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On the Upper Bounds of Hankel Determinant of ¢-Starlike Functions Linked to the
Bernoulli Lemniscate

Mallikajun G. Shrigan

ABSTRACT: Let SLj(w, ) denote the subclass of analytic functions defined in the open unit disk U = {t €
C : |t| < 1}, normalized by h(0) = 0 and h’(0) = 1, which satisfy certain subordination conditions

t Dg (R (h(t))) ( 2(1+1) )%
R (h(t)) 24+ (1—-qt/) ’

where < is the subordination relation. This class serves as a g-analogue of starlike functions associated with
the parameter w. In this paper, we investigate coefficient-related problems for functions in SL} (w,p). In
particular, we derive sharp bounds for the initial Taylor coefficients, the Fekete—Szego functional, and the
second Hankel determinant.

Keywords: Analytic functions, Hankel determinant, subordination, g¢-difference operator,
g-Ruscheweyh derivative operator.
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1. Introduction

Let H(U) denote the class of functions which are analytic in the open unit disk
U={teC: |t <1},

where C is the set of complex numbers. Let A be the subclass of H(U) consisting of functions of the form
h(t)=t+> bit",  (tel), (1.1)
T=2

normalized by the conditions h(0) = 0 and A'(0) = 1. Also, let S C A denote the class of univalent
functions in U. For analytic functions h, g € U, we write h < g if there exists a Schwarz function w with
w(0) =0, |lw(t)| <1 (¢t € U), such that

If g is univalent in U, then
h<g <= h(0)=g(0) and A(U) C g(U).
The class of starlike functions in U is denoted by S&*, which consists of functions h € A given by
th'(t
S*=qheA:R A >0,teU,.
h(t)
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Moreover, let SL* denote the class of functions h € A such that

SL:=8"(V1+1t) = {hEA: ‘(t}lz’(%))Q_l

<1,teIU}

is the class of lemniscate starlike functions studied in [48]. Equivalently, a function h € SL* is character-

ized by the condition that tz’(g)

Bernoulli as shown in figure 1, given by |w? — 1| < 1. Rgnning [44] introduced parabolic starlike functions

takes values in the region bounded by the right half of the lemniscate of
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Figure 1: Right-half of the Bernoulli lemniscate region {w : |w? — 1] < 1, R(w) < 2} with asymptotes
Yy = *z.

defined as W) W)
th'(t th'(t
Sk .=5" =<h : -1 <R telU
o= omn) = {n e sl - <me(Gl) e v},
where )
2 1+vh
h)y=1+—=|[1 .
pran(h) =14 <Og1—\/ﬁ>
. . . . th'(t) .. . .
Interpreting this condition geometrically, we see that 10 lies inside the parabola

(Smw)? < 2Rew — 1,

which shows that the class of k-starlike functions is closely related to certain conic domains. For more
details on k-starlike functions, we refer to [50]. For 0 < 8 < 1, the class

Sh = S*((i—fi)ﬂ) _ {feAi ’argtz’(g)’ _ 5;}
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is the familiar class of strongly starlike functions of order 3.

Ma and Minda [31] introduced the function % with a more general analytic function ¢ which satisfies
the conditions ¢(0) = 1, ¢’(0) > 0, and ¢ maps U onto a region that is univalent, starlike with respect
to 1, and symmetric with respect to the real axis which is defined as follows

th(¢)
h(t)

S*(@):{heA: <<p(t),te[U}.

For more information on ¢(t) and the associated subclasses of S*(¢p), see the following table 1.

Table 1: Various subclasses of S*(¢)

Authors Class P(t) Reference
. . 14 °
Brannan and Kirwan S; (l—_t) (0<p <) 8]
Cho et al. S 1 + sint [10]
A2
Deniz Sr(A) e'tat [11]
14+ At
Janowski S*[A, B] 1——::1Bt’( <B<A<L1) [15]
Goel and Kumar Sia Ate? [13]
Masih et al. Si(\) 1+ (0<A<1) [28]
Mendiretta et al. S et [29]
Kumar et al. S5 e [24]
Kumar and Arora Sono1 1+ sinh™t [23]
Sharma et al. Sk 1+ 3t + 2¢2 [45]
Sokét Sy Vet+1,(0<e<1) [49]
Sokét and Stankiewicz ~— SL* Vi+1, [48]
Raina and Sokdt S, V1+t2+t, [41]
14+ (1—2a)t
Robertson Sk %, (< 1) [43]
. ) . 14¢ 1/«
Paprocki and Sokét Sy, <1+(1—b)/bt> (38]
3
Wani and Swaminathan Sy, 1+t—-% [58]

We recall some basic concepts of g-calculus that will be used in this paper. Throughout, we assume
0 < ¢ < 1 and adopt the notations

N:{1,2,3,}:N0\{0}7 N012{071,2,...}.

For 0 < ¢ < 1, the g-number [\], is defined by

1— A

17qq, A eC,
[Alg = qn-1

YT =1+q+¢++q¢"", A=neN

7=0

Let 0 < ¢ < 1, the g-derivative (g-difference) operator of a complex valued function defined on a subset
of C by Jackson [17,18], is defined as

—q)t (1.2)
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provided that h'(0) exists. It is clear that Dgh(0) = h'(0) and D2h(t) = Dg(Dgh(t)). From (1.2), we
obtain

h(t) =1+ i[T]qutT_l, (1.3)
where 1_ .
=T (14)

As ¢ — 17, it follows that [r], — 7. For a function h(t) = t7, we have

T 1- qT T— T—
Dq(h(t)) = Dy(t7) = 37— -t P= ]t
Taking the limit as ¢ — 17, we deduce

lim (Dgh(t)) = lim ([r]gt7" ") =717 = K(1),

q—1— q—1—
where h' denotes the usual derivative.

As a right inverse, Jackson [17,18] introduced the g-integral

[ h0de =200 3 )
7=0

provided the series converges. For h(t) =t7, we obtain

z z ZT+1
K;Mﬂ%tlétdﬁ[ (r # —1).

T+ 1],
Furthermore,
z ZT+1 7'+1
lim h(t)d,t = lim = / h(t
q—1~ Jo q—1- [TJrl T4+ 1
where fo t) dt is ordinary integral. It can be easily verified that,
(St ) = Sl
T=1
where ) .
o= F=g =1+ata+ta™ =0
and
T—1 T—1
(z;9)r = H(l —xq") = Zq’, (treN), zeC,
i=0 i=0
with

(x:q)o =1,

The g-calculus provides powerful tools that have been widely applied in the study of various subclasses
of A. Specifically, Srivastava and Bansal [51] investigated the close-to-convexity of ¢-Mittag—Leffler
functions, while Srivastava et al. [52] introduced generalized subclasses of ¢-starlike functions associated
with Janowski functions. Mahmood et al. [32] further studied g-starlike functions in the conic domain. For
recent developments on the applications of g-calculus in Geometric Function Theory, see [1,5,33,53,55,57].
Khan et al. [20] recently employed the g¢-derivative operator to introduce a new subclass of starlike
functions associated with the Bernoulli lemniscate, defined by

. _ D) (#) 2(1+1)
Sﬁq._{heA. 0 =< 2+(1—q)t’t€D}’
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Equivalently, a function h € A belongs to SE; if and only if it satisfies

() -

By setting w = t(D4h)(t)/h(t), the analytic condition of the class SL; can be rewritten as

1
1—¢q

<

T N D
1—q| 1-¢’

which describes the interior of the right loop of the Bernoulli lemniscate. A notable feature of this class
is that it reduces to the classical class SL* as ¢ — 1. Next, we recall the g-analogue of the Ruscheweyh
operator introduced by Aldweby and Darus [2], which will be used throughout this paper.

Definition 1.1 Let h € A. The g-Ruscheweyh operator of order w is defined by
— 1
REh(t _t+z T“Lw at’,  (w> 1),

where [7]4! is given by

[r]q! =
1, T =

{[T]q[f—l]qm[l]q, r=1,2,...,

From the definition we observe that if ¢ — 1, we have

i[T‘i‘w 1],! bt

B T+w 1)! r_ w
@l — 1! ”Z brt?” = RALE)

lim R7h(t) =t + lim 1)

q—1 q—1
=

where R¥ is the Ruscheweyh differential operator defined in [42].
Utilizing the concept of subordination and g-Ruscheweyh differential operator, we introduce a new
Ma-Minda type class SL; (w, ¢) of starlike functions as follows

Definition 1.2 Let @ > —1. A function h € A, is said to be in the class SL; (@, ¢), if the following
subordition condition holds true:

Dy(RZ (h(1))) . ( 2(1+1)
Rz (h(t)) 2+ (1 —q)t

For certain choices of the parameter w and in the limit ¢ — 17, the corresponding well-known classes
are given by:

)2, (t € 0). (1.3)

Remark 1.1 For w =0 and ¢ — 17, we conclude that
SX0) =8 [29], SL7(0)=8L* [48], Si(0) =87 [10],

Sie(0) =Sy, 58], S56(0) = S5 [13].
Figure 2 demonstrates plot of ¢ for different g-values.For ¢ — 1~ we get ¢ = v/1 + ¢t which is the standard
square-root curve.
In 1966, Pommerenke [39] introduced the r*® Hankel determinant associated with the Taylor coeffi-
cients of a function h € A for integers s,n € N={1,2,3,---}. It is expressed as

Wn, Wpy1 0 Wiigr—1
Wn+41 Wn+2 et Wr4r
Auah)=| A L w@=0)

)

wnJr'r‘fl wnJrr e wn+2r72
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Figure 2: Graph of o(t) for different values of ¢ = 0, 0.5, 0.9, 1

The Hankel determinants
A2,1(h) = w3 — W§7 AQ,Q(h) = WaWwyg — w%,

are widely recognized as the Fekete-Szegé and second Hankel determinant, respectively. For further
results concerning this functional, we refer the reader to [3,4]. In 1969, Keogh and Merkes [21] solved the
Fekete—Szego problem for the classes S* and K. Recently, Zaprawa [59,60] investigated the Fekete—Szegd
problem for certain subclasses of bi-univalent functions. Furthermore, the generalized Fekete—Szego
functional is defined as az — pua3, where y may be real or complex. According to [40], the Hankel
determinants of univalent functions satisfy the inequality

1 3
H,(7) < Ko (2+8)r+2 (r=1,2,...;r=23,..).
where 8 > m and K depends only on r. Subsequently, Hayman [14] established that
|Hy(7)| < A7Y/2, (7 =1,2,...; A an absolute constant),

for the class of real mean univalent functions. Noor investigated the Hankel determinant for Bazilevic
functions in [35], as well as for functions with bounded boundary rotation in [36]. However, for the class
of Bazilevic functions, Krishna et al. [22] established the best possible estimate for Hs 2(h). Janteng et
al. [15,16] determined the absolute sharp bound of the functional Hs 2(h) = |a2a4 — a%’ for each of the
subclasses C, §*, and R. Lee et al. [25] established bounds for the second Hankel determinants of the
Ma—-Minda starlike and convex subclasses. Bansal [7], examined bounds for a certain class of analytic
functions on H2(2). Srivastava et al. [54] investigated coefficient estimates for subclasses of bi-A-convex
and bi-u-starlike functions of the Ma—Minda type. Orhan et al. [37] studied inequalities involving the
second Hankel determinant for classes of analytic and bi-univalent functions. On the other hand Caglar
et al. [9] obtained upper bound for bi-univalent functions. Shrigan [46,47] employed the g¢-differential
operator to investigate the second Hankel determinant for the class of bi-univalent functions. Srivastava
et al. [55] considered the class of g-starlike functions associated with the conic domain, while in [34],
the upper bound of the third Hankel determinant for the class of g-starlike functions was obtained.
Furthermore, Ayinla and Opoola [6] introduced the class C, (7, ) and employed the Salagean derivative
operator to derive inequalities for the Fekete—Szeg6 functional and the second Hankel determinant. More
recently, in 2022, Srivastava et al. [56] derived coefficient bounds and upper estimates for the Fekete—Szego
functional and the Hankel determinant for a class of analytic functions involving the Hohlov operator.

Ma [30] introduced the generalized Zalcman functional, defined by J,, 1 (f) = anam—amin—1, n,m €
N\ {1}. A particular instance of this is Jo 3(f) = a2as — a4, which represents a specific case of the gen-
eralized Zalcman functional.

In this work, we establish upper bounds for the initial Taylor coefficients |bs|, |bs|, and |bs|, together
with the Fekete-Szegd functional |bs — b3, for the subclass of analytic functions SL} (w, ) defined in the
open unit disk. Also, we provide an upper bound for the second Hankel determinant |Ay(2)|, particularly
when h belongs to the lemniscate of Bernoulli domain.



ON THE UPPER BOUNDS OF HANKEL DETERMINANT

2. A Set of Lemmas

To establish our main results, we make use of the following auxiliary lemmas.
Lemma 1. [26,27] Let
p(h) =1+ 11h+lah* + -

be in the class P of functions with positive real part in U. Then
2y =12+ (4 — 1}z, for some x, |z| <1,

and

43 =1 +24 — Do — (4 —B)ha? +2(4 —13)(1 — |z|*)h, for some h, |h| < 1.

Lemma 2. [12] Let
p(h) =1+ 11k + loh* + - -

be in the class P of functions with positive real part in U. Then
k| <2 (keN),

and the inequality is sharp.

Lemma 3. [31] Let
p(z) =1+lz+1lz*+ -

be in the class P of functions with positive real part in U. Then for any complex number v,
—4dv+2, v<0,
Iz —vii] < {2, 0<v<l,
qv — 2, v>1.
3. Main Results
Theorem 3.1 If h € SL;(w,p), where h is of the form (1.1), then

1+g¢
byl < —— 19
b2] < 4Q[w+”q
3¢3 —q+2
|bs| <

32w+ 1y[w+2],]

| 5¢" — 6¢° —3¢° +6¢* —¢° —2¢* — g +2
- 128 ¢° [w + 14 [w + 2]4 [ + 34

b4

Proof: Let h € SL(w, ¢), then

t Dy (RF (h(t)))
wa(h(t)) =< (), (t € 0).
where
B 2(1+1¢) 2
#lt) = (2 +(1- Q)t>
Define a function
14o()

t) = =14t + > +-
s(t) o) — Lttt R
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Figure 3: The 3D plot of the function ¢(t)

where v is a Schwarz function and it is clear that s € P. This implies that

s(t)—1  Dhit41t? +13t° +- -
s()+ 1 24Dt + 12 +13t3 4 -+

u(t) =

From (3.4) we have

t Dy (R (h(t)))

with

D=

p(u(t) = ((1 tq) jlrs(:s — q)S)

It is evident that s is analytic in the unit disk U, satisfies s(0) = 1, and R{s(¢)} > 0. By using (3.5), we
obtain

1
4s 2 (1+9q) (1+9q) 27,2
=1 l1t 161 3q—13)I7|t
(raremman) —1 e S e+ =10
R [12815 + (48 — 208)1115 + (5¢° — 38¢ + 85)13] 3 + (3.6)
1024 3 q 1t2 q q 1 :
and
tDq (RT h(t
tDy(RTA() _ | + qlow + Ugbat + (glow + glow + 2]q bs — gl + 1]2 b3)¢
R h(t)

+ (dt o hler + 2l 2l — (T ) (ot o 2l b+l + 130 ) £+
(3.7)

From (3.6),(3.7), and (3.4), it follows that
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1+g¢
by = ————14, 3.8
2 8qlw + 1] ! (3.8)

144 1 3q2—11q—|—22>
by = Sl 22 3.9
7 glw + 14w + 2, (8 2T T kg (8:9)

1+g¢q
e W ey

aly + Blily + w%), (3.10)

where
1 6_3q4—12q3—|—1
8’ N 64¢3 ’
 5¢% —35¢° + T2¢* — 2¢° + ¢* — 11q + 2
T 1024¢* '

o =

By solving the bounds of (3.8), (3.9), and (3.10), and applying Lemma 2, we arrive after straightforward
computations at the result stated in Theorem 1. O

Theorem 3.2 If h € SL;(w,p), where h is of the form (1.1), then

1 2 1 3¢2 —3¢+2
N (2+q) o ( J;q)(q q+ )7 W< T,
16 ¢ [ow + 1]2 32¢? [w + 1]4[w + 2],
1+ q)?

—ub? < ( T, < < T
|b3 :U’b2‘ — 32(]2 [w_"_l}g[w_i_%gv 0> M = 1,
(1+9)? (1+9)(3¢> —3¢+2)

2 2 K 2 g p =T
16 g% [ + 1]2 32¢? [w + 1g[w + 2,

where
3¢2 —11q+2

Ty="F—"F ~
° T 16q[w + 227

and
_ 3¢>+5q+2

T, = .
LT 16q [ + 22

Proof: Using (3.8) and (3.9), we find that

1+g¢ l2+3q2—11q+2

s p(l+g)[w+2], 2
8q[w + 1]q[w + 2]q 16¢q '

by — b3 = !
3 oo 1 Sq[w—i—l]q

— L+g o
 8qlw + 14w + 2], (l2 = i), (3.11)

where
ot aw+2y 3¢2 —11g +2

8q[w + 1], 16¢q

from (3.11) and Lemma 2 we get required result. O

Theorem 3.3 If h € SL(w,p), where h is of the form (1.1), then

(L+q)" ! P ) . (3.12)

boby — b2| <
|babs — b3| < @l + 12 <32[w+2}q[w+3]q 16 [o + 2J2
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Proof: Using (3.8), (3.9) and (3.10), we have

baby — 12 — (1+q)? lils 3¢* —12¢° +1 3¢ —1lg+2 21,
T Plw+1)2 | 64w + 2[w + 3, 512¢3[w + 2]g[w + 3],  512¢[w+2]2 ) !
5¢° —35¢° + 72¢* —2¢° + ¢* —11¢+ 2 (3¢> — 11g +2) "o 13
8192¢*[w + 2]4[w + 3], 16384¢%[w +2]2 | ' 64[w+2)2 |

By substituting the values of I3 and I3 from Lemma 2, and then applying the triangular inequality, we
replace |z| < 1 by p and [; by I. Consequently, we obtain

lboby — b2| < K[A P +T(4—12)+Qpl(4—12) + 24— 12)2p2} = (L, p), (3.13)
where
_ (1+4g)?
Pl +1]2°
and
= ! 7
128 [w + 2]4[w + 3],
Q_l 1 N 3¢ —12¢° + 1 3¢2 —11g+2 1
C2[64w+ 2w +3]g  512¢3[w + 2w +3]y 512¢q[w+2|2  64[w +2]2]’
- 1
T 256w +2]2’
A 5¢° —35¢° + 72¢* —2¢° + > —11g+2 (3¢ — 11g +2)?
N 8192 ¢*[w + 2],[w + 3], 16384 ¢?[w + 2] 2
1 3¢t —12¢° + 1 3¢ —11q+2 1

956w + 2y[w + 3, | 1024w + Ay[w + 3,  1024q[w + A2 | 256[w + 22’

Differentiating (3.13) with respect to p, we have

g—w < 2 902(4702)+E(4702)2p} = (1, p). (3.14)
0
It follows from the fact that
oo o
op 7

which shows that (I, p) is an increasing function on the closed interval [0, 1]. Hence, the maximum value
of ¥(l, p) occurs at p = 1. Therefore, for the maximum case we set

P(l,1) =<(0).
Now
() =K [(A — Q4 E)I* + (~TT +49Q — 85) 12 + (41T + 165)} . (3.15)
Differentiating (3.15) with respect to [ we have
J() = 2K1[2(A — Q4+ E) 2+ (~T1+49 — 85)]
Differentiating again with respect to [ we have

(1) = 12K (A — Q + E) I + 2K (11 + 4Q — 8=).
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For [ = 0, it follows that the maximum of ¢(I) occurs at I = 0. Hence, we obtain

2
Ibabs — 12] < (1+9q) < 1 N 1 )

Pl +1]2 \32[w + 2]y[w + 3],  16[w +2]2
O
Theorem 3.4 If h € SL(w,¢), where h is of the form (1.1), then
1536¢°(1 2
Ibabs — ba| < ¢(1+4) (3.16)

[+ ”q[w + 2](1.

Proof: Using (3.8), (3.9) and (3.10), we have

1+g¢ « 1+g¢ B >
bobs — by = — Is + — L
T T lm A gm+ 2| w3l (64q[w+1]q [@+3],) "
N (1+q)(B3¢> —1lg+2) 4 e
1024¢2[w + 1], [w+3],) |
where
we L B_3q4—12q3+1  5¢% —35¢° + T2¢* — 2¢° + ¢* — 11q + 2
X T 1024 ¢4 ‘

Using Lemma 2 and, since [; < 2 by Lemma 3, we set [y = ¢ and assume without loss of generality that
[ € [0,2]. Taking absolute values and applying the triangle inequality with p = |z|, we obtain

|b2bs — ba| < Zqu)q (A(q)ls + B(q)(4 — 1) + C(q)l(4 — I*)p+ D(q)(I — 2)(4 — 1*)p*) = ¥(p)
where
C(q) = 1024¢° [w + 1],[ww + 2]4[w + 3],

and

Alq) = (1 + q)(3¢* — 11 + 2)¢* [ + 3]g — (5¢° — 35¢° + T2¢* — 2¢° + ¢° — 11q + 2)[w + 1]],

B(q) = 128¢*(1 + q),

Clg) =114 @)*¢[w + 3]g — (3¢" — 12¢° + 1 + q)[w + 1],

D(q) = 256¢*(1 + q).

Differentiating ¥(p) with respect to p we have

V(p) = 4 (C(q)i(4 — 12) + 2D(q) (L - 2)(4 — 1*)p) > 0.

This observation shows that F(p) is an increasing function of p on the closed interval [0,1]. Consequently,
we have
F(p) <F(0), V,pel0,1].

Thus we have

W(p) < Z(Lq)q (A(Q)® + B(g)(4 - 12)) = E(l).
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Differentiating E(I) with respect to [ we have

1+g¢
E'(l) = ——= (3A(q)I*> — 2B(q)l).
(1) @ (3A(q) (@)
Again differentiating the above equation with respect to [ we have
1+g¢
E"(l) = —= (6A(q)l — 2B(q)).
(1) @ (6A(a) (@)
Since [ € [0, 2], it follows from the assumption that E(l) attains its maximum at [ = 0, which corresponds
to p = 0. Hence, this yields the desired upper bound. O

4. Conclusion

In this work, we derived sharp upper bounds for the initial Taylor coefficients |ba|, |bs|, and |b4],
together with the Fekete-Szegd functional |bg — ubj|, for functions belonging to the subclass SL; (w, ¢)
defined in the open unit disk. Furthermore, an upper bound for the second Hankel determinant was
obtained, with particular emphasis on the case when the function A lies in the lemniscate of Bernoulli
domain. These results contribute to the growing body of work on coefficient estimates in g-starlike and
related analytic function classes, and may stimulate further investigations into Hankel determinants and
Fekete—Szego type problems for other subclasses of analytic and univalent functions.
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