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Approximation Degree of Bivariate Riemann-Liouville type fractional Stancu-Kantorovich
operators

Deepak Bhardwaj, S. A. Mohiuddine*, Arun Kajla and Abdullah Alotaibi

ABSTRACT: In this article, we develop bivariate extension of the operators introduced by Sehrawat and
Kajla [37]. The convergence behaviour of the proposed operators is analyzed using various moduli of conti-
nuity, and Voronovskaja-type asymptotic theorems. The approximation behaviour is further investigated in
Lipschitz-type spaces. In addition, the rate of convergence of the operators is illustrated through graphical
representations, which are generated using the Maple computational software.
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1. Introduction

The classical Bernstein polynomials introduced by Bernstein [15] form the foundation of construc-
tive approximation theory. Over the time, several extensions-such as the Kantorovich, Durrmeyer,
Chlodowsky and Szasz-Mirakyan operators were developed to enhance their flexibility and applicabil-
ity. In 1930, Kantorovich [25] introduced the integral modification of Bernstein polynomials for the class
of Lebesgue integrable functions on [0, 1]. Stancu [40] introduced two dimensional Bernstein polynomials
on the triangle. Gupta [21] defined Durrmeyer modification of classical Bernstein operators. Within this
progression, Stancu [41] introduced the Bernstein operators with dual parameters z,r € NU {0}(N is the
set of natural numbers ), and j > 2zr, as

j—zr

Bioi9) =Y b ()3 pz,mw)sa(f - "")7 (L.1)
£=0 m=0

where
() = (2 )om(1 = s
Pz,m “\m .

Abel et al. [1] introduced the Durrmeyer modification of (1.1), described as

j—zr

z 1
§05) = 3 PG-ar (39 - pemCAG+ 1) [ pesmplo)ds
£=0 m=0 0
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Then, Kajla [23] presented the Kantorovich modification of (1.1), defined as follows

j—zr

Ki(@; %) = > p(i—zne)( me /1 (W)d& (1.2)

£=0

Agrawal et al. [5] constructed bivariate case of the operators (1.2) and examine convergence properties.
For 7? = T x Z, where Z = [0, 1] and let C'(Z?) represent the family of all real valued continuous functions

on Z2, under the norm ||¢||c(z2) = sup [p(5z, 0)|. The operators defined in [5] are described as follows
(>,0)€1?
ji—zin z1 Ja—z2r2
ijzll,j;hZz,rz (@; , Q) = Z p(_j1 — le’l,gl)(%) Z Pzi,m: (%) Z p(_jg — 22r27§2)(g)
§1=0 m1=0 £2=0
Zo 0
% Paymalo / / (’fl tminte L+ ”J’m ) 0udo, v (2, 0) € 2.
2
mg:O
(1.3)

Mahhmudov and Kara [27] defined the Riemann-Liouville fractional integral type Szdsz-Mirakyan-
Kantorovich operators. Baytung et al. [13] developed Riemann-Liouville type fractional Bernstein-
Kantorovich operators parameterized by « and highlighted their approximation properties. Nasiruzza-
man [31] studied the bivariate and GBS associated properties of the Szdsz-Mirakjan-Jakimovski-Leviatan-
Kantorovich operators. Berwal et al. [16] constructed a new sequence of Riemann-Liouville type fractional
a-Bernstein-Kantorovich operators and studied their convergence behaviour. Kursun [26] introduced a
new class of sampling Kantorovich-type operators defined via fractional-type integrals and studied approx-
imation properties of newly constructed operators and derive the convergence rate through modulus of
continuity. Aslan [11] examined the approximation characteristics of Riemann-Liouville type fractional
Bernstein-Stancu-Kantorovich operators of order a. Sehrawat and Kajla [37] constructed Riemann-
Liouville type fractional Stancu-Kantorovich operators of order ¢ > 0, which are defined as

5:0 ]

where p, m(sr) is defined above.
For more information about bivariate, Kantorovich and fractional type operators, readers are referred
to prior study [2,3,6,7,8,9,14,17,19,20,22,24,28,29,30,32,33,34,35,36,38,39].

2. Construction of operators

In this part, we develop the bivariate extension of the operators described in (1.4) and examine the
dp O
convergence rate. Let C?(Z?) represent the set of all functions ¢ € C(Z?) provided that P 8%'3 for

i = 1,2 belong to C(Z?). The norm on the space C2(Z?) is defined as
C(I2)> '

2
llellezz2y = llelle@) + Z <
i=1
The Peetre’s K —functional of ¢ € C(Z?) is described as

Ki:d) = _int_ {lle —glles + dlellcazs:6 > 0}

o

o(12) H d¢'

It is also known that the following inequality

K(p;8) < Mi{wz(p; V6) + min(L,6)[¢lloa) (2.1)
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applicable V § > 0 ([18], page 192). M is a constant that does not depend on 8, ¢, or @z(¢; V).
For ¢ : C(Z?%) — C(Z?) and (1, {2 > 0, we describe the bivariate form of the operators (1.4) as follows

ji—zin

Q1 (pi2,0) =T(G+ DTG +1) Y pliv—21r1,60) (%) Y Paym, (39)

£§1=0 my=0
jo2—zar2 Zo
X Z p(.J2 - erg,fg)(g) Z p227m2(g)
5270 m2:0
Cl 1 — f)C2—1 0
/ / ) » £1+n.11r1+L,§2+n?2r2+ deH,V(%,Q)EIQ.
I'(¢2) I J2

(2.2)

When ¢; = (o = 1, we get back the bivariate Kantorovich Stancu operators[5]. This paper aims to
examine the approximation properties of the bivariate operators (2.2), including the uniform convergence
theorem, the rate of convergence regarding the modulus of continuity, the Voronovskaja-type asymptotic
theorem, and the Griiss-Voronovskaja-type theorem.

Lemma 2.1 ([37]) For ( >0 and the test functions e;(t) = t', i=0-4, we have
(i) G (e0; ) = 1;

(iii) G (e2; ) = T22<J T zr2> + m_%((l +0)(¢+ 1)zr+j(<+3)> + m
(iv) G (e3; ) = ’fj 2zr(—1+r%) = 32+ +j(2 — 3z(—1 + r)r)>

s (0 2) A ) 2 a4 1)

1 m (j(14 +6C+ ) +z(-1+0r(¢+2)(A+r+(C+ rc)>

TR 1><<6+ 2 +3)’

4
(v) Gf (ea; 5¢) = % ( — 6% 4 j* + 211 — 62(—1 4 r)r) + 3zr (2 4+ 2(—1 +r)?r — 2r%)

%3
+2j(=3 4+ zr(—7 + 3r + 4r2))> + R <2(j3(5 +3¢)
+372(=5 =3¢+ z(=1+0)r(C+1)) —2)(=5 =3¢+ 3z(=1 + )r(3 +r

+2C+1C0) —z(=1 +)r(3(=2+2)r*(C + 1) — 2(5 4+ 3¢) — r(10 + 6¢ + 3z(¢ + 1)))))

A £ 2) 4 201 + (=50 — 33¢ — T¢2
+j4(<+1)(<+2)(J (50 +33¢C + 7¢*) + z(—1 4 r)r(—50 — 33¢ — 7¢

+ (=T +32)r*(2+ 3¢+ ) —r(C+2)(19+ 7¢ + 32(¢ + 1)) +j(—50 — 33¢ — 7¢3
+2z(—1+)r(¢C +2)(11 +5¢ 4 2r(¢ + 1)))> + ST <j(90+43§
+10CC +28) +2(=14+0)r(C+3)(22+T¢C+C + 22+ 3¢+ ¢?)

24
FEHDC+H2)(C+3)(C+4)

+r(10 4+ 7¢ + c“'))) +
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Lemma 2.2 Let ecq(3,0) = 0%, (c,d) in N x N, with ¢ +d < 4 be the bivariate test functions. Then

we have
(i) Q152 (eoo; ¢, 0) = 1;
1
- C1,¢2 . _ .
(”) le,]z (6107%7 'Q) - %+ jl(Cl + 1)7
C1,62 . — .
(Z’LZ) leaj2 (6017%’Q) Q+J2(CQ+1)’
2
(i) Q5% (e20;0,0) = S5 [ —j1 + 33 +zir1 — er?) N ((*1 +r1) (G + Dz +j1 (G + 3))
’ J1 BG+1)
2
+ 3 ;
B+ 1)(G+2)
2
(v) Q51152 (e02; 7, 0) = % —j2 43 +zar2 — erS) + .QL ((—1 +12)(C2 + V)zara +j2(C2 + 3))
’ )2 B¢ +1)
2
+ 3 ;
Be+1)(¢:+2)
3
(vi) Qfll,j? (e30; 2, 0) = % ( - 3143 +j1(2=3z1(=1+r)r) +2zin (-1 + l’?))
1

6 %2 .2
GG TG T G T (P06 D —m e nEn

+ré)+ji(—2—CG+zi(-1+r)rn (& + 1))))

+ m (21(—1 +r)n(G+2)4d+rn+G+rnc)+jh(144+66G + G )>7
3

(o) Q51 eani e 0) = & (= 3+ 5+ o2~ Ba(- 1L+ 1)) + 2zana(-1 1))
2

6 92 .2
TG TG G T EG ) (3“2“2 T -l te e

+r2€2) +j2(—2 — (2 + za(—1 + r2)r2 (2 + 1))))

4 . 2
g (za(— 1+ +2)(4+ 12+ Co +rale) +j2(14 +6(2 + G3) );
13(42+1)(Cz+2)(22( r2)r2(C2 + 2)(4 + r2 + 2 + ral2) + jo( C Cz))
(viti)
4
Q1€ (ea0; 3, 0) = % ( — 68 + 1 + (11 = 621 (=1 + r)r1) + 3zin (24 21(=1+11)’r — 21))
1
3
+2j1(=3 +z1r1 (=7 + 3 +4rf))> + > (2(j§(5+3C1) +312(=5 — 3¢,
J1(<1+1)

+z1(-14+r)rn(G+1)—21(-5-3G +3z1(-1+r)nB+rn +2G +nc))

— 21 (=14 r)nB(=24+2z)rF (G +1) —2(5+3¢1) — (10 + 6¢1 + 321 (¢ + 1)))))

%2

M CES e
+ (=74 32)rf (243G + 1) — (G +2)(19+ 71 + 321G + 1))

(j%(f)o +33¢1 4 7¢1) + z1 (=1 + r1)ri (=50 — 33¢; — 7¢t

+j1(—50 —33¢1 — 7{12 + 221(—1 + I’1)I’1 ((:1 + 2)(11 +5¢1 + 21 (§1 + 1))))

v,

* TG +1)(C+2)(¢+3)

(jl(go + 43¢ + 10¢t +2%)

+zi(=1+r)r (G +3)(22+ 70 + G+ (243G +¢) + (104 7¢ + cf)))

24
S CEPGEDI )
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11,J2

4

(zx) Q<1 162 (604,% Q) JQ ( — 6]3 -l—_jg -‘y—_jg(ll — 622(—1 + I’2)I’2) —|— 322I’2 (2 —|— 22(—1 + I’2)2I’2 — 2!’3)
2

3

+ 2j2(=3 + zar2(=7+ 3r2 + 4r§))) + (2(]3(5 +3C2) + 3j5(—5 — 3¢z

(C +1)
+z2(—=1+r2)ra(Ce + 1)) — 2j2(—5 — 3¢2 + 3z2(—1 4 ra)r2(3 + ra + 2¢2 + r2(2))
—za(=14r2)ra(3(—2 + 22)r3(C2 + 1) — 2(5 + 3¢2) — r2(10 + 6¢2 + 322(C + 1)))))
+ S f)(@ +2) (j§(50 +33C2 + 7C3) 4 z2(—1 + r2)ra (=50 — 33¢2 — 785
+ (=T +322)r3(2+ 3G + &) — ra(Ce + 2)(19 + 7¢2 + 322(C2 + 1))

+j2(*50 —33¢ — 7(22 + 222(71 + r2)r2(<1 + 2)(11 + 5C2 + 2r2(C2 + 1))))

¢ j C2 3
THGT DG (G 1) (J2 (90 +43¢2 + 1063 +2 )

+za(=1+r2)r2(Ce +3)(22+ T + 3 +r5(2+ 3G + ) +r2(10+ 7¢2 + <§)>)

24
TG GGG

Lemma 2.3 For s, 0 € I? and using previous lemma as foundation, we have

() Q=2 00) = s = My )
(ii) Q1S ((0 — 0); 5, 0) = WGt D = Ay, (0);
1

(iii) Q1S ((1— 3)(0 — 0); ¢, 0) = = Ajja 1,62 (5, 0);

juj2(G +1)(& +1)

2
(i) QU (=P 0) = 3 ( —i—m(-1+ >) tag Gt )@+
2
+21) + = Ajpa ()5

BG+D(¢G+2)

v G1,62 2.5, :972 iy — z7o(— ro)r 2 Zo(— ro)r
()th ((0 —0)% 2,0 = = ( j2 = z2(=1+ 2)2)+j§(C2+1)((J2+ 2(=1+r2)r2) (G2 + 1)

i3
: 2 oy )
+2J2)+j§(€2+1)(<2+2) = Az (0);
3 2
) Q=) = % (2 +aun (-14) ) + 2 (36 +h 2

+21(—1+r1)r1(2+r1+C1+r1(1))) + ((414'2)(]1(@1

s
BlGa+1)(¢G+2)
6

B +1)(G+2)(¢+ 3)

+4)+z(-14+r)nd+n+G+ F1C1)>

3

3
J1
(vii) QJ?ng« —0)% 2,0 = JQ?,(Q <j2 +2ar2 (_1 + r2) ) Cz ) ( 333 +j2(&2 +2)

((@ 2 (0a(Go

+z2(— 1+r2)r2(2+r2+@+|’2<2))> (C2+1)(C +2)

6
Be+D(C+2)(¢+3)

+4)+zo(=1+ro)rp(d+r2 + (1 + r2C2)> +
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%4
(i) Q1 (0= )" .0) = (3(J1+2J1( La(-14nn) +an@+a-1+n)?n -2d))

J1,)2
1

( (2§ =31 (G + 1) +j1(10 + 64 — 6z (=1 + r)ri (¢ + 1))
J1(<1 + 1)
— 21 (=14 ) (3(=2 423 (¢ +1) — 2(5 4+ 3¢) — r1(10 4 6¢;
2
(31‘%(2 + 3¢+ (F) +j1(—50 — 33¢

3G D) ) + o -
—TC 4621 (—1+r)r (24 3¢ + ) +z1(—1 + r)ri (=50 — 33¢; — 7¢3

G +DG+2)

+ (=7 +32z0)r] (243G +¢F) — (G +2)(19+7¢ + 3z (G + 1))))

4

GEESD
+3G + () +n(10+7¢ +Cf))) +

(Cl T 2) (J1(22 +7¢ + C12) + Zl(_]- + I’1)I’1(22 +7¢ + C12 + r%(Q

24
G+ 1D)(Ga+2) (G +3)(6 +4)

4
(i) QS (6 — o) 2, 0) = f(302+2m< 1+zQ<—1+r2>r2>+er2<2+zQ<—1+r2>2r2—2r§>>)

J1,)2
2

3
+ ¢ <2(2jg —3j3(C2 + 1) +j2(10 + 6(2 — 622(—1 + r2)ra (o + 1))

3(G+1)
—23(=1+r2)ra(3(=2 +22)r3(C2 + 1) — 2(5 + 3C2) — r2(10 + 6¢
2
+3z2(C2 + 1)))) + <3J%(2+3<2 +¢3) +j2 (=50 — 33¢2

0
—T¢5 + 6z(—1 + r2)"2(2 +3C +C3)) + za(—1 + ra)ra (=50 — 33¢, — 7¢3

B+ D(G+2)

+ (=7 +322)r3 (2+ 3G+ (3) — r2(Ge +2)(19 + ¢ + 322(C2 + 1))))

+J'421(Cl+1£;(<2+2) (J2(22+7C2+422)+22(—1+r2)r2(22+742+C22

+ I’%(Q + 3¢ + CQQ) + rz(lO + 7¢ + CQQ)))

24
TGN GGG

Lemma 2.4 We have the following results

1

(1) hm J1 Qﬁljgz((b — n);%,0) = m;
1,62 1

(2) Jim js Q12 ((0 — g); ¢, 0) = Gy

(3) Jim | Q1 (1= 2)(0 — 0); ¢, 0) = 05

(4) lim jr Q12 (1 — 2)% 3¢, 0) = —3 + (1 + );

Gi+1

2
C1,C2 2. — 2
(5) hm 12 Qn J2 (6 —0)%0)=—c" +o(l+ m)
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3. Approximation properties of the operators Qﬁlf
Theorem 3.1 For any ¢ € C(Z?), we have
lim |91 () — ¢l = 0.

j1,j2—00 Iz

Proof: Since
lim Q'Q"CQ (eik) = €jk, (I, k) S {(07 0)7 (Oa 1)7 (17 0)}

J1.)2

j1,j2—o00
and
Clim Q91 (ean + €n2) = €20 + €2,
jijz—roo 12
uniformly on Z?2. Applying Theorem (2.1) of [12] gives the result. O

Theorem 3.2 For ¢ € C(Z?), the operators Qﬁl’f(gp) converges to ¢ as ji,j» — 00, uniformly on I2.

Proof: The proof is straightforward when Lemma (2.2) and Theorem 3.1 are applied. O

In the case of two variables and for ¢ € C(Z?), the complete modulus of continuity is given as

w(p:6) = sup {w, 6) — o(o2.0)| : (1.0), (e.0) € T2 and /T~ =F T (00 < 5}.

For given s and p, the partial moduli of continuity are defined as

wO(:8) = sup 4 [p(s21, 0) — 9(s22,0)| - 0 € T and |ser — 525] < 5},

w(2)(<p;5) = sup{|g0(%, 01) — p(32,02)| : €T and |o1 — 02| < (5}.

The details of the modulus of continuity for the bivariate case can be found in [10].

Theorem 3.3 Suppose o € C(I?), then ¥ (s, 0) € I?, we obtain

1085 (6i0) = 90l £ 0 (1 N (b M@

Proof: Using complete modulus of continuity of ¢(sz, 0), we may express

195122 (s 52, 0) — (56, 0)] < Q162 (|p(1,0) — (52, 0)]; 5, 0)

115)2 J1,)2
Y 4 C1.C2 (. 1 12 (1, _ 5.
< w(so, VA 69 N e (%)> (lel,j;(l’%’ o)+ m%ﬁf(“ #l; 3, 0)
1 1
b 00 (0~ ol 0) + Q18 (1 #l0  dli) ).
Ainco (@) 12 \/)‘leil (%)\/)‘12@2(9) B
Utilizing the Cauchy-Schwarz inequality and Lemma (2.2), the desired outcome is achieved. O

We now examine the approximation rate for the operators (2.2) utilizing the Lipschitz class.

For 0 < t1,ts < 1, the Lipschitz class denoted by Lip,, (t1, t2) [4] for two variables is defined as
Lipys (v1,%2) = {9 : C(T%) = [0(1,0) — p(5¢,0)] < Mo = 520 — 0| *},
where M > 0.

Theorem 3.4 If v € Lip,, (v1,t2), then we have the following inequality

t

Q1 (352, 0) — (5, 0)| < M [Njyc, (3] ® Nwa (0)]F

hold for all (2, 0) € I, where N ¢, (3¢) = | (¢ = )% )| and Ay, ¢, (0) = [1Q57((0 = )% ).
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Proof: Let ¢ € Lip,, (v1,t2), then we have

Q12 (5 4,0) — 056, 0)| < QU (1 (1.0) = (34, 0) 5, 0)
< MO (e — 5™ |0 — o]™ 5 52, 0)
(- ee) )
Using Hélder’s inequality with p; = %, v = 2_2t1 and py = %,’02 = ﬁ, we get
1
) . ’ 2 . 2 2 .
Q2 (i, 0) — l,0)| < MO (1= 32.0) * Q% ((0- )% 7.0)
= M [N, 6, (9] 7 Do ()] 7
This completes the proof.
Theorem 3.5 Let ¢ € C'(Z?). Then, we have
195557 (@) = @Il < Nlsel 1y Nirca (52) + 2l 1/ Xz (@),

where Aj, ¢, (5¢) and N, ¢,(0) are given in Theorem 3.4.

Proof: According to hypothesis, we can express

L 0
0(1,0) — (2, 0) = / o, ) + / o (e, 0)du,

el

Now, applying Qﬁljj(-; », 0) on both sides, we have

C1,C2( .. Ch(z
QJhJQ (QD’ %7 Q) _QO(%7 Q)) J17J2 (/% QDW W 9 dW % Q)
0
Qﬁ]gz(/ ou (s, u)du; s, Q)
Since
L 0
/ ww<w,e>dw\ <l o= el and | [ pulosidul < lgall 16~ ol
> o
we have
QCIaCQ ( ) < QC2 0 — ol: ) | |QC1( . )
i (@532, 0) — (52, 0)| < |l Q57 (10 = ols 0) + |[sel| Q5 (e = 52 52).

Now, utilizing Lemma (2.3) and the Cauchy-Schwarz inequality, we obtain

1
2

IN

965 (6 0) — )| < Hlll (0 %)) (€5 o

)
Higall (0260 - 0%:0)” (9 (i)

el Xir.ca (30) + 2ol Aia.a (@), V(2. 0) € 7

IN

This concludes the proof of the theorem.

o
g
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Theorem 3.6 Suppose p € C(Z?). Then we have the inequalities
19515 0) — 900 £ 2) ey 6 + 6 5 N a0
Proof: Using the Cauchy-Schwarz inequality and partial moduli of continuity, we may write

Q862 (53¢, 0) — (35, 0)| < QS2(10(1,6) — (32, 0); ¢, 0)

J1.)2

< (e, 0) — @1, 0)l; 24, 0) + 552 (9 (1, 0) — (5, 0)]; 7, 0)
< Qi (w10 — )i 0) + Qe (WM i e = #D)s 2, 0)
1
< W81+ 505 18 dlio)]
J2
1
J1
1 1/2
< WOea |15 (080 - 0% 0) |
J2
1 1/2
1 .5 1 2,
ra(eid) |14 5 (0f = %00) |
Taking dj, = \/Aj,.c,(0) and &, = \/Aj, ¢, (5¢), we obtain the required result. O

4. Approximation properties and Voronovskaja type theorems

Theorem 4.1 (Voronovskaja type theorem). Let p € C?(Z?). Then, we have

Jim j (Qﬁf(w; 7, 0) — (>, 9)) = <<11+1><p%(%, o)+ (@)wg(%, 0)

52 (14 #25) —0* + o1+ 557)
+ ( <1+ )90%%(%7 Q) + ( <2+ >QOQ,Q(%7 Q)a

2 2

uniformly on I°.
Proof: Let (s, 0) € Z? be arbitrary. According to Taylor’s formula, we have
1
P(1,0) = 9(0) + @s(5,0) (1 = 2) + 905, 0) (0 = 0) + 5 {00 (3%, 0) (1 = 2)” + 2000 (34, 0) (1 = ) (0 = 0)

+000(55,0)(0 — 0)*} + Q1,05 52,00/ (L — )" + (0 — )%, (4.1)
for (1,0) € I?, where Q(¢,0; 5, 0) € C(Z?) and Q(¢,0; 2, 0) — 0 as (¢,0) — (5, 0).
Applying Qﬁjc(gp; », 0) on both sides of (4.1), we get

Qi (ps56,0) = 9(56,0) + Pul(56,0) Q5 (1 — #); 20) + 9,54, 0) QF (6 — 0); )
5 {02, 0O (1= )% ) + 00002, ) (0~ 0% 0)
20,0 (3¢,0) Q51 (1 — 2)(0 — 0); 3¢, 0)}
+0O5¢ (Q(u 032, 0)\/ (e = 5)* + (0 — o) 7, 9) : (4.2)
Using Holder’s inequality, we obtain
O (90,0356, 0)V/ (= )T+ (0= 0)5 4, 0) |
<O @bz} {5 (- + (0 0 ie0))

< {5 @05 01:0)} T {GF (= "0 + (0 - 00}

1/2

1/2



10 D. BHARDWAJ, S. A. MOHIUDDINE, A. KAJLA AND A. ALOTAIBI

In view of Theorem 3.1, QﬁjC(QZ(L,G‘; x,0); #,0) — 0 as j — oo uniformly in Z? and Qf((L — x)
(0] (%2) , uniformly in 72, and QJ-C((G —0%0) =0 (%2) , uniformly in 7?2, we get

J—0o0

uniformly in (s, 9) € Z2. Using Lemma (2.3), we obtain

lim JOF (¢ — 52); 2¢) =

j—oo 1

2
j—oo Cl +1

lim jQJ-C((L — )% ) = (— s+ (14
By applying Lemma (2.3), we obtain

lim jOF (v = #); ) Q5 (0 — 0); 0) = 0,

j—oo

lim QS (Q(% 0; 32, 0)\/ (L — 2)2 + (0 — 0)%; 2, Q) =0,

1
and lim jQ-C((O —0);0) =
1 jooo™

>) and Tim JOS((6— 0)% o) = (—92+g<1+
j—oo

4.
)

C+1

») =

)

uniformly in (»,0) € Z?. We obtain the intended outcome through combining the estimations with

equation (4.2).

d

Theorem 4.2 (Griiss-Voronovskaja type theorem). Let o, g € C%(Z?), then the following equality

holds true

J—0o0

+(—g2+p(1+

uniformly in (s, 0) € I?.

lim j {Qﬁ}’@ (0g: 32, 0) — Q12 (0352, 0) Q51 (g1 52, @)} = ( — 3+ #(1+

>)so;<%, Q)L (4,0)

)) o5 g, 0) (43)
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Proof: Using Taylor’s expansion of ¢, g and ¢g, we obtain
] {Qﬁ}’cz (i0g; 2, 0) — Q1 (5 ¢, 0) Q5 (g3 4, @)}
=] [Qﬁ}’@ (vg; 7, 0) — (54, 0)8(5, 0) — (¥ (52 0)8(5, 0) + ¢ (5, 0)g. (5, 0)) Ay, ¢, ()

— (¢, (52, 0)8(52, 0) + (5, 0)8, (54, 0)) Ajy.c,(0) — % (¢ (52, 0)8(52, 0) + 207, (52, 0)g.. (5, 0)

+0(52,0)85,.(5,0)) Njy ¢, (5) — % (©o (32, 0)8(52, 0) + 29, (52, 0)8,, (52, 0) + (3¢, 0)8, (5, 0))

Aianc2 (0) = (@(52, 0)80, (52, 0) + @}, (52, 0)8.. (32, 0) + . (52, 0)8Y (52, 0) + ., (32, 0)8(>, 0))
Ajy ja ¢1.6 (52, 0) — 8(5¢, 0) {Qﬁ}’@(s@; #,0) = ¢(5,0) — ¢, (5, 0)Aj, ¢, (3) — ¢ (5, 0)

1 1
Baa0) = 5905 D% ) = 50 ca0) — Pyl DM a0 |

2
— Q51 (32, 0) {Qﬁ}’<2 (g; 7, 0) — 8(3, 0) — &,.(5, 0)Aj, ¢, ()
— B, 00y (0) — (2,0 () — 2%, 0N (0)
/L% 0N 2 (0) (5, }+g% 500y, () {p(.0) = QT (w54, 0)}
+ (56, 0)Aj, 0, () { 9 (52, 0) — Q1 (5 51, 9)}
+ 5L 0N () {w(%, 0) — Q% (1 7,0)} + 3845 N (002, 0)
R (2 @)} + 81, (5% 0N a0 (5, 0) {w(%, 0) — Q12 (s x, 9)} + ¢ (52, 0)8,.(, 0)
Ajn¢ (52) + 9, (52, 0)8, (52, 0) Ay s 1,62 (52, 0) + 0y (3¢, 082, (54, 0) Ay iz 1 2 (52 0)
+, (52, 0)8, (5, 0 Ain. - (0)] -

Applying Theorem 3.1 and Lemma (2.4), we reach the assertion.

Theorem 4.3 For given function o € C(I?), we obtain the inequality given as

Qg ten-sio] < wiestieimon (o (ictin) + () )

m{am(: S350 050) ) + 555 (ol |

IN

J1s)2

e (w; \/<J1(Cll+ 1)>2 i <J2(C21+ 1))2)

The constant M > 0 is independent of ¢ and Sﬁlj’f (3¢, 0),

2 2
where S§30* (¢, 0) = (Ajl,cl(%) + <n(<f+1)) + Ao (0) + (m(giﬂ)) ) :

Proof: We describe the auxiliary operators as follows

5% (. — OS2, 1 1
Qi (wi0) = Q1 (w50, 0) — <%+ NG +1) j2(<2+1)> + (3, 0). (4.4)

Then, using Lemma (2.3), we have QQ’CQ((L —x);,0) =0 and QCI’CQ((G —0);,0) =0.
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Suppose g € C?(Z?) and ¢, 6 € Z. Employing Taylor’s formula, we may express

g(t,0) —g(e,0) = glt.0) — g5 0) +g(t,0) — gt 0)
Og (s, t 0%g(u, Og (s,
= g((%f@)( —%)—F/%(L—U) %(u2 Q)du—l— g%g Q)(G—Q)
+ /0(9 - v)%dv. (4.5)

Applying the operators Qﬁ}"@ on (4.5), we get

cl,@(/ Q)d 7 7Q>
41,<2</9 ga Pglev) Q)

- ([ om0 T8 o)

N /:JFM (%Jr J1(C11+ 1) u) azg(‘)(uué . du
vy ( [0 785 a0

ot T 1 0%g(5,v)
—/ ot ) o
0 j2(+1) v

=61,¢
ij ’ (g7 >, Q) - g(%7 Q)

Hence,
—(1,C2
gisncseay 1 9%g(u, 0)
< Ot ) / @FD B g(u, 0
< 9 (‘/L dul; )—i—‘ 5 %+j1(C1+1) ul| = |
+ e 2
C1,Co ) CANPY(eEDY) 1 _ o g(%’ 1})
£ (‘/ - i ”)* / Ry el |
2
<084 ((1- )% 5,0) + %+¥ ) Ylgllea
= | < P (G +1) )
¢1,C2 0 . 1 ?
+ Qj,j (( _Q) ;7,0) + Q‘Fm |lgllc2(z2)
1 2 1 2
< | A _ Ai _ 2(72).
< ( 1,6 (50) + <j1(§1+1)> + A2 (0) + (j2(<2+1>> )Igllc (72)
Also,
‘@97(2(9@;%79)‘ < (Q-C?’Cz(@;%,g)‘Jr‘so(%Jr. ! 0+ - ! )‘Hw(%m)
W > il +1) j2(G+1)
< 3llelle@e)- (4.6)



BIVARIATE RIEMANN-LIOUVILLE TYPE FRACTIONAL STANCU-KANTOROVICH OPERATORS 13

Hence, in view of (4.6), we obtain

Cl,Cz 1 1
Q_C}ch 12 - , ‘ = ‘Q 12 - 7, + <%+ . ) + - > - >, ’
01 (@3, 0) — (3, 0) i (pi0) — (0 + o T hG D ¢(3, 0)
—=¢1,C2 —=(1,C2
S |Q“ (Qp_g7%vg)|+‘Q“ (ga%wg)_g(%vg)‘
Hils0) = o0 0 + o (e g0t ) = )
, - , 4 . 9 - ,
1,G2
< 3lle —gllo@e) + e — g|\c<z2)+\QJJ (g;%,Q)—g(%,Qﬂ
e 5 - ,
4 il +1) ¢ j2(G2 + 1) v
< 4||<P*g||0(z2)+5ﬁ1é2( 2, 0)|lgllc2(z2)
+’g0<%+ L o+ 1 ) — (s g)‘
WG +1)77 ja(Ge+1) ’
<

<4||<P = llo + S e g>|g|02(p>)

oo (o s+ (v e o) )

Using (2.1) and right-hand side infimum over g € C%(Z?), we get

2 2
C1,C2 ¢, .. _ 1,62 ) # #
%} (e ) —plno) £ ST 00) +”<<P,\/(J1(<1 + 1)) ! (JQ(Cz +1)) )

< M{w2< SJCIIJ’ZCZ(% Q)) + min{1, Sﬁljfz(% 9)}||§0|C(I2)}
(g em) + Green)
i\ (G +1) j2(Ge +1) '

< M{w2< Sﬁljgz( )) Sﬁljz@(%, 9)|<P||C(I2)}
1 2 1 2
+w<¢;\/<h(§1+1)> + <j2(<2+1)) )
Hence, the proof is completed. -

5. Numerical examples

Example 5.1 Figures 1—4, represent the convergence for the operators Qf}’CQ for the functions p(¢, 0)(blue) =

307 363 — 3% cos(2mp), sin(2mp), 30 + 32 sin(3mp) + 0% cos(6m¢), respectively. The outcomes indicate

that the operators converge more effectively as the values of j1 and jo increase. In Figure, 5 and 6 we
take functions »>e*gsin(4ms)(blue), 3 0?(blue), respectively and we observe that as we increase values
of (1, (2, the convergence rate improves.

Example 5.2 In Figure 7-10, the error estimation of operators Qﬁ}’gz, improve for larger values of

j1,j2- We take (s, 0)(blue) = »sin(2mp), osin(2m¢), 53 — 3% cos(2mp), 30 + »* sin(3mp) + 0? cos(6m ),

respectively.

In all these figures, we have taken z1,zo,r1,ry = 1.
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1: Convergence
(green), Q055 (red), Q

3: Convergence
(green), Qyy'as” (red), Q

behaviour  of Figure 2: Convergence
0.5,0.5/_ - 0.5,0.5 0.5,0.5
77 (violet). 55 (green), 6.6 (red), Q

behaviour  of Figure 4: Convergence
0.5,0.5/_: 0.7,0.7 0.7,0.7
30,30 (violet). Q20,20 (green), Q30,30 (red), Q

behaviour

0.5,0.5
7.7

(violet).

behaviour

0.7,0.7
40,40

(violet).

of

of
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Figure 5: Convergence  behaviour  of Figure 6: Convergence  behaviour  of
1 2,2 33 /. 0.1,0.1 0.3,0.3 1,1 .
Q40’40(green), Q40’4O(red), Q40,40(V1016t)' 15,15 (green), 15,15 (red), Q15,15(V101’3t)~

Figure 7: Error behaviour of Qggr:’g%&”(green), Figure 8: Error behaviour of Q4’5

Qs (red), g3t (violet). QY% (red), QY° (violet).

0.5,0.5

(green),
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Figure 9: Error behaviour of Qg;§’0'5(green), Figure 10: Error behaviour of Q,y'5;”(green),

Q55" (red), Q77 (violet). Qi (ved), Qi (violet).

0.5,0.5

6. Conclusion

In this paper, we introduced a new class of bivariate Riemann-Liouville type fractional Stancu-
Kantorovich operators and studied their approximation properties. The uniform convergence of the
operators was established, and the rate of convergence was obtained using the modulus of continuity
and Lipschitz-type functions. Moreover, Voronovskaja-type and Griiss-Voronovskaja-type theorems were
derived to describe the asymptotic behaviour of the operators. Numerical examples and graphical il-
lustrations confirmed the theoretical results. Furthermore, for (; = (o = 1, our proposed operators
Qfﬁf (; 52, 0) reduce to the bivariate Kantorovich Stancu operators. This reduction shows that our pro-
posed operators are natural extension of the existing operators. Consequently, the results of this paper

generalize the known approximation results and include several earlier results as particular cases.
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