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Geometry of Tangent Bundles Equipped with the Deformed Complete Lift Metric

Himanshu Maurya and Mukut Mani Tripathi∗

abstract: The geometric structure of the tangent bundle (TM, gd) equipped with the deformed complete
lift metric gd is investigated. Necessary and sufficient conditions are established for the vertical and horizontal
lifts of vector fields to be conformal or Killing vector fields with respect to gd. The conditions under which the
tangent bundle, endowed with the horizontal (resp. complete) lift connection, admits a Codazzi or statistical
structure are also established. The study also includes the analysis of infinitesimal affine transformations and
geodesics associated with gd. Furthermore, explicit examples are given on the Euclidean space to illustrate
and validate the obtained characterization of geodesics on the tangent bundle endowed with the deformed
complete lift metric.
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1. Introduction

The study of geometric structures on the tangent bundle TM of a Riemannian manifold (M, g) was
initiated by Sasaki [11, Sasaki 1958] and has since remained an active area of research. The study of
the relationship between the geometry of a manifold (M, g) and its tangent bundle TM , equipped with
the naturally defined Sasaki metric has revealed certain kinds of rigidity. Over the past few decades,
the introduction of various lifted metrics on the tangent bundle TM such as the gradient Sasaki metric,
twisted Sasaki metric, Cheeger-Gromoll metric, complete lift metrics and deformed 2nd lift metric (see [2,
Belarbi and Elhendi 2023], [12, Sekizawa 1991], [13, Tanno 1974] and [8, Magden et al. 2019]) provide an
effective framework to extend the geometry of the base manifold (M, g) to its tangent bundle TM , thus
enabling the exploration of new geometric, analytic, and physical phenomena on higher-order structures.

Several deformations of the classical lifted metrics have been introduced to enhance their geometric
richness and adaptability for applications in different contexts of differential geometry (see [4, Djaa and
Zagane 2022], [9, Medjadj et al. 2024], [5, Elhendi and Zagane 2022], etc.). Among them, the complete lift
metric holds a particular importance, as it naturally arises from the differential structure of the tangent
bundle. Among its deformations, the deformed complete lift metric, introduced in [6, Gezer and Özkan
2014], includes a smooth non-vanishing function f on M into the structure. This metric can be viewed
as a particular case of the synectic lift metric, such that the lift of the base metric g to TM is given by
G̃ = gc+av with av denoting the vertical lift of a symmetric (0, 2)-tensor field a. The deformed complete
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lift metric, defined by gd = gc + (fg)v, thus represents a deformation of the complete lift metric through
the differentiable function f .

The study of these type of metrics provides additional degree of freedom through the function f .
This flexibility allows one to investigate new geometric behaviours that cannot be captured by classical
Sasaki or complete lift metrics. Moreover, the metric gd provides a framework for the construction of
almost complex and almost product structures on TM , which offers a deeper understanding of curvature
properties, geodesic equations, and affine transformations associated with lifted geometries. Hence, it
provides a broader framework for analyzing the interplay between the geometry of the base manifold and
its tangent bundle. We investigate the geometry of tangent bundles equipped with the deformed complete
lift metric gd, and examine the properties of this metric with respect to the horizontal and complete lift
connections defined on TM . More specifically, we study the geometric behavior of the pairs (gd,∇d),
(gd,∇c) and (gh,∇d).

The paper is organized as follows. In Section 2, we recall some preliminaries on the geometry of
tangent bundles and the construction of horizontal and complete lift connections. In Section 3, we study
Killing vector fields with respect to the deformed complete lift metric for the vertical and horizontal lift
of vector fields and establish the conditions under which the tangent bundle equipped with the deformed
complete lift metric and horizontal (resp. complete) lift connection, becomes a Codazzi and statistical
manifold. In Section 4, we studied infinitesimal affine transformation for vertical and horizontal lift of
vector fields on the tangent bundle (TM, gd,∇d). In Section 5, we study the geodesic structure of the
tangent bundle TM equipped with the deformed complete lift metric gd. Furthermore, explicit examples
on Euclidean spaces are constructed to verify the corollary concerning the natural lift of geodesics with
respect to the deformed complete lift metric.

2. Preliminaries

Let M be an n-dimensional Riemannian manifold and TM denote its tangent bundle. A local chart
(U, xi), i = {1, . . . , n} on M induces a local chart (π−1(U), xi, yi), i = {1, . . . , n} on TM . For local
coordinates (xi), i ∈ {1, . . . , n} on M and the corresponding induced coordinates (xi, yi) on the tangent

bundle TM , the set

{
∂

∂xi

∣∣
(x,y)

, ∂
∂yi

∣∣∣
(x,y)

}
forms the natural basis of T(x,y)TM at (x, y) ∈ TM . With

respect to an affine connection ∇, the tangent space decomposes as T(x,y)TM = H(x,y)TM ⊕ V(x,y)TM ,

where H(x,y)TM is spanned by

{
δ

δxi

∣∣
(x,y)

:= ( ∂
∂xi )

h = ∂
∂xi

∣∣
(x,y)

− ykΓj
ki(x)

∂
∂yj

∣∣∣
(x,y)

}
and V(x,y)TM is

spanned by

{
∂

∂yi

∣∣∣
(x,y)

:= ( ∂
∂xi )

v

}
, with Γj

ki denoting the connection coefficients of ∇. The projection

π : TM → M is given by π(x, y) = x, and F1
0(M) denotes the set of smooth vector fields on M .

For a vector field X = Xi ∂
∂xi on M , the complete, horizontal and vertical lifts of X to the tangent

bundle TM are defined by

Xc = Xi ∂

∂xi
+ ya

∂Xi

∂xa

∂

∂yi
, Xh = Xi ∂

∂xi
− yaΓk

aiX
i ∂

∂yk
and Xv = Xi ∂

∂yi
,

respectively.
The Lie brackets of these horizontal and vertical lifts of vector fields satisfy [14, Yano and Ishihara

1973]
[Xh, Y h] = [X,Y ]h − (R(X,Y )y)v, (2.1)

[Xh, Y v] = (∇XY )v − (T (X,Y ))v, (2.2)

[Xv, Y v] = 0, (2.3)

where T is the torsion tensor field and R is the curvature tensor field of an affine connection ∇.
The horizontal lift connection ∇h and the complete lift connection ∇c associated with an affine

connection ∇ are given as follows [14, Yano and Ishihara 1973]

∇h
XhY h = (∇XY )h, ∇h

XhY v = (∇XY )v, ∇h
XvY h = ∇h

XvY v = 0,



Geometry of Tangent Bundles... 3

∇c
XhY h = (∇XY )h + (R(y,X)Y )v, ∇c

XvY h = ∇c
XvY v = 0,

∇c
XhY v = (∇XY )v, ∇c

XcY c = (∇XY )c, ∇c
XcY v = ∇c

XvY c = (∇XY )v.

For convenience, throughout the paper we use the notations ∂i, δi and ∂i instead of ∂
∂xi ,

δ
δxi , and

∂
∂yi ,

respectively. It is known that ∇ is flat and torsion free if and only if ∇H (∇C) is torsion free [14, Yano
and Ishihara 1973].

Definition 2.1 [1, Amari et al. 1987] Let (M, g) be a pseudo-Riemannian manifold with pseudo-
Riemannian metric g and let ∇ be an affine connection on M . The pair (∇, g) is said to be a Codazzi
couple on M if the cubic tensor C := ∇g is totally symmetric, namely, the Codazzi equations hold:

(∇Xg)(Y, Z) = (∇Y g)(Z,X) = (∇Zg)(X,Y ), (2.4)

for all X,Y, Z ∈ F1
0(M). The triplet (M, g,∇) is called a Codazzi manifold and ∇ is called a Codazzi

connection. Furthermore, if ∇ is torsion-free, then (M, g,∇) is a statistical manifold, (∇, g) is a
statistical couple and ∇ is a statistical connection.

3. Geometry of Tangent Bundles Equipped with the Deformed Complete Lift Metric

In this section, we investigate the geometric properties of the tangent bundle TM endowed with the
deformed complete lift metric gd.

Definition 3.1 [6, Gezer and Özkan 2014] Let (M, g) be a Riemannian manifold and f be a nonzero
differentiable function on M . Then, the deformed complete lift metric gd = gc + (fg)v of g on TM
is defined by

gd(Xh, Y h) = fg(X,Y ), (3.1)

gd(Xh, Y v) = gd(Xv, Y h) = g(X,Y ), (3.2)

gd(Xv, Y v) = 0 (3.3)

for all vector fields X,Y ∈ F1
0(M).

Lemma 3.1 Let (M, g) be a Riemannian manifold and (TM, gd) its tangent bundle equipped with the
deformed complete lift metric. Then

Xvgd(Y v, Zv) = 0, (3.4)

Xvgd(Y h, Zv) = 0, (3.5)

Xvgd(Y h, Zh) = 0, (3.6)

Xhgd(Y v, Zv) = 0, (3.7)

Xhgd(Y h, Zv) = Xg(Y, Z), (3.8)

Xhgd(Y h, Zh) = X(f)g(Y, Z) + fX(g(Y, Z)), (3.9)

where X,Y, Z ∈ F1
0(M).

3.1. The Levi-Civita connection

In this section, we study the Levi-Civita connection ∇d of TM endowed with the deformed complete
lift metric gd. This connection is uniquely characterized by the Koszul formula

2gd(∇d
X̃
Ỹ , Z̃) = X̃gd(Ỹ , Z̃) + Ỹ gd(Z̃, X̃)− Z̃gd(X̃, Ỹ )

+gd(Ỹ , [Z̃, X̃]) + gd(Z̃, [X̃, Ỹ ])− gd(X̃, [Ỹ , Z̃]) (3.10)

for all X̃, Ỹ , Z̃ ∈ F1
0(TM).
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Lemma 3.2 [6, Gezer and Özkan 2014] Let (M, g) be a Riemannian manifold, ∇g the Levi-Civita con-
nection of g, and (TM, gd) its tangent bundle equipped with the deformed complete lift metric. Then the
Levi-Civita connection ∇d of gd is given by

∇d
XvY v = 0, (3.11)

∇d
XvY h = 0, (3.12)

∇d
XhY v = (∇g

XY )v, (3.13)

∇d
XhY h = (∇g

XY )h + (R(y,X)Y )v +
1

2
(X(f)Y + Y (f)X − g(X,Y )gradf)v (3.14)

for all vector fields X,Y ∈ F1
0(M).

Definition 3.2 [7, Hsiung 1964], [14, Yano and Ishihara 1973] Let (M, g) be a Riemannian manifold
and ∇ an affine connection of M . Then

(1) A vector field X is said to be conformal (resp. Killing) with respect to g, if £Xg = 2ρg (resp.
£Xg = 0), where ρ is a function on M and the Lie derivative of g in the direction of X is given
by

(£Xg)(Y, Z) := Xg(Y, Z)− g(£XY,Z)− g(Y,£XZ). (3.15)

(2) A vector field is said to be an infinitesimal affine transformation on M with respect to ∇, if
£X∇ = 0, where the Lie derivative of ∇ in the direction of X is given by

(£X∇)(Y,Z) := £X(∇Y Z)−∇Y (£XZ)−∇[X,Y ]Z. (3.16)

Definition 3.3 Let (M, g) be a Riemannian manifold with an affine connection ∇, and let f ∈
C∞(M) be a smooth function. The Hessian of f is the symmetric (0, 2)-tensor field defined by

Hessf (X,Y ) := (∇df)(X,Y ) = X(Y (f))− (∇XY )(f)

for all vector fields X,Y ∈ F1
0(M).

Lemma 3.3 Let (M, g) be a Riemannian manifold equipped with an affine connection ∇, and (TM, gd)
its tangent bundle equipped with the deformed complete lift metric. Then the Lie derivative of the deformed
complete lift metric with respect to vertical lift of a vector field X satisfies

(£Xvgd)(Y v, Zv) = 0, (3.17)

(£Xvgd)(Y h, Zv) = 0, (3.18)

(£Xvgd)(Y h, Zh) = g(∇XY, Z) + g(Y,∇XZ)− g(£XY, Z)− g(Y,£XZ) (3.19)

for all vector fields X,Y, Z ∈ F1
0(M).

Proof: From (3.15), we have

(£Xvgd)(Y v, Zv) = Xvgd(Y v, Zv)− gd(£XvY v, Zv)− gd(Y v,£XvZv), (3.20)

(£Xvgd)(Y h, Zv) = Xvgd(Y h, Zv)− gd(£XvY h, Zv)− gd(Y h,£XvZv), (3.21)

(£Xvgd)(Y h, Zh) = Xvgd(Y h, Zh)− gd(£XvY h, Zh)− gd(Y h,£XvZh). (3.22)

In view of (2.3), (3.3) and (3.20), we get (3.17). Next, using (3.2), (3.21) reduces to

(£Xvgd)(Y h, Zv) = gd([Y h, Xv], Zv)− gd(Y h, [Xv, Zv]),

which in view of (2.2) and (2.3) gives (3.18). Finally, in view of (2.2), (3.2), and (3.22), we get (3.19). 2
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Lemma 3.4 Let (M, g) be a Riemannian manifold equipped with an affine connection ∇, and (TM, gd)
its tangent bundle equipped with the deformed complete lift metric. Then the Lie derivative of the deformed
complete lift metric with respect to horizontal lift of a vector field X satisfies

(£Xhgd)(Y v, Zv) = 0, (3.23)

(£Xhgd)(Y h, Zv) = (∇Xg)(Y, Z) + g(∇Y X + T (X,Y ), Z)− g(Y, T (X,Z)), (3.24)

(£Xhgd)(Y h, Zh) = (£Xfg)(Y, Z) + g(R(X,Y )y, Z) + g(Y,R(X,Z)y) (3.25)

for all vector fields X,Y, Z ∈ F1
0(M).

Proof: From (3.15), we have

(£Xhgd)(Y v, Zv) = Xhgd(Y v, Zv)− gd(£XhY v, Zv)− gd(Y v,£XhZv), (3.26)

(£Xhgd)(Y h, Zv) = Xhgd(Y h, Zv)− gd(£XhY h, Zv)− gd(Y h,£XhZv), (3.27)

(£Xhgd)(Y h, Zh) = Xhgd(Y h, Zh)− gd(£XhY h, Zh)− gd(Y h,£XhZh). (3.28)

In view of (2.2), (3.3) and (3.26), we get (3.23). Next, using (2.1) and (3.2), (3.27) reduces to

(£Xhgd)(Y h, Zv) = Xg(Y, Z)− g([X,Y ], Z)− g(Y,∇XZ + T (X,Z)),

which gives (3.24). Finally, in view of (2.1), (3.1), and (3.28), we get (3.25). 2

Corollary 3.1 [3, Cauir and Akpinar 2022] Let (M, g) be a Riemannian manifold with torsion free affine
connection ∇, and (TM, gd) its tangent bundle equipped with the deformed complete lift metric. Then
the Lie derivative of the deformed complete lift metric with respect to vertical and horizontal lift of vector
fields satisfies

(1) (£Xvgd)(Y v, Zv) = 0,

(2) (£Xvgd)(Y h, Zv) = 0,

(3) (£Xvgd)(Y h, Zh) = g(∇Y X,Z) + g(Y,∇ZX),

(4) (£Xhgd)(Y v, Zv) = 0,

(5) (£Xhgd)(Y h, Zv) = (∇Xg)(Y, Z) + g(∇Y X,Z),

(6) (£Xhgd)(Y h, Zh) = (£Xfg)(Y, Z) + g(R(X,Y )y, Z) + g(Y,R(X,Z)y)

for all vector fields X,Y, Z ∈ F1
0(M).

Proof: The proof directly follows from Lemma 3.3 and 3.4. 2

Proposition 3.1 Let (M, g) be a Riemannian manifold, and (TM, gd) its tangent bundle equipped with
the deformed complete lift metric. Then the following assertions hold :

(1) If ∇ is torsion free affine connection on M , then the vertical lift Xv of a vector field X is Killing
vector field on (TM, gd) if and only if X is Killing vector field on (M, g) (or X is a parallel vector
field);

(2) If ∇ is torsion free affine connection on M , then the horizontal lift Xh of a vector field X is
Killing vector field on (TM, gd) if and only if X is conformal vector field on M and (∇Xg)(Y, Z) =
−g(∇Y X,Z), R(X,Y )Z = 0 for all Y, Z ∈ F1

0(M);
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(3) If ∇ is torsion free affine connection on M and X is parallel, then the horizontal lift Xh of a vector
field X is Killing vector field on (TM, gd) if and only if X is conformal vector field on (M, g), ∇
be the Levi-Civita connection ∇g of (M, g) and R(X,Y )Z = 0 for all Y , Z ∈ F1

0(M);

(4) If ∇ is torsion free affine connection on M , f is constant and X is parallel, then the horizontal lift
Xh of a vector field X is Killing vector field on (TM, gd) if and only if X is Killing vector field on
(M, g), ∇ be the Levi-Civita connection ∇g of (M, g) and R(X,Y )Z = 0 for all Y,Z ∈ F1

0(M);

(5) If ∇ is the flat Levi-Civita connection on (M, g), f is constant and X is parallel, then the horizontal
lift Xh of a vector field X is Killing vector field on (TM, gd) if and only if X is Killing vector field
on (M, g).

Proof: The proof directly follows from Corollary 3.1. 2

3.2. The components of ∇HgD on the Tangent Bundle (TM, gD,∇H)

Let (TM, gd,∇h) be the tangent bundle of an n-dimensional Riemannian manifold (M, g), equipped
with the deformed complete lift metric gd = gc + (fg)v, and let ∇h denote the horizontal lift of an affine
connection ∇ on M . To understand the compatibility of ∇h with the metric gd, we compute the covariant
derivative ∇hgd with respect to the adapted frame δi = (∂i)

h, ∂ı̄ = (∂i)
v, i ∈ {1, . . . , n}.

A direct computation shows that the component (∇h
δi
gd)(δj , δk) is given by ( [3, Cauir and Akpinar

2022])

(∇h
δig

d) (δj , δk) = δig
d (δj , δk)− gd

(
∇h

δiδj , δk
)
− gd

(
δj ,∇h

δiδk
)

= (∂i)
hgd((∂j)

h, (∂k)
h)− gd(∇h

(∂i)h
(∂j)

h, (∂k)
h)− gd((∂j)

h,∇h
(∂i)h

(∂k)
h)

= ∂i(fg(∂j , ∂k))− g(∇∂i
∂j , ∂k)− g(∂j ,∇∂i

∂k)

= ∂i(f)gjk + f(∇∂i
g)(∂j , ∂k).

Similarly,
(∇h

δjg
d) (δk, δi) = ∂j(f)gki + f(∇∂j

g)(∂k, ∂i)

(∇h
δk
gd) (δi, δk) = ∂k(f)gij + f(∇∂k

g)(∂i, ∂j).

In addition, we compute the mixed and vertical components as follows:

(∇h
∂i
gd) (∂j , ∂k) = 0, (∇h

δig
d) (δj , ∂k) = (∇∂i

g)(∂j , ∂k),

(∇h
δjg

d) (∂k, δi) = (∇∂j
g)(∂k, ∂i), (∇h

∂k
gd) (δi, δj) = 0,

(∇h
∂i
gd) (∂j , δk) = (∇h

∂j
gd) (δk, ∂i) = (∇h

δk
gd)(∂i, ∂j) = 0.

By the computation of the above components of the connection ∇hgd, we have the following theorem.

Theorem 3.1 Let (M, g) be a Riemannian manifold of dimension n (n ≥ 2), ∇ an affine connection on
M , and TM the tangent bundle equipped with the deformed complete lift metric gd. Then the following
statements hold :

(1) The triple (TM, gd,∇h) forms a Codazzi manifold if and only if the function f is constant and
the metric g is compatible with the affine connection ∇. Moreover, under these conditions, the
horizontal lift connection ∇h is compatible with the metric gd.

(2) If (TM, gd,∇h) is a statistical manifold, then the function f is constant, ∇ is flat and coincides
with the Levi-Civita connection ∇g of g. Also, ∇h coincides with the Levi-Civita connection ∇d of
the metric gd.

(3) If ∇ = ∇g the Levi-Civita connection of g and the function f is constant, then ∇h is compatible
with the metric gd. In particular, if ∇ is flat, then ∇h coincides with the Levi-Civita connection
∇d of gd.
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3.3. The components of ∇CgD on the Tangent Bundle (TM, gD,∇C)

Let (TM, gd,∇c) be the tangent bundle of an n-dimensional Riemannian manifold (M, g) equipped
with the deformed complete lift metric gd = gc + (fg)v, and let ∇c denote the complete lift of an affine
connection ∇ on M . To understand the compatibility of ∇c with the metric gd, we compute the covariant
derivative ∇cgd with respect to the adapted frame δi = (∂i)

h, ∂ı̄ = (∂i)
v, i ∈ {1, . . . , n}.

A direct computation shows that the component (∇c
δi
gd)(δj , δk) is given by

(∇c
δig

d) (δj , δk) = δig
d (δj , δk)− gd

(
∇c

δiδj , δk
)
− gd

(
δj ,∇c

δiδk
)

= (∂i)
hgd((∂j)

h, (∂k)
h)− gd(∇c

(∂i)h
(∂j)

h, (∂k)
h)− gd((∂j)

h,∇c
(∂i)h

(∂k)
h)

= (∂i)
hgd((∂j)

h, (∂k)
h)− gd((∇∂i

∂j)
h + (R(y,X)Y )v, (∂k)

h)

−gd((∂j)
h, (∇∂i

∂k)
h + (R(y, ∂i)∂k)

v)

= (∂i)
hgd((∂j)

h, (∂k)
h)− gd((∇∂i

∂j)
h, (∂k)

h)− gd((R(y, ∂i)∂j)
v, (∂k)

h)

−gd((∂j)
h, (∇∂i

∂k)
h)− gd((∂j)

h, (R(y, ∂i)∂k)
v)

= ∂i(fg(∂j , ∂k))− fg(∇∂i
∂j , ∂k)− g(R(y, ∂i)∂j , ∂k)

−fg(∂j ,∇∂i
∂k)− g(∂j , R(y, ∂i)∂k)

= ∂i(f)g(∂j , ∂k)) + f∂ig(∂j , ∂k)− fg(∇∂i
∂j , ∂k)− fg(∂j ,∇∂i

∂k)

−g(R(y, ∂i)∂j , ∂k)− g(∂j , R(y, ∂i)∂k)

= ∂i(f)gjk + f(∇∂i
g)(∂j , ∂k).

Similarly,

(∇c
δjg

d) (δk, δi) = ∂j(f)gki + f(∇∂j
g)(∂k, ∂i),

(∇c
δk
gd) (δi, δk) = ∂k(f)gij + f(∇∂k

g)(∂i, ∂j).

In addition, we compute the mixed and vertical components as follows:

(∇c
∂i
gd) (∂j , ∂k) = 0, (∇c

δig
d) (δj , ∂k) = (∇∂ig)(∂j , ∂k),

(∇c
δjg

d) (∂k, δi) = (∇∂j
g)(∂k, ∂i), (∇c

∂k
gd) (δi, δj) = 0,

(∇c
∂i
gd) (∂j , δk) = (∇c

∂j
gd) (δk, ∂i) = (∇c

δk
gd)

(
∂i, ∂j

)
= 0.

By the computation of the above components of the connection ∇cgd, we have the following theorem.

Theorem 3.2 Let (M, g) be a Riemannian manifold of dimension n (n ≥ 2), ∇ an affine connection on
M , and TM the tangent bundle equipped with the deformed complete lift metric gd. Then the following
statements hold :

(1) The triple (TM, gd,∇c) forms a Codazzi manifold if and only if the function f is constant and the
metric g is compatible with the affine connection ∇. Moreover, under these conditions, the complete
lift connection ∇c is compatible with the metric gd.

(2) If (TM, gd,∇c) is a statistical manifold, then the function f is constant, ∇ is flat and coincides
with the Levi-Civita connection ∇g of g. Also, ∇c coincides with the Levi-Civita connection ∇d of
the metric gd.

(3) If ∇ = ∇g the Levi-Civita connection of g and the function f is constant, then ∇c is compatible
with the metric gd. In particular, if ∇ is flat, then ∇c coincides with the Levi-Civita connection
∇d of gd.
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4. Infinitesimal Affine Transformation on (TM, gD)

In this section, we examine the behaviour of infinitesimal affine transformations under the vertical
and horizontal lifts of vector fields to the tangent bundle.

Proposition 4.1 Let (M, g) be a flat Riemannian manifold and ∇g the Levi-Civita connection of g.
Suppose ∇d denote the Levi-Civita connection of the deformed complete lift metric gd = gc + (fg)v on
the tangent bundle TM . Then

(£Xv∇d)(Y v, Zv) = 0, (4.1)

(£Xv∇d)(Y h, Zv) = 0, (4.2)

(£Xv∇d)(Y h, Zh) = {((∇g)2X)(Y, Z)}v (4.3)

for all vector fields X,Y, Z ∈ F1
0(M).

Proof: From (3.16), we have

(£Xv∇d)(Y v, Zv) = £Xv(∇d
Y vZv)−∇d

Y v(£XvZv)−∇d
[Xv,Y v]Z

v, (4.4)

(£Xv∇d)(Y h, Zv) = £Xv(∇d
Y hZv)−∇d

Y h(£XvZv)−∇d
[Xv,Y h]Z

v, (4.5)

(£Xv∇d)(Y h, Zh) = £Xv(∇d
Y hZh)−∇d

Y h(£XvZh)−∇d
[Xv,Y h]Z

h. (4.6)

In view of (2.3), (3.11) and (4.4), we get (4.1). Next, using (2.2), (2.3) and (3.13) in (4.5), we get (4.2).
Finally, in view of (2.2), (2.3) and (3.14), (4.6) reduces to

(£Xv∇d)(Y h, Zh) = (∇g
Y ∇

g
ZX −∇g

∇g
Y Z

X)v,

which gives (4.3). 2

Theorem 4.1 Let (M, g) be a flat Riemannian manifold with Levi-Civita connection ∇g of g. Suppose
(TM, gd,∇d) be the tangent bundle equipped with the deformed complete lift metric and the Levi-Civita
connection ∇d of gd. Then the vertical lift Xv of a vector field X on M is an infinitesimal affine
transformation on (TM, gd,∇d) if and only if vector field X is parallel.

Proposition 4.2 Let (M, g) be a flat Riemannian manifold and ∇g is the Levi-Civita connection of g.
Suppose ∇d denote the Levi-Civita connection of the deformed complete lift metric gd = gc + (fg)v on
the tangent bundle TM . Then

(£Xh∇d)(Y v, Zv) = 0,

(£Xh∇d)(Y h, Zv) = −(∇g
∇g

Y Z
X +

1

f2
g(gradf,X)∇g

Y Z)h,

(£Xh∇d)(Y h, Zh) =
1

2
(Hessf (X,Y )Z +Hessf (X,Z)Y − (£Xg)(Y, Z)gradf

+g(Y, gradf)∇g
ZX + g(Z, gradf)∇g

Y X + g(∇g
ZX, gradf)Y

+g(∇g
Y X, gradf)Z − g(Y, Z)∇g

Xgradf)v

+{((∇g)2X)(Y, Z)}h

for all vector fields X,Y, Z ∈ F1
0(M).

Proof: The proof is similar to that of Proposition 4.1. 2
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Theorem 4.2 Let (M, g) be a flat Riemannian manifold with Levi-Civita connection ∇g of g. Sup-
pose (TM, gd) be the tangent bundle equipped with the deformed complete lift metric and the Levi-Civita
connection ∇d of gd. Then the horizontal lift Xh of a vector field X on M is an infinitesimal affine
transformation on (TM, gd,∇d) if and only if the function f is constant, the vector field X is parallel.

Next, we investigate the conditions under which the triple (TM, gd,∇d) defines a statistical manifold.
By direct computation, we obtain the following:

(∇d
δi
gd)(δj , δk) = 0, (∇d

∂i
gd)(∂j , ∂k) = 0,

(∇d
∂i
gd)(∂j , δk) = 0, (∇d

∂j
gd)(δk, ∂i) = 0,

(∇d
∂k
gd)(δi, δj) = 0, (∇d

δk
gd)(∂i, ∂j) = − 1

f g(gradf, ∂k).

By the computation of the above components of the connection ∇dgd, we have the following theorem.

Theorem 4.3 Let (M, g) be a flat Riemannian manifold and ∇g be the Levi-Civita connection on M .
Suppose (TM, gd) be the tangent bundle equipped with the deformed complete lift metric and ∇d be the
Levi-Civita connection of gd. Then, (TM, gd,∇d) be the statistical manifold if and only the gradient of
each component of the metric g vanishes, that is,

grad(gij) = 0 for all i, j ∈ {1, . . . , n}.

5. Geodesics of the Deformed Complete Lift Metric

Let (M, g) be a Riemannian manifold and x : I → M be a curve on M . Define a curve γ : I → TM
for all t ∈ I, γ(t) = (x(t), y(t)), where y(t) ∈ Tx(t)M , that is, y(t) is a vector field along x(t).

Definition 5.1 ( [10, Salimov and Kazimova 2009], [14, Yano and Ishihara 1973]) Let (M, g) be a
Riemannian manifold, if x(t) is a curve on M . The curve γ(t) = (x(t), ẋ(t)) is called the natural lift
of the curve x(t).

Definition 5.2 (cf. [14, Yano and Ishihara 1973]) Let (M, g) be a Riemannian manifold and ∇ be an
affine connection of M . A curve γ(t) = (x(t), y(t)) is said to be a horizontal lift of the curve x(t) in
M if and only if

∇ẋ(t)y(t) = 0,

where y(t) is a vector field along x(t).

Lemma 5.1 [15, Zagane and Djaa 2017] Let (M, g) be a Riemannian manifold and ∇g denote the Levi-
Civita connection of g. If x(t) be a curve on M and γ(t) = (x(t), y(t)) be a curve on TM , then

γ̇(t) = ẋh + (∇ẋy)
v. (5.1)

Lemma 5.2 Let (M, g) be a Riemannian manifold and (TM, gd) its tangent bundle equipped with the
deformed complete lift metric. If ∇g (resp. ∇d) denote the Levi-Civita connection of (M, g) (resp.
(TM, gd)) and γ(t) = (x(t), y(t)) is the curve on TM such y(t) is a vector field along x(t), then

∇d
γ̇ γ̇ = (∇ẋẋ)

h +
1

2
(2ẋ(f)ẋ− g(ẋ, ẋ)gradf + 2∇ẋ∇ẋy + 2R(y, ẋ)ẋ)v. (5.2)

Proof: From (5.1), we have

∇d
γ̇ γ̇ = ∇d

(ẋh+(∇ẋy)v)
(ẋh + (∇ẋy)

v)

= ∇d
ẋh ẋh +∇d

ẋh(∇ẋy)
v +∇d

(∇ẋy)v
ẋh + ∇̃(∇ẋy)v(∇ẋy)

v. (5.3)

In view of Lemma 3.2 and (5.3), we obtain (5.2). 2
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Theorem 5.1 Let (M, g) be a Riemannian manifold and (TM, G̃) its tangent bundle equipped with the
deformed complete lift metric. If γ(t) = (x(t), y(t)) is a curve on TM such y(t) is a vector field along
x(t), then γ(t) is a geodesic on TM if and only if{

∇ẋẋ = 0,

ẋ(f)ẋ+∇ẋ∇ẋy +R(y, ẋ)ẋ− 1
2g(ẋ, ẋ)gradf = 0.

(5.4)

Proof: This follows directly from Lemma 5.2. 2

Corollary 5.1 Let (M, g) be a Riemannian manifold and (TM, G̃) its tangent bundle equipped with the
deformed complete lift metric. The natural lift γ(t) = (x(t), ẋ(t)) of any unit speed geodesic x(t) is a
geodesic on TM if and only if gradf = 0.

Example 5.1 Consider a Riemannian metric on R2 given by

g = ex(dx2 + dy2).

The non-zero Christoffel symbols of the Levi-Civita connection associated with the Riemannian metric g
are

Γ1
11 =

1

2
, Γ1

22 = −1

2
, Γ2

12 = Γ1
21 =

1

2
.

Let α(t) = (x(t), y(t)) be the unit speed geodesic with initial conditions

x(0) = a, y(0) = b, ẋ(0) = u, ẏ(0) = v.

The equations of geodesic are {
ẍ+ 1

2 ((ẋ)
2 − (ẏ)2) = 0,

ÿ + ẋẏ = 0.

Then, the natural lift on TR2 is

γ(t) =

(
a+ 2ln

(
u+

1

2
t

)
, b+

2v

u
−

(
4v

2u+ t

)
,

2

2u+ t
,

4v

(2u+ t)2

)
.

In this example, the tangent bundle TR2 is equipped with the deformed complete lift metric. It follows
from Corollary 5.1 that the natural lift γ(t) = (α(t), α̇(t)) of the unit speed geodesic α(t) is a geodesic on
TR2 if and only if gradf = 0, that is, γ(t) is a geodesic on TR2 only when the deformation function f is
constant. For any non-constant function f , the natural lift γ(t) fails to satisfy the geodesic equation on
TR2.

Example 5.2 Let M = Rn be a Riemannian manifold equipped with the Euclidean metric

g = (dx1)2 + (dx2)2 + · · ·+ (dxn)2,

and TM ∼= Rn × Rn its tangent bundle endowed with the deformed complete lift metric gd.
Let f = f(x) be a non-zero smooth function on M and let

x(t) = (x1(t), . . . , xn(t))

be a smooth curve in M . Its natural lift to TM is defined by

γ(t) = (x(t), ẋ(t)).

The velocity vector of the curve γ in TM decomposes as (see Lemma 5.1)

γ̇ = ẋh + ẍv.
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We define the action functional

S =
1

2

∫
gd(γ̇, γ̇) dt =

1

2

∫
f(x)∥ẋ∥2 dt+ 1

2

∫
d

dt

(
∥ẋ∥2

)
dt. (5.5)

Consider the Lagrangian

L =
1

2
gd(γ̇, γ̇) +

1

2

d

dt

(
∥ẋ∥2

)
.

We consider smooth variations of the base curve with fixed endpoints. Hence, any total derivative appear-
ing in the Lagrangian contributes only a boundary term and does not affect the Euler-Lagrange equations.
Therefore, the variational problem is equivalent to that determined by the reduced Lagrangian

L =
1

2
f(x)∥ẋ∥2.

Next, we have the Euler-Lagrange equations

d

dt

(
∂L

∂ẋk

)
− ∂L

∂xk
= 0, k ∈ {1, . . . , n},

from which we obtain

fẍk + (∂mf)ẋmẋk − 1

2
(∂kf)∥ẋ∥2 = 0.

In vector form this equation becomes

fẍ+ g(∇f, ẋ)ẋ− 1

2
(∇f)∥ẋ∥2 = 0. (5.6)

To test Corollary 5.1, we assume that x(t) is a unit speed geodesic in M . Then, from (5.6), we obtain

g(∇f, ẋ)ẋ− 1

2
(∇f) = 0.

This implies that ∇f = 0. From this, in view of (5.5), it follows that γ(t) is a geodesic in TM . Con-
versely, suppose ∇f = 0, and if x(t) is a unit speed curve in M , then from (5.6), it follows that x(t) is a
geodesic in M .

Thus the natural lift γ(t) of a unit speed geodesic x(t) is a geodesic on the tangent bundle (TM, gd) if
and only if the deformation function f is constant. This example illustrates the general principle stated
in Corollary 5.1.
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6. Gezer, Aydin; Özkan, Mustafa: Notes on the tangent bundle with deformed complete lift metric, Turkish J. Math. 38
(2014), no. 6, 1038–1049. MR3272354.

7. Hsiung, Chuan-chih: Vector fields and infinitesimal transformations on Riemannian manifolds with boundary, Bull.
Soc. Math. France 92 (1964), 411–434. MR0178436 (31 #2693).

8. Magden, Abdullah; Karaca, Kubra; Gezer, Aydin: The second-order tangent bundle with deformed 2nd lift metric, Int.
J. Geom. Methods Mod. Phys. 16 (2019), no. 4, 1950062, 12 pp. MR3940522.

9. Medjadj, Abdallah; Elhendi, Hichem; Belarbi, Lakehal: Some harmonic and biharmonic problems on the tangent bundle
with a Berger-type deformed Sasaki metric, An. Univ. Craiova Ser. Mat. Inform. 51 (2024), no. 2, 398–415. MR4859348.

10. Salimov, Arif A.; Kazimova, Sevil: Geodesics of the Cheeger-Gromoll metric, Turkish J. Math. 33 (2009), no. 1, 99–105.
MR2524119 (2010b:53068).

11. Sasaki, Shigeo: On the differential geometry of tangent bundles of Riemannian manifolds, Tohoku Math. J. (2) 10
(1958), 338–354. MR0112152 (22 #3007).

12. Sekizawa, Masami: Curvatures of tangent bundles with Cheeger-Gromoll metric, Tokyo J. Math. 14 (1991), no. 2,
407–417. MR1138176.
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