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On the Paranormed Notion of Generalized A-Operator Methods

Ohoud Aljawi

ABSTRACT: In the present paper, our aim is to study some new spaces of the form l:? (p, A, r,10). Also, the
determination of complete property will be given. Further, some topological properties will be carried out.
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1. Introduction

By E we denote all real valued sequences and any subspace of = is termed as sequence space [1,
2,8,20,33] and references therein. By R and C, we abbreviate as set of all real and complex numbers,
respectively.

A function F : J — R, where 3 is a linear space, is called a paranorm, if for all s, ¢ € J:

F () >0 for all 5 >0,
F(x+¢) < F () +F(s),

if (5¢;) is a sequence of vectors with lim F (5¢; —2) = 0 and (a;) is a sequence of scalars with lim a; = q,
j—o0 j—o0

then lim F (ajs; —ax) = 0. A paranormed space (3, F) is a linear space equipped with a paranorm f
]%(X)

[3,14,17,34,36].

The opial property, Fatou property plays a significant role on complete spaces. In [25], £, (1 < p < o0)
has shown to have this property but not L,[0,2x], for p #. In [29], the brief study of uniform Opial
property has been given. Later, it was studied in researches via [5,6,11,23,27] and many others.

For a sequence ¥ = (k,) of natural numbers with kg = 0, 0 < Kk, < Kpq1 and b, = K, — K1 — 0
as r — 0o, we call ¥ as lacunary sequence and denote intervals by J, = (kr—1, k] and the quotient K’:—_l
by ¢, and were studied in [9,12] and many others for different domains. In [19,37], the author examined
geometric structures connecting lacunary sequences with Cesaro space by equipping Luxemburg norm.

In [21], we see:
: (AX;) S 6}

(1]

6(A)={x=0 €
where & € {lw,c,co} and Ay, = x1 — x1-1-
Also for w,r > 0, we see as in [4] that
AV (@) ={x=(u) € E: (APxi) € &},
where

APy = <A§f’><z> = (A'ﬁ’lxl — A‘r"1><z+r)7 A% =0 for each I € N,

and can be written as

o
o
APy = Z(—l)u ( ¥ ) Xitrp-

n=0
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Many interesting structures towards this construction can be found in [10,13,14,16,18], and many
others.
As in [31], by e-separated sequence with € > 0, one mean a sequence {x;} C = such that

Sep{Xm} = inf{”Xl - Xm” (L # m} > E.

Let Q° be the space of all real sequences and (€, || - ||) C 20 and a complete space. For a unit sphere
S(€) and closed unit ball B(€), one calls a real sequence (v,) C € as e-separated sequence for some
e > 0, if separation of (x;) denoted by sep(x;) = inf{||x; — xm|| : l # m} > e.

We call a complete space € to attain the Opial property provided each weakly null sequence (x;) C €
and each non-zero x € €, we have [25]

lim inf ||x;|| <lim inf ||x, + x|
n—oo l—o00

As in [7], a Banach sequence lattice € attains Fatou property, if for any > € Q and sequence (5¢,) C €1
with
¢ ={xec€:x>0}
satisfying 0 < s, (j)  2(4), that is, s, (j) increases to s(j) as n — oo for each j € N and sup |52, || < o0,
then, s € €, and ||»|¢ = limy— o0 || 22| e-
For a real vector space €, one calles J: € — [0, 00] a modular if it satisfies:
a) J(x) = 0 if and only if x = 0.
b) J(kx) = I(x) for each k € F with |k| = 1.
¢) A(rx + Ax) < I(x) +3(5) for all x,» € € and kK, A > 0 with k + X = 1.
Moreover, the modular J is said to be convex if

J(kx + M) < &I(x) + A(x)

for all x,» € € and kK, A > 0 with xk + A = 1.
For any modular J on €&, the space

¢, ={x € €:1(kx) < oo, for some k> 0}

is called the modular space.
A modular J satisfies da-condition (1 € d3) if for any £ > 0, there exists constants 2 > 2 and B > 0
such that

J2x) <AI(v) +¢
for all x € €, with I(v) < B.

Also, J meets a strong do-state (1 € 65) if 7 satisfies d2-condition for all B > 0 with 2 > 2 dependent
on 2.

For simplicity, we use the following notions:

X [ = (x(1),x(2), -+ ,x(r),0,0,--) — truncation of x at r,
X In—r = (0,0, ,0,x(r+1),x(r +2),---) — truncation of x at r,
xlr={x= (X(r)):fozl :x(r) #0 forallr € I CNand x(r) =0 for all r € N\I},

suppx = {r € N: x(r) # 0}

and cl€ denotes the closure of €.
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2. The New Space LY (p, A,r, 1)

Here we introduce the space £ (p, A,r, 1) and show that it attains uniform Opial property, para-
normed structure and some other structures as well.

Following authors as in [5,15,22,24,29,30,35], let p = (p;) represent sequence of positive real numbers
(p > 1Vl eN) and s > 0, we introduce the new space as follows:

LY (p, A, r,w) = {x € Q0 :Jap (Kx) < oo for some K >0},

I =t {5 > 0:300 (X) <1},

with having Luxemburg norm as

where .
1o [e’e} z
INES INCED of (59 SUSECU] I8
1=1 i=1 Y led;
and o
APx(l) =) (-1)# (m )X(H—ru)‘v’leN
20

Theorem 2.1 The functional Jar on LY (p, A, r,10) is conver modular.

Proof: We have

1o b1
2 =00 kol 3 (T aianon) o
=1 keﬁz
1 b1
&> Ix( |—Oandz< > kAP (k >—0
=0 kEJz
S x()=0forl=0,1,2,..,0 & A¥x(k) =0VkeJ,, leN

One can easily see that Jaw (Ax) = Jaw (x) for each scalars A with [A] = 1.

For x,¢ € LY (p, A, r,w0) with A >0, 4 > 0 and A+ p = 1, we see by linearity of A™ and convexity
of map I — [3|P¢ that

P
— [ 1 : :
Taw (A + uC) = ZP\X )+ O+ | = D PARXG) + pATCG)]
1=0 1=0 JE€d
0 P
<Y (@] + ¢ ()] Z Z [AATX ()] + [RAT ()]
=0 =0 ]631
o o 1 pi
0+ [ 3 1anG)
1=0 =0 \ ' jeq
- P
o160 |+Z ZIA“’C
1=0 =0 \ ' jey
= Map () + pdap ()
This shows that Jaw is a convex modular on LY (p, A, r,10) . O

The following results via Theorem 2.2 and Theorem 2.3 are direct consequences of Theorem 2.1:
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Theorem 2.2 For x € LY (p, A, r, 1), we have
a) if 0 <k <1, then K®Jaw (%) < Jaw(x) and Jaw (kX) < KJaw (X).
b) if K > 1, then Jaw (x) < £™Jaw (%)
¢) if K > 1, then Jaw (x) < kdaw (x) < Jaw (KX) -
d) if [IxIl <1, then Iar (x) < IxII-
e) if [Ix|l > 1, then Iar (x) = lIx||-
£) i Il = 1. then Tap (1) = 1.

Theorem 2.3 If x,¢ € LY (p, A, 7, 10), and Jaw € A3, then for any L > 0 and € > 0, there exists § > 0
such that

[Tar (X +O) = Jar ()| <,
with Jaw (x) < L and Jaw (¢) < 6.

Theorem 2.4 a) If Jaw € A§, then for any x € LY (p, A, r,w), [|x|| =1 if and only if Iaw = 1.
b) If Iaw € A3, then for any (xn) € LY (p, A,7,10), [|Xn|| — 0 if and only if Jae — 0.
c¢) If Jaw € A3, then for any § = 6(g) > 0 such that ||x|| > 14 6 whenever Jar > 1+ ¢.
Theorem 2.5 The space LY (p, A, 7, 1) is complete paranormed space under

Sar (&) =Y [6G) + (Z (,i Dk IJA;vf(kH) ) :

=0 i=1 v key;

where M = max(l,suppj> .
J

Proof: The result can be proved by the use of classical techniques. O

Theorem 2.6 The space LY (p, A, r,w) attains Fatou property.

Proof: Let x;, € LY (p, A, 7, ) and let sup ||xx|| < oo with k& € N and 0 < x(i)  x(i) with k — oo for
k
<

Xk
B

each i € N. Set U = sup ||xx[|, and since |[xx|| < U < oo for k& € N, so that 0 < ¥ < . Therefore,
k

Tap 2

ool < 1 and since JA;}! is monotone, we get

Tae X’“><Jm<x’€)<1.
Ar(u =\l =

Employing the Beppo Levi theorem (see, [28,31]) and the fact that U~y — U=ty for k — oo, we thus

have
X . Xk Xk
w | — = 10 w | — =S w | — < 1.
JA" (U) kllwojA" ( (&) > biij" ( (&) ) -

Consequently, ||x|| < U and (||xx||) is non-decreasing, therefore, ||xx|| = U = sup || x| for &k — cc.
k
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Now, by norm definition, we see

: k
Il =inf{r>0: Jap (31) <13
P
1o [’} 3
- Xk (5) 1 —s | AP Xk ()
=inf< A : — [~$ <1
in { >0 _ 3 ‘ + Z . s
7=0 =0 JEN
00 Py
- X() 1 s [ APXG)
< inf : = : <1
_1n{)\>0 3 ‘-}-Z hl_~l 1 <
J=0 =0 JEI
= inf{)\ >0: Jar (%) < 1}
= lIxll-
Hence, we conclude that sup ||xx|| < ||x|| and thus ||x|| = sup ||xx| = klim lk]l- O
k k —00

Theorem 2.7 The space L (p, A,r, 1) has uniform Opial property for limsup,. p, < co.

Proof: Let |x|| > &, where ¢ > 0 is any number and x € LY (p, A,7,1). As, limsup, p; < oo, that is,
Jaw € 05, by Theorem 2.4(ii), for each £ > 0, there is a § € (0,1) such that for each x € LY (p, A,r, 1)
we have Jaw (x) > 4.

Again, since Jaw € 65, by Theorem 2.3 for any € > 0, there is a 0; € (0,0) such that

é

4’

whenever Jaw (x) < 1 and Jaw (¢) < 6 and x,¢ € LY (p, A, 7, w).
But Jaw (x) < 00, so there exists a natural number Jo such that

PNUIESS (; Dok IA?x(kN) < %. (2.2)

1=0 =30 \ " k€Y

Tar (x +¢) —Iar (X)] < (2.1)

From (2.2), it follows that

o Jo pi %) pi
5§Z|X(1)!+Z<;ZkSIM’X(HI) S (;Zwm?x(kn)

1=0 i=0 \'"* ke, i=Jo+1 \' " ke,
Jo 1 pi 5

<>y ranw)
i=0 v key;

yielding

Jo 1 pi 51
— k=% AP (k >0——
(1 xanal) =65
i=0 kEJi (2.3)
o 36
>)——-=—.
4 4
So, by linearity of A® and weak convergence yields coordinatewise convergence, means, y, — 0 weakly
gives xn () — 0 for each ¢ € N, so there exists ng € N such that for all n > ng, we get

> (; D kAT Xa(k) +A‘r"x(k)|> > 315- (2.4)

i=0 Y kel
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Again, using the fact that x, ¥ — 0, we can choose Jo such that
Jar (X |3,) = 0 as n — oo.
So, there exists n; > ng such that
Jar (X |3,) < 01 for all n > n;y.
Since (xn) € S (LY (p, A, r,1)), that is, [[x]| = 1, so using Theorem 2.3(i), we see Jar (X |3,) = 1. So,

we can find Jy such that
dap (X In—30) < 1.

Now pick v = x;, [n—3, and 0 = X, |3, . Then, Jaw (v) < 1 and Jaw () < & for v, € LY (p, A, 7, 10).
So from equation (2.1), for all n > n;, we see

)
[Tar (xn N30 +xn l30) —Iar (xn v-3,)] < T

yielding
5
Jaw (xn) — 1< Iaw (Xn IN—30) for all n>ny.
This shows that
o o 1 Pi 5
Z Ixn(2)] + Z (h Z k= |A7‘?xn(k)|> >1-— 1 for all n > n;. (2.5)
i=0 i=Jo+1 \ ' kEJ;
Also, as Jaw (Xn |N—3,) < 1 and Jaw (Xn |n—g,) < & < d1, so from (2.1), we have
)
Fap Otn In-g0 +X In-30) = Jap (xn [n-30)] < 7
this implies that
1)
Far Otn g0 +X In-30) > Jap (n Iv-30)| = 7 (2.6)

Now, with the help of (2.4), (2.5), (2.6) and the linearity property of A®, we see

o

Jo Pi
Jar On +20) =D () +xG)+ D (,3 D ET AT X (k) + A‘J’x(’ﬂ))
=0

j=0 Y kel

+ Y (; Zk—ﬂA*:Xn(k)JrA?x(k)I)

i=Jo+1 \ " k€Y,

IS

Jo Pi
1 —s
>3 (30 st 4 2001 ) 3 o) -
i=0 ' ke
30 1) 1) 1)
>4+<1—4>—4_1+4.

But, Jar € d3, so, employing Lemma 2.3(ii), one can find A > 0 such that [|x,, —x|| > 1+, so as n — oo
we see
liminf ||x, + x|l > 1+ A

Note while picking different values of v, r, s, we see:
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Note 1 By picking o =0 and r = 1, we get the spaces given in [26].

Note 2 By picking s =0,10 =0, 7 =1, p; =p and ¥ = (2) for each | € N, we get the spaces given in

[32].

Note 3 By picking s=0,1w0 =0, r =1 and 9 = (2"), we get the spaces given in [35].

Note 4 By picking s =0 and r = 1, the space LY (p, A, 7, 1), we get the spaces given in [37].

3. Conclusion

In this study, we have constructed new spaces using modulus function. The paranormed structure

has been established. We have established the properties of convex modular, uniform Opial property,
and many others. The future work will be to establish some more generalized spaces on the notion of
this pattern.
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