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On the Paranormed Notion of Generalized ∆-Operator Methods
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abstract: In the present paper, our aim is to study some new spaces of the form Lϑ
s (p,∆, r,w). Also, the

determination of complete property will be given. Further, some topological properties will be carried out.
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1. Introduction

By Ξ we denote all real valued sequences and any subspace of Ξ is termed as sequence space [1,
2,8,20,33] and references therein. By R and C, we abbreviate as set of all real and complex numbers,
respectively.

A function 𭟋 : ℶ → R, where ℶ is a linear space, is called a paranorm, if for all κ, ς ∈ ℶ:
𭟋(κ) ≥ 0 for all κ ≥ 0,
𭟋(κ + ς) ≤ 𭟋(κ) +𭟋(ς),
if (κj) is a sequence of vectors with lim

j→∞
𭟋(κj−κ) = 0 and (aj) is a sequence of scalars with lim

j→∞
aj = a,

then lim
j→∞

𭟋(ajκj − aκ) = 0. A paranormed space (ℶ,𭟋) is a linear space equipped with a paranorm 𭟋

[3,14,17,34,36].
The opial property, Fatou property plays a significant role on complete spaces. In [25], ℓp (1 < p < ∞)

has shown to have this property but not Lp[0, 2π], for p ̸=. In [29], the brief study of uniform Opial
property has been given. Later, it was studied in researches via [5,6,11,23,27] and many others.

For a sequence ϑ = (κr) of natural numbers with κ0 = 0, 0 < κr < κr+1 and hr = κr − κr−1 → ∞
as r → ∞, we call ϑ as lacunary sequence and denote intervals by Jr = (κr−1, κr] and the quotient κr

κr−1

by qr and were studied in [9,12] and many others for different domains. In [19,37], the author examined
geometric structures connecting lacunary sequences with Cesàro space by equipping Luxemburg norm.

In [21], we see:
S(△) = {χ = (χl) ∈ Ξ : (△χl) ∈ S}

where S ∈ {ℓ∞, c, c0} and △χl = χl − χl−1.

Also for w, r ≥ 0, we see as in [4] that

∆w
r (S) = {χ = (χl) ∈ Ξ : (∆w

r χl) ∈ S} ,

where

∆w
r χ =

(
∆w

r χl

)
=

(
∆w−1

r χl −∆w−1
r χl+r

)
, △0

rχl = 0 for each l ∈ N,

and can be written as

∆w
r χl =

w∑
µ=0

(−1)µ
(

w
µ

)
χl+rµ.
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Many interesting structures towards this construction can be found in [10,13,14,16,18], and many
others.

As in [31], by ε-separated sequence with ε > 0, one mean a sequence {χl} ⊂ Ξ such that

sep{χm} = inf {||χl − χm|| : l ̸= m} > ε.

Let Ω0 be the space of all real sequences and (E, ∥ · ∥) ⊂ Ω0 and a complete space. For a unit sphere
S(E) and closed unit ball B(E), one calls a real sequence (vn) ⊂ E as ε-separated sequence for some
ε > 0, if separation of (χl) denoted by sep(χl) = inf{∥χl − χm∥ : l ̸= m} > ε.

We call a complete space E to attain the Opial property provided each weakly null sequence (χl) ⊂ E
and each non-zero χ ∈ E, we have [25]

lim inf
n→∞

∥χl∥ < lim inf
l→∞

∥χn + χ∥.

As in [7], a Banach sequence lattice E attains Fatou property, if for any κ ∈ Ω and sequence (κn) ⊂ E+

with

E+ = {κ ∈ E : κ ≥ 0}

satisfying 0 ≤ κn(j) ↗ κ(j), that is, κn(j) increases to κ(j) as n → ∞ for each j ∈ N and sup
n

∥κn∥ < ∞,

then, κ ∈ E, and ∥κ∥E = limn→∞ ∥κn∥E.
For a real vector space E, one calles ג : E → [0,∞] a modular if it satisfies:

a) (χ)ג = 0 if and only if χ = 0.

b) (κχ)ג = (χ)ג for each κ ∈ F with |κ| = 1.

c) +κχ)ג λχ) ≤ (χ)ג + (κ)ג for all χ,κ ∈ E and κ, λ ≥ 0 with κ+ λ = 1.

Moreover, the modular ג is said to be convex if

+κχ)ג λκ) ≤ κג(χ) + λג(κ)

for all χ,κ ∈ E and κ, λ ≥ 0 with κ+ λ = 1.

For any modular ג on E, the space

Ep = {χ ∈ E : (κχ)ג < ∞, for some κ > 0}

is called the modular space.

A modular ג satisfies δ2-condition ג) ∈ δ2) if for any ε > 0, there exists constants A ≥ 2 and B > 0
such that

(2χ)ג ≤ Aג(v) + ε

for all χ ∈ Ep with (v)ג ≤ B.

Also, ג meets a strong δ2-state ג) ∈ δs2) if ג satisfies δ2-condition for all B > 0 with A ≥ 2 dependent
on A.

For simplicity, we use the following notions:

χ |r = (χ(1), χ(2), · · · , χ(r), 0, 0, · · · )− truncation of χ at r,

χ |N−r = (0, 0, · · · , 0, χ(r + 1), χ(r + 2), · · · )− truncation of χ at r,

χ |I = {χ = (χ(r))
∞
r=1 : χ(r) ̸= 0 for all r ∈ I ⊆ N and χ(r) = 0 for all r ∈ N\I} ,

suppχ = {r ∈ N : χ(r) ̸= 0}

and clE denotes the closure of E.
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2. The New Space Lϑ
s (p,∆, r,w)

Here we introduce the space Lϑ
s (p,∆, r,w) and show that it attains uniform Opial property, para-

normed structure and some other structures as well.
Following authors as in [5,15,22,24,29,30,35], let p = (pi) represent sequence of positive real numbers

(pl ≥ 1 ∀l ∈ N) and s ≥ 0, we introduce the new space as follows:

Lϑ
s (p,∆, r,w) =

{
χ ∈ Ω0 : w∆ג

r
(Kχ) < ∞ for some K > 0

}
,

with having Luxemburg norm as

∥χ∥ = inf

{
γ > 0 : w∆ג

r

(
χ

γ

)
≤ 1

}
,

where

w∆ג
r
(χ) =

w∑
l=1

|χ(l)|+
∞∑
i=1

(
1

hi

∑
l∈Ji

l−s |∆w
r χ(l)|

)pi

,

and

∆w
r χ(l) =

w∑
µ=0

(−1)µ
(

w
µ

)
χ(l + rµ) ∀ l ∈ N.

Theorem 2.1 The functional w∆ג
r

on Lϑ
s (p,∆, r,w) is convex modular.

Proof: We have

w∆ג
r
(χ) = 0 ⇔

w∑
l=1

|χ(i)|+
∞∑
l=1

(
1

hl

∑
k∈Jl

k−s |∆w
r χ(k)|

)pl

= 0

⇔
w∑
l=0

|χ(l)| = 0 and

∞∑
l=1

(
1

hl

∑
k∈Jl

k−s |∆w
r χ(k)|

)pl

= 0

⇔ χ(l) = 0 for l = 0, 1, 2, ...,w & ∆w
r χ(k) = 0 ∀k ∈ Jl, l ∈ N

⇔ χ = 0.

One can easily see that w∆ג
r
(λχ) = w∆ג

r
(χ) for each scalars λ with |λ| = 1.

For χ, ζ ∈ Lϑ
s (p,∆, r,w) with λ ≥ 0, µ ≥ 0 and λ + µ = 1, we see by linearity of ∆w

r and convexity
of map ג → pi|ג| that

w∆ג
r
(λχ+ µζ) =

w∑
l=0

|λχ(l) + µζ(l)|+
∞∑
l=0

 1

hl

∑
j∈Jl

|λ∆w
r χ(j) + µ∆w

r ζ(j)|

pl

≤
w∑
l=0

(|λχ(l)|+ |µζ(l)|) +
∞∑
l=0

 1

hl

∑
j∈Jl

|λ∆w
r χ(j)|+ |µ∆w

r ζ(j)|

pl

≤ λ

 w∑
l=0

|χ(l)|+
∞∑
l=0

 1

hl

∑
j∈Jl

|∆w
r χ(j)|

pl


+ µ

 w∑
l=0

|ζ(l)|+
∞∑
l=0

 1

hl

∑
j∈Jl

|∆w
r ζ(j)|

pl


= λג∆w
r
(χ) + µג∆w

r
(ζ).

This shows that w∆ג
r
is a convex modular on Lϑ

s (p,∆, r,w) . 2

The following results via Theorem 2.2 and Theorem 2.3 are direct consequences of Theorem 2.1:
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Theorem 2.2 For χ ∈ Lϑ
s (p,∆, r,w), we have

a) if 0 < κ < 1, then κwג∆w
r

(
χ
κ

)
≤ w∆ג

r
(χ) and w∆ג

r
(κχ) ≤ κג∆w

r
(χ).

b) if κ > 1, then w∆ג
r
(χ) ≤ κwג∆w

r

(
χ
κ

)
.

c) if κ ≥ 1, then w∆ג
r
(χ) ≤ κג∆w

r
(χ) ≤ w∆ג

r
(κχ) .

d) if ∥χ∥ < 1, then w∆ג
r
(χ) ≤ ∥χ∥.

e) if ∥χ∥ > 1, then w∆ג
r
(χ) ≥ ∥χ∥.

f) if ∥χ∥ = 1, then w∆ג
r
(χ) = 1.

Theorem 2.3 If χ, ζ ∈ Lϑ
s (p,∆, r,w), and w∆ג

r
∈ ∆s

2, then for any L > 0 and ε > 0, there exists δ > 0
such that w∆ג∣∣

r
(χ+ ζ)− w∆ג

r
(χ)
∣∣ < ε,

with w∆ג
r
(χ) ≤ L and w∆ג

r
(ζ) ≤ δ.

Theorem 2.4 a) If w∆ג
r
∈ ∆s

2, then for any χ ∈ Lϑ
s (p,∆, r,w), ∥χ∥ = 1 if and only if w∆ג

r
= 1.

b) If w∆ג
r
∈ ∆s

2, then for any (χn) ∈ Lϑ
s (p,∆, r,w), ∥χn∥ → 0 if and only if w∆ג

r
→ 0.

c) If w∆ג
r
∈ ∆s

2, then for any δ = δ(ε) > 0 such that ∥χ∥ ≥ 1 + δ whenever w∆ג
r
≥ 1 + ε.

Theorem 2.5 The space Lϑ
s (p,∆, r,w) is complete paranormed space under

G∆w
r
(ξ) =

w∑
j=0

|ξ(j)|+

( ∞∑
i=1

(
1

hi

∑
k∈Ji

k−s
w∆ג∣∣

r
ξ(k)

∣∣)pi
) 1

M

,

where M = max

(
1, sup

j
pj

)
.

Proof: The result can be proved by the use of classical techniques. 2

Theorem 2.6 The space Lϑ
s (p,∆, r,w) attains Fatou property.

Proof: Let χk ∈ Lϑ
s (p,∆, r,w) and let sup

k
∥χk∥ < ∞ with k ∈ N and 0 ≤ χk(i) ↗ χ(i) with k → ∞ for

each i ∈ N. Set ℧ = sup
k

∥χk∥, and since ∥χk∥ ≤ ℧ < ∞ for k ∈ N, so that 0 ≤ χk

℧ ≤ χk

∥χk∥ . Therefore,

w∆ג
r

χk

∥χk∥ ≤ 1 and since w∆ג
r
is monotone, we get

w∆ג
r

(
χk

℧

)
≤ w∆ג

r

(
χk

∥χk∥

)
≤ 1.

Employing the Beppo Levi theorem (see, [28,31]) and the fact that ℧−1χk → ℧−1χ for k → ∞, we thus
have

w∆ג
r

(
χ

℧

)
= lim

k→∞
w∆ג

r

(
χk

℧

)
= sup

k
w∆ג

r

(
χk

℧

)
≤ 1.

Consequently, ∥χ∥ ≤ ℧ and (∥χk∥) is non-decreasing, therefore, ∥χk∥ → ℧ = sup
k

∥χk∥ for k → ∞.
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Now, by norm definition, we see

∥χk∥ = inf
{
λ > 0 : w∆ג

r

(χk

λ

)
≤ 1
}

= inf

{
λ > 0 :

w∑
j=0

∣∣∣∣χk(j)

λ

∣∣∣∣+ ∞∑
l=0

 1

hl

∑
j∈Jl

l−s

∣∣∣∣∆w
r χk(j)

λ

∣∣∣∣
pl

≤ 1

}

≤ inf

{
λ > 0 :

w∑
j=0

∣∣∣∣χ(j)λ

∣∣∣∣+ ∞∑
l=0

 1

hl

∑
j∈Jl

l−s

∣∣∣∣∆w
r χ(j)

λ

∣∣∣∣
pl

≤ 1

}
= inf

{
λ > 0 : w∆ג

r

(χ
λ

)
≤ 1
}

= ∥χ∥.

Hence, we conclude that sup
k

∥χk∥ ≤ ∥χ∥ and thus ∥χ∥ = sup
k

∥χk∥ = lim
k→∞

∥χk∥. 2

Theorem 2.7 The space Lϑ
s (p,∆, r,w) has uniform Opial property for lim supr pr < ∞.

Proof: Let ∥χ∥ ≥ ε, where ε > 0 is any number and χ ∈ Lϑ
s (p,∆, r,w). As, lim supl pl < ∞, that is,

w∆ג
r
∈ δs2, by Theorem 2.4(ii), for each ε > 0, there is a δ ∈ (0, 1) such that for each χ ∈ Lϑ

s (p,∆, r,w)
we have w∆ג

r
(χ) ≥ δ.

Again, since w∆ג
r
∈ δs2, by Theorem 2.3 for any ε > 0, there is a δ1 ∈ (0, δ) such that

w∆ג∣∣
r
(χ+ ζ)− w∆ג

r
(χ)
∣∣ < δ

4
, (2.1)

whenever w∆ג
r
(χ) ≤ 1 and w∆ג

r
(ζ) ≤ δ and χ, ζ ∈ Lϑ

s (p,∆, r,w) .
But w∆ג

r
(χ) < ∞, so there exists a natural number J0 such that

w∑
l=0

∣∣χ(l)∣∣+ ∞∑
i=J0

(
1

hi

∑
k∈Ji

k−s |∆w
r χ(k)|

)pi

≤ δ1
4
. (2.2)

From (2.2), it follows that

δ ≤
w∑
l=0

∣∣χ(l)∣∣+ J0∑
i=0

(
1

hi

∑
k∈Ji

k−s |∆w
r χ(k)|

)pi

+

∞∑
i=J0+1

(
1

hi

∑
k∈Ji

k−s |∆w
r χ(k)|

)pi

≤
J0∑
i=0

(
1

hi

∑
k∈Ji

k−s |∆w
r χ(k)|

)pi

+
δ1
4

yielding

J0∑
i=0

(
1

hi

∑
k∈Ji

k−s |∆w
r χ(k)|

)pi

≥ δ − δ1
4

> δ − δ

4
=

3δ

4
.

(2.3)

So, by linearity of ∆w
r and weak convergence yields coordinatewise convergence, means, χn → 0 weakly

gives χn(i) → 0 for each i ∈ N, so there exists n0 ∈ N such that for all n ≥ n0, we get

J0∑
i=0

(
1

hi

∑
k∈Ji

k−s |∆w
r χn(k) + ∆w

r χ(k)|

)pi

>
3δ

4
. (2.4)
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Again, using the fact that χn
w → 0, we can choose J0 such that

w∆ג
r
(χ |J0

) → 0 as n → ∞.

So, there exists n1 > n0 such that

w∆ג
r
(χ |J0

) ≤ δ1 for all n ≥ n1.

Since (χn) ∈ S
(
Lϑ
s (p,∆, r,w)

)
, that is, ∥χ∥ = 1, so using Theorem 2.3(i), we see w∆ג

r
(χ |J0

) = 1. So,
we can find J0 such that

w∆ג
r
(χ |N−J0

) ≤ 1.

Now pick v = χn |N−J0
and w = χn |J0

. Then, w∆ג
r
(v) ≤ 1 and w∆ג

r
(w) ≤ δ1 for v,w ∈ Lϑ

s (p,∆, r,w) .
So from equation (2.1), for all n ≥ n1, we see∣∣ג∆w

r
(χn |N−J0

+χn |J0
)− w∆ג

r
(χn |N−J0

)
∣∣ < δ

4
,

yielding

w∆ג
r
(χn)−

δ

4
< w∆ג

r
(χn |N−J0

) for all n ≥ n1.

This shows that

w∑
i=0

|χn(i)|+
∞∑

i=J0+1

(
1

hi

∑
k∈Ji

k−s |∆w
r χn(k)|

)pi

> 1− δ

4
for all n ≥ n1. (2.5)

Also, as w∆ג
r
(χn |N−J0) ≤ 1 and w∆ג

r
(χn |N−J0) ≤ δ1

4 < δ1, so from (2.1), we have

w∆ג∣∣
r
(χn |N−J0 +χ |N−J0)− w∆ג

r
(χn |N−J0)

∣∣ < δ

4

this implies that w∆ג∣∣
r
(χn |N−J0

+χ |N−J0
) > w∆ג

r
(χn |N−J0

)
∣∣− δ

4
. (2.6)

Now, with the help of (2.4), (2.5), (2.6) and the linearity property of ∆w
r , we see

w∆ג
r
(χn + χ) =

w∑
j=0

|χn(j) + χ(j)|+
J0∑
i=0

(
1

hi

∑
k∈Ji

k−s |∆w
r χn(k) + ∆w

r χ(k)|

)pi

+

∞∑
i=J0+1

(
1

hi

∑
k∈Ji

k−s |∆w
r χn(k) + ∆w

r χ(k)|

)pi

>

J0∑
i=0

(
1

hi

∑
k∈Ji

k−s |∆w
r χn(k) + ∆w

r χ(k)|

)pi

+ w∆ג
r
(χn |N−J0

)− δ

4

>
3δ

4
+

(
1− δ

4

)
− δ

4
= 1 +

δ

4
.

But, w∆ג
r
∈ δs2, so, employing Lemma 2.3(ii), one can find λ > 0 such that ∥χn−χ∥ ≥ 1+λ, so as n → ∞

we see
lim inf ∥χn + χ∥ ≥ 1 + λ.

2

Note while picking different values of w, r, s, we see:
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Note 1 By picking w = 0 and r = 1, we get the spaces given in [26].

Note 2 By picking s = 0, w = 0, r = 1, pj = p and ϑ = (2l) for each l ∈ N, we get the spaces given in
[32].

Note 3 By picking s = 0, w = 0, r = 1 and ϑ = (2r), we get the spaces given in [35].

Note 4 By picking s = 0 and r = 1, the space Lϑ
s (p,∆, r,w), we get the spaces given in [37].

3. Conclusion

In this study, we have constructed new spaces using modulus function. The paranormed structure
has been established. We have established the properties of convex modular, uniform Opial property,
and many others. The future work will be to establish some more generalized spaces on the notion of
this pattern.
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