ||c < eq,

where U* be the solution of

T t
U(t)=e Uy +e " / uG(S,U*(S))dWQ(S) + /e_"(t_s)lC*(s,L{*(s))dWl(s).

L'(v) )

Theorem 2.4 Let the assumptions of Theorem (2.2) be satisfied, then the solution of (2.1) depends
continuously on the random function K.

Proof: Let U* be the solution of

T
u*(t) — e—otuo +e—at/ (T ;(S))’Y

J S G(s,U*(8))dWa(s) +0/e_”(t_s)lC*(s,U*(s))dVvl(s)

such that ||[K(t,U(t)) — K*(t,U(t))||2 < d2. Then we have

Uy -U*t) = eff’t/i[G(s,u(s))fG(s,Z/{*(s))]dWQ(s)

and this gives

T — §)27—2
u(t) ~ @) < \/ | Rl @l - o)lds

t

+ /B*QU(t*S)(aﬂW(s) —U*(s)]]2)ds + /6*2"(’5*5)55615.
0 0
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So, we can obtain that

U — U*|lc < a(R+ VT)||U —U*||c + VT,
thus

5oV'T
1—a(R+/T)

Which completes the proof. O

U —U*|c < =¢&9 — 0 whenever dy — 0.

Definition 2.3 The unique solution U € C(Z], La(A)) of the problem (2.1) depends continuously on the
function G, if for all €3 >0, 3 93 >0 such that

|G(t,U(t)) — G*(t,U(t))| < d3 implies that ||U—U" |c< €3,

where U* be the solution of

T t
U*(t) = e Uy +e " / WG*(S,U*(S))dWQ(s) + / e T (s, U (5))dWi(s).
0 0

Theorem 2.5 Let the assumptions of Theorem (2.2) be satisfied, then the solution of (2.1) depends
continuously on the random function G.

Proof: Let U* be the solution of

T t

u*(t) — efo'tuo+efo't\/ T
0

o

Uty U (t) = ef’t/T

= e Ot T(T_S)W_l s s)) — s, U™ (s S

_ / Ty GO ULs)) = Gl (s)))Wa()
—ot T(T_s)’y_l * ek *

v 0/ T'(v) [G(s,U"(s5)) — G*(5,U(5))]dWa(s)

N /efo(tfs)[lc(s’u(s)) — K(s,U*(5))]dWi(s),

0

then

T (P _ g)2y-2 T §)27—2
) - @)l < ¢ | @l - @laas + | [ s
0

4 / e=2(=) (a | (5) — U*(s) 2)?ds,
0



10 MAaysA E. I. EL-GENDY, AHMED M. A. EL-SAYED AND HopA A. Fouap

following by
U —U*||c(1 — a(R + VT)) < Nés.

Then
NIz

1—a(R+/T)

Thus completes the proof. O

U —U e < =e3 — 0 whenever d3 — 0.

2.4. Hyers-Ulam stability

Hyers-Ulam stability is one of the essential properties to measure the behavior of the solution of any
problem. (This concept can be found in [1], [3],[5], [13], [19],[22]- [26]).
Now, consider the following definition.

Definition 2.4 Let the solution U € C([0,0], L2(A)) of the problem (2.1) be exists uniquely, then the
problem (2.1) is Hyers-Ulam stable, if for every e4 > 0, 3 d4(e4) such that for any d—approzimate
solution Uy, of the problem (2.1) satisfies,

T t
Uy, — e Uy — e ! / WG(S,UP(S))dWQ(s)— / e I (s, Up(8))dWr (s)|| <4 (2.3)
0

0 2

implies || U, —U ||c < 4.

Theorem 2.6 Let the hypotheses of Theorem (2.2) be satisfied. Then the problem (2.1) is Hyers-Ulam
stable.

Proof: Let U and U, be the exact and approximate solutions of the problem (2.1) respectively, then

t

Uy(t) —U() = Up(t) —e U —e*”/ G(S,U(s))dm(s)—/e*““*S)/C(s,u(s))dwl(s))
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Then
T
—ot (T — S)’y_l
[Up(t) —U@B)l2 < s+l /W[G(&Up(S))—G(SaU(S))]dW2(8)||2
0
t
+ ||/€_"(t_s)[’C(57Up(8)) — K(s,U(s))]dW1(s)) ]2,
0
that gives
[1—a(R+ VTt — Ullc < bs.
Then 5
U, —Ullc < —2 = ¢4,
Wy~ < T =
and the problem (2.1) is Hyers-Ulam stable. O

From the equivalent between the problem (1.2) and the integral equation (2.1), we have the following
corollary.

Corollary 2.1
Let the assumptions of Theorem (2.6) be satisfied then the problem (1.2) is Hyers-Ulam stable.

3. Fractional-Order Ito-Integral Equation

In this section, we finally have reached the study of the problem that related to the stochastic It6-
integral of fractional-order F, B € (%, 1) with respect to Brownian motion W(t), the study of the
solution X € L3(Z,La(N)) of the fractional-order It6 integral equation (1.1) and its behaviour will give
to the interested readers and researchers in this topic a clear understanding of the difference between the
stochastic Ito-integral of fractional-order (Fjs) and the random fractional operator I7.

We study the existence of a unique solution X € L5(Z,La(A)) to the fractional-order It6 integral equation
(1.1), we discuss the continuous dependence of this solution X on some parameters and random functions,
we also explained the Hyers-Ulam stability for X.

Consider the following assumptions:

(M1) The function H : Z x Ly(A)) x La(A)) — La(A) is measurable in t € Z YU € Ly (A), continuous in
U € La(A) Vt € T and satisfies Lipschitz condition

| H(t, X (t),U(t)) — H(t, X (1), U 1)) l2< h{ [| X(#) = X () [l2 + || U(t) = U(2) |2},
where h is a constant.

(M2) Let 4)2 h2T* < 1, where T* = max{ 5+, =Lt

Lemma 3.1 The assumption (M1) implies that
FH &, X(0),U®) l2< B LIl X(@) [l + [[UE) [l23+ (| H(E,0,0) |2 -
Proof:

I H (&, X (1), U(t)) |2

[ IFHE X (@),U®) N2 — (| H(2,0,0) [l + || H(£,0,0) |2 |
‘ ” H(t,X(t),U(t)) - H(t7070) HQ |+ ” H(t,0,0) ||2
A X (@) Ml + [[UE) N3+ (] H(E,0,0) |2 -

IN A
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Now, we define the set @, by
Qp = {X eLi(Z,L(A), [IX]5 < p} C Ly(Z, L2(A)),

where

1 —4X2 p2T
3.1. Existence of solution X € L3(Z,Ls(A))

\/T* [20BI2 + 8ATh2r? + 8)242T)

We have the following theorem for the existence of solution of the fractional-order It integral equation
(1.1).

Theorem 3.1 Let the hypotheses (Al),(M1) — (M2) be satisfied, then for every solution
U € C([0,T],La(A)) of the constraint (1.2), there exists a unique solution X € L3(Z, La(AN)) of (1.1).

Proof: Let X € @,, and define the mapping
TX(t)=Bt*' + AFgH(t, X (1), U(t)),
Since (a + b)? < 2a% + 2b% and (a+ b+ ¢)? < 2a® + 2(b + ¢)? < 2a% + 4b% + 4c?, we can estimate that

17X (®)II3

(
1B 27 + AFp H (£, X (1), U(t))]13
2| B3 £2°72 + 207 Fp H (£, X (), U(1)) 3
1

t

t_

2| B2 12272 + 2)2 /(7
1813 I 5

2 ,20-2 o 1 (=
2||B|l3 77 + 2X /0 |27

IN

IN

H (s, X (s),U(s))dW(s)ll3

IN

| H (s, X (s),U(s))||3ds

2 ,20—2 o [T (t—s)P2 2
< 2||Bl3 t2Y7° + 2 / 71“2( ] [h ]| X(s) |2 +hr+ A" ds
0
< 2|BJ% #2272 £ 2)2 ) i 212 || X(s) |2 +4h% 12 +442] 4
= || ||2 + 0 FQ(B) [ || (S) ||2+ T+ ] S,

where A =|| H(¢,0,0) ||2. Following that,

(17 x113)*

T
/0 ITX ()| 2dt

IN

T
2||B||?C/ 20724t + 20\? S
0

20—1

T
= 2|BIE

222 &
a1 TS

where,

&

T (t—s)?=2 2 2 2 2
- / /W[% | X(s) |2 +4h2 r2 + 4A4%) dsdt
0 0

T T (4 N\28-2
_ 2 2 2 .2 2 (t—s)
= A (2% || X (s) [|3 +4R% r* + 4A%] / T dtds

S

TQB 1
(28 — 1)I2(3
T2B 1

(28

IN

T
/ (21 || X(s) [|3 +4R° r* 4+ 4A%] ds
0

IA

T T
[2712 1 X 113) +4h2/ r2d3+4/ A?ds| .
0 0
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This gives
< TP [202(]| X ||3)? + 4R*r®T + 4A°T] .
~ (26 -1r2(p) ’
Hence, we obtain
2a—1 26—1

T
(ITX113)* < 2Bllc 5— +2V

= [9K%0% + ARPrPT + 4A%T) = p?
2a-1 @5 J=e

and ||TX|5 < p, where

(1 — 4\ B°T*)p? = T* [2||B||2 + 8\’ Th*r? + 8A2 AT,

- wﬂ* 211 BJI% + 8A2TH22 + 8A2A2T]

. Tﬁa—l Tﬂﬂ—l
[ — 2 12T and T :max{ }

20— 1" (26— DT2(P)
Let X, X € Q, be two solutions of (1.1), then we have

ITX () - TX(®)3 INFaH (t, X (£),U(t)) — FaH (t, X (t), UD)]3

< N Fa[H (L, X (6),U(t) — H(t, X (£),U(1))]]3
_g)f-1 _
< N / ti[ms X(s),U(s)) — H(s, X (5),U(s)JdW(s)|13
_ )26 2 _
< a2 / |W|||H<s,x<s>,u<s>>—H(s,X<s>,u<s>>||%ds
t(4_ g)28-2 _ 9
< 2 [ B I X)) ) s
t(p_ )28-2 _
< v [ X6 - XG0 1] s
212m28—1 _
< A X - X0l

(26 —1)I2(8)
For every solution U of the constrained problem (1.2), we get

(ITX = TXI3)* < MR*T*(]|1X — X[]3)*.
Which proves that T is contraction on @), [8] and the fractional order stochastic integral equation (1.1)

has a unique solution X € Q, C L5(Z, La(A)). O

3.2. Continuous dependence of X € L;(Z,Ly(A))

Firstly, discussing the continuous dependence of the solution X € L3([0,7],La(A)) of the stochastic
integral equation (1.1) on A and B, after that we study the continuous dependence on H (¢, X (¢t),U(t))
for every unique solution U € C([0,T],L2(A)) of the constraint (1.2).

Definition 3.1 The solution X € L3([0,T],L2(A)) of the fractional order stochastic integral equation
(1.1) depends continuously on the parameter X\ and the second-order stochastic process B , for every
unique solution U € C([0,T], La(A)) of the constrained (1.2), if for all e5 > 0, there exists 5 > 0 such
that max {|A — \*[,||B — B*||2} < 5 implies that || X — X*||5 < es5.

Theorem 3.2 Let the assumptions of Theorem (3.1) be satisfied, then the solution X € L5([0,T], L2(A))
of the integral equation (1.1) depends continuously on the parameter A and the stochastic process B.
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Proof: Let X* be the solution of the equation
X*(t) = BtV N FgH(t, X*(t),U(t)), te(0,T). (3.1)
Here

X(t) = X*(t) = (B—B )N + AFS[H(t, X (£),U(t)) — H(t, X* (), U(t))]
+ (A= A)FH(t, X" (t),U(1)).

It follows that

IX(6) = X*(0)3 < 2B — B |32 + 4N F5[H(t, X (0),U()) — H(t, X" (). UW)]]}3
A= N [ FRE (X7 (0,U()]3
_ B 1
< 262 P2 AN / W[H(&X(sxu(s»—H(s,X*<s>,U<s>>1dW<s>H§

t(p_ g)B-1
oA | / “F(g)ms,x*(s),u(s))dvv(s)%

2 ,20-2 o [1 (t—s)?P2 * 2
< 255t +4A |W|HH(S,X(S),U(S))*H(&X (s5),U(s))ll3ds
0
to(p_ g)28-2
- [ X (0 Ul
2 202 2 t(t 5)20—2 " 2
< 202 2972 44y /0 S I 1 X(5) = X (o) o] ds
5)28-2

A X*(s) ||l2 +h v+ AP ds

+ 4N =A%) /O (k) i T2 ()

< 952 2072 L A\22 (t—s)*—2 X(s) — X* 2
< 205 77 4 T3 | X(s) (s) 112 ds
o [ft—s)2 2 2.2 2
0

For every unique solution U € C([0,T7],L2(A)) of the constraint (1.2), we get

I N ANZR2T2P 1
- 2a-1)  (26-DI(B)
T25—1

(1X — X*[I3)?

(X = x~]3)”

+ AN = N2 [2R7 (|| X ||5)% + 4R r°T + 44T
<205 (T7) + 4T VR (||X — X7[)3)?
+ AN = N2 T 207 v+ 407 rPT 4+ 44°T]
this implies to
262 T* + 4N — \*)2 T+ [2712 p+ 4R 2T + 4A2T]
o * || %) 2 < 5 _ 2.
(X = X"5)° < 1 — 4T*\212 &5
Which completes the proof. O

Definition 3.2 The solution X € L3([0,T],L2(A)) of the fractional order stochastic integral equation
(1.1) depends continuously on the random function H(t, X (t),U(t)) , for every unique solution U €
C([0,T], La(A)) of a constraint (1.2) and for alleg > 0, there exists g > 0 such that || H(t, X (t),U(t))—
H*(t, X (t),U(t))]l2 < 06 implies that || X — X*||5 < e6.



CONSTRAINED PROBLEM OF FRACTIONAL-ORDER ITO-INTEGRAL EQUATION SUBJECT... 15

Theorem 3.3 Let the assumptions of theorem (3.1) be satisfied, then the solution X € L5([0,T], L2(A))
of the integral equation (1.1) depends continuously on the main random function H (t, X (t),U(t)).

Proof: Let X* be the solution of the equation

X*(t) = Bto! 4 AFgH*(t,X*(t),U(t)), te (0,T]. (3.2)
Here,
X(t) = X"(t) = MF{H(t, X(t),U(t)) — H"(t, X (t),U(t))}
= AFp{H(t, X(2),U(t)) — H(t, X"(t),U(t))}
+ AF{H(t, X" (t),U(t)) — H*(t, X*(2),U(t))}.

It follows that,

IX() =X O3 < 2X||Fa{H(t, X (t),U(t)) — H(t, X*(t),U(t))]3 +2)*53
< 2X"||/0t @}(‘%I[H(&X(s),u(s)) — H(s, X*(s),U(s)]dW ()13 + 2)365
< 2A2/0t|(t}f();f_2IIH(s,X<s>7U(s))—H(S,X*(s),u(s))lléds+2A25§
< 2>\2/0t(tF25();;”[h | X(s) — X*(s) ||l2)* ds + 2)\%62
< 2A%R? /Ot(t;j();;ﬂ | X(s) — X*(s) |13 ds + 2?53

For every unique solution U € C([0,T],L2(A)) of the constraint (1.2), we get

N o
< =/ -
- (28-1)I2(B)
2T*N2R?(| X — X*||5 + 20208,

(IX = X~3)* (1% = X*[13)* +225¢

N

this implies to
WR
1—2T*\2hp2 7O
Which completes the proof. O

(I1X = X*[I3)* <

3.3. Hyers - Ulam stability of (1.1)
For this section, The main purpose is to explore the Hyers-Ulam stability of the solution
X, € L5(Z,L2(A)).To get the desired result, we have the following definition.

Definition 3.3 Let the solution X € L5(Z,L3(A)) of the problem (1.1) be exists uniquely, then the
problem (1.1) is Hyers-Ulam stable, if for every ez > 0, 3 7(e7) and for any 6—approzimate solution X,
of the problem (1.1) satisfies,

1Xp(t) = Bt~ = MPH(t, X, (), Up(t))l|l2 < 67, t €T, (3-3)

implies || X, — X||5 <e7, te€Z, wherel, is the approzimate solution of (2.1).
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Theorem 3.4 Let the assumptions of Theorems (2.2) and (3.1) be satisfied. Then the problem (1.1) is
Hyers-Ulam stable.

Proof: Let X be the solution of (1.1), for §7 > 0 we can get

1X,(8) = XI5 = [IXp(t) — Bt*™" = XFH (¢, X(t),U(1))|3
< 2Y|X, () = Bt = AFRH (t, X, (1), Up (1)) I3
+ 2N F[H (t, Xp (1), Up(t)) — H(t, X (8),U®))][I5
T
2)\2h2T2,671
< 28T+ /2X s) — X ()13 + 2|ty (s) — U(s)||3]ds
T+ gg— ) | [ PI) - XOIE + 240 o
2)\2h2T2’8_1 T
< 2T+ —— /2X s) — X (s)||3 4+ 2¢2]ds | ,
7 (Qﬁ—l)FQ(ﬁ) J [ H P( ) ( )”2 4]
then
2NZR2T28-1
X, —X|3)? < 28T+ ———— (2(| X, — X||35)? + 22T .
(H p ||2) 7 (25_1)1—\2(6) ( (H P ||2) 4 )
Then
202T + ADN2R2T*T 2
o *\2 7 4
(H‘Xp XH2) — 1 —4A2h2T*
Finally,
. 25$T+4>\2h2T*T si
1 X, — X5 < er, where g7 = \/ TR
Which completes the proof. O

4. Examples

Here, we have the following examples for some known mathematical models as constraints:

(I) Consider the fractional-order It6 integral equation

t _ )81
X(t)=Bt"""+ /\/O -9 F(ﬂ))

subject to the constraint which describes a mathematical model of the motion of a Brownian particle
model frictional forces as follow for the one dimensional case

dU(t) = —bUdt + £ W (L), t e (0,T),

H(s, X(s),U(s))dW(s), (4.1)

(4.2)

T (1—¢)"!
UO) =ty + [y LGt UE)aW(t), € (3,1).
where b > 0 is a coefficient of friction, and £ is a diffusion coefficient, U(.) is the velocity of
the Brownian particle subject to nonlocal fractional order stochastic-integral condition, we get the
solution of (1.2) as following

Z/[(t) — e—bt (UO + /T (1 — t)’y_l

e—b(t—s) (s), > )
e G(t,u(t»dm(t))wo/ DVi(s), £20  (43)

Note that, this solution in Equation (4.3) is called Langevin’s process (see [18])
This function U satisfies our conditions for the function in (2.1), where K = £.
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(IT) Consider the fractional-order Itd integral equation (4.1) subject to the following one-dimensional
equation

b—U(t
du(t):%i)dt—i—d)/\/(t) 0<t<l U=a abeR

The solution of this equation is called Brownian bridge process (see [29]) and it gives

S

u(t):a(l—t)+bt+(1—t)/(lmi(z)), 0<t<1 (4.4)
0

This function & in Equation (4.4) satisfies our conditions for the function in (2.1), where K =
1, G=0.

(III) Consider the fractional-order It6 integral equation (4.1) subject to the constraint which describes a
mathematical model of the motion of a Brownian particle model frictional forces as follow for the
one dimensional case

dU(t) = a(m — UL))dt + £LANV(L), U0) = Uy

where a, £ > 0 and m is a real number, the solution will be
t
Ut) =m+ Uy —m)e” Uy + £/efa(t75)dW(s), t>0. (4.5)
0

Note that, this solution in Equation (4.5) is called Ornstein-Uhlenbeck process (see [25])
This function U satisfies our conditions for the function in (2.1), where X = £, G =0.

5. Conclusions

In this study, we investigated the fractional-order Ité-integral equation (1.1), that constrained by a
nonlocal fractional order stochastic-integral problem of Ito-differential equation (1.2). The existence and
the sufficient conditions for uniqueness of the solution U € C(Z,Ly(A)) of the constraint are given in The-
orems (2.1) and (2.2), we proved that the solution I is continuously dependent on the random process Uy
and on the two random functions K,G in Theorems (2.3), (2.4) and (2.5). We proved also in theorem
(2.6) and corollary (2.1) that the integral equation (2.1) and the constraint (1.2) are Hyers-Ulam stable.
After that, we proved that, for every unique solution U of the equation (1.2), there exists a unique solu-
tion X € L3(Z,L2())) equation (1.1) which depends continuously on the parameter A and the stochastic
process B and Hyers-Ulam stable, all that can seen in Theorems (3.2), (3.3) and (3.4).
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