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7 and Z*-Soft Convergence in Soft Topological Spaces
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ABSTRACT: In this paper, we introduce the notions of Z and Z*-soft convergence of sequences of soft points
in soft topological spaces and study some basic properties of these notions. Also we introduce the notions of
Z-soft limit points and Z-soft cluster points of a sequence of soft points in a soft topological space and study
their interrelationship.
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1. Introduction and Background

In this era, it is a major concern to solve the problems involving uncertainties. Soft set theory is one
of the best tool to tackle this kind of problems. The concept of soft set theory was first introduced by
Molodtsov [26] in the year 1999. After this tremendous work, basic algebraic properties of soft sets were
studied by Maji et al. [24]. For more primary works in this line one can see ([1,2,3] etc.). Because of
immense importance the notion of soft topology was introduced independently by Shabir et al. [30] and
Cagman et al. [7] in 2011. Afterthat various topological properties were developed by Aygiinoglu et al.
[4], Das et al. [9], N. Xie [31] and many others.

On the other hand the notion of statistical convergence of sequences of real numbers was first intro-
duced by H.Fast [12] and also independently by I1.J. Schoenberg [29] using the concept of natural density.
After the works of Saldt [27] and Fridy [14,15], it has become one of the most active research area in
summability theory. This notion of statistical convergence was further extended to ideal convergence by
Kostyrko et al. [21] using the concept of ideal of subsets of N. Because of great importance the notion
of statistical convergence for sequences in topological spaces was introduced by Maio et al. [11] and the
notion of ideal convergence was developed in topological space by Lahiri et al. [23].

Recently in soft topological spaces the notion of soft convergence has been introduced by Demir et al.
[10] and the notion of weighted statistical soft convergence has been introduced by Bayrama et al. [5]
which extends the notion of soft convergence [6] as well as the notion of statistical soft convergence [5]
of soft points and some basic properties of these notions have been studied. In this paper we introduce
and study the notion of Z-soft convergence of sequences of soft points in soft topological spaces, which
extends both the notion of soft convergence and statistical soft convergence. Further we introduce the
notion of Z*-soft convergence and study it relationship with Z-soft convergence. In section 5 of this paper
we introduce the notions of Z-soft limit point and Z -soft cluster point of a sequence of soft points in a
soft, topological space and study their interconnection.
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2. Basic definitions and notations

In this section we first recall some basic definitions and notations related to statistical and ideal
convergence.

Definition 2.1 [12,29] Let B C N and B(n) = {k € B : k <n}. Then B is said to have natural density
B
d(B), if d(B) = lim %, where |B(n)| denotes cardinality of the set B(n).

n—oo

Definition 2.2 [11] Let (X, 7) be a topological space. A sequence {n,}nen in (X, 7) is said to be statis-
tically convergent to a point x € X if for every neighbourhood U of x,

d{neN:n, ¢U}) =0.

In this case, we write st — lim n, = x.
n— oo

Definition 2.3 [22] Let X be a non empty set and T be a collection of subsets of X. Then, T is said to
be an ideal in X if,

(i) 0 eI,
(it) AcZT and BCA = BeT,
(tit) AcTand BeZT = AUBeTZ.

An ideal Z of X is said to be non-trivial if Z # {0} and X ¢ Z.
A non-trivial ideal Z of X is said to be admissible if {z} € Z, for every z € X.

Definition 2.4 [22] Let X be a non-empty set and F be a non empty collection of subsets of X. Then,
F is said to be a filter on X if,

(i) 0 ¢ F,
(ii) Ae Fand BODA = BeF,
(tit) Ac Fand BeE F = ANBEF.

Definition 2.5 [22] Let T be a non-trivial ideal of a non-empty set X. Then the family of sets
F(I)= {AC X :3 BeT suchthat A= X — B} is a filter on X, which is called filter associated with
the ideal T.

Through out this paper, we consider that Z as an admissible ideal of N unless mentioned otherwise.

Definition 2.6 [21,25] Let (X,T) be a topological space. A sequence {n,}nen in (X, 7) is said to be
T-convergent to a point x € X, if for every neighbourhood U of x, {n e N:n, ¢ U} € Z. In this case we
write T — lim n, = =.

n—oo

Definition 2.7 [21,23] Let (X,7) be a topological space. A sequence {n,}nen in (X, 7) is said to I*-
convergent to a point © € X if there exists a set N = {n1 < ny < ... < np < ..} € F(I) such that
klim NMny, = T

—00

Definition 2.8 [21,25] Let (X, T) be a topological space and {0, }nen be a sequence in X.

(a) z € X is called an Z-limit point of {n, }nen if there exists a set N = {n; < ng < ...} CN such that
N ¢ 7T and klim Nny, = .
— 00

(b) x € X is called an I-cluster point of {n, }nen if for every neighbourhood V' containing x, {n : n, €
Vi¢T.
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Following [7,24,26,30] we now recall basic concepts of soft set theory.

Definition 2.9 [7,24,26] Let X be an initial universe set, S be a set of parameters and M C S. A soft
set Gy over X is defined by the set of all ordered pairs Gar = {(s, gm(s)) : s € S}, where gar : S — P(X)
is a mapping such that gpr(s) =0, Vse€ S — M.

Throughout this paper we take X as an initial universe set, S as a set of parameters, M C S, P(X)
as power set of X, Gy as a soft set over X and A(X) as a set of all soft sets over X unless otherwise
mentioned.

Example 2.1 Let the initial universe set X consist of five universities, say, X = {x1,22,%3, 4,25}
Let S = {s1,89,83,84} be a set of parameters, where s1 stands for ‘high quality research’, so stands
for ‘excellent faculties’, s stands for ‘intelligent students’ and s, stands for ‘modern research lab’. Let
M = {s1,82,83} C S and gpr : S — P(X) be given by

gm(s1) = {1}, gm(s2) = {1, 23,05}, gum(s3) = {w1, 24,25} and gar(sa) = 0.

Note that gpr(s;) literally represents the set of all universities having the property s;, i = 1,2,3,4.

Then Gy = {(s1,{z1}), (s2,{z1,23,25}), (3, {®1, 24, 25})} is a soft set over X.

Let Gy € A(X). If gu(s) =0, Vs € S, then Gy is called an empty soft set or null soft set and is
denoted by Gy or ) and if gpr(s) = X, V s € M, then gy is called a M-universal soft set and is denoted
by G- If M =S, then G is called an universal soft set or absolute soft set denoted by X.

Definition 2.10 [7,24] Let Gy, Hy € A(X). Then Gy is said to be a soft subset of Hy, if gar(s) C
hn(s), ¥V s € S and is denoted by Gy CHy. In this case, Hy is also called a soft super set of G-
G, Hy are called soft equal if gpr(s) = hN( ), Vse€S and to denote it we write Gy = Hy. Gy, Hy
are called soft unequal if there exists s € S such that ga(s) # hn(s') and to denote it we write

G # Hy.

Definition 2.11 [7,2/] Let Gy, Hy € A(X). The soft union of Gy and Hy is denoted by GpUHy
and is defined by G UHN = {(s, gm(s)Uhn(s)) : s € S}; the soft intersection of Gy and Hy is denoted
by GyNHy and is defined by GyNHy = {(s,90m(s) N hy(s)) : s € S}; the soft difference of Gy and
Hy is denoted by Gar—Hy and is defined by Gy—Hyx = {(s,g9m(s) — hn(s)) : s € S}.

The soft complement of G s is denoted by G$; and is defined by G, = {(s, X — gum(s)) : s € S}.
Definition 2.12 [/,9, ?1] A soft set Gy in A(X) is called a soft point if 3 s € M and x € X such that
gr(s) ={z} and gar(s') =0, Vs € S —{s}. Such a soft point is denoted by xM

A soft point xM M" s said to be in the soft set Hyy if © € har(s). We write xéwéHM. A soft point

=M is said to be not in the soft set Hyy, if x ¢ har(s) and we write xM ¢ Hyy.

Two soft points xi\f and yﬁ\;f in a soft set Hyy are called distinct if s1 # so or x # y or both hold.
Any soft set is soft union of all soft points in it.

Definition 2.13 [7] Let G be a soft set over X. A collection of soft subsets of Gy is called a soft
topology on Gy, if the following conditions are satisfied,

(i

(41
(i
(i

The pair (G, T) is called a soft topological space. When their is no confusion about the soft topology on
G, we denote the soft topological space (G, T) by Gar only. Every member of T is called a soft open
set. A soft subset Hy;» of G is called soft closed set in the soft topological space (G, T), if Gu—

is soft open in the soft topological space (Gpr,T).

soft union of arbitrary members of T is again a member of T,

) 0
) G
)
v)

soft intersection of finitely members of T is again a member of T.
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If (G, 7) is a soft topological space and H,;» CGyy, then (H, ,TH ,) is called a soft subspace of
(G, 7), where 7y, = {Ry"NHp : Ry € 7}

Definition 2.14 [32] Let (Gpr,T) be a soft topological space. A soft subset K, of Gar is said to be a
soft neighbourhood of a soft point xéw €G if there exists Hypr € T such that xM M cH v CK

Definition 2.15 [7] Let (G, T) be a soft topological space and H,;r be a soft subset of Gpr. Then soft
closure of H,; is the soft intersection of all soft closed sets in G, containing the soft set H,; and it is

denoted by cl(H ;).
Theorem 2.1 [7] A soft subset H,;» of Gy is soft closed in (G, T) if and only if cl(Hyp ) = Hyyr .

A soft subset H,,/ of a soft topological space (G'ar, ) is called soft dense in (Gar, 7) if cl(H,, ) = G-
(Gm,T) is said to be soft separable if it has a countable soft subset which is soft dense in (G, 7).

Definition 2.16 [17] Let (Gar,7) be a soft topological space. If for any two distinct soft points Mt and
Y M2 in Gy, there exist soft open sets Py and Q,, such that

xéwlepM 7y GQM”7x ¢QM”7y ¢P]\/[ 9
then (G, T) is called soft Ty space.

Definition 2.17 [10] Let (Gar,7) be a soft topological space. If for any two distinct soft points 1 and

yMZ in G, there exist soft open sets Py and @Q,,» such that

xéwIEPM'7yi\/42,éQM”7PM,ﬁQM” = @7
then (G, T) is called soft Hausdorff space.

Definition 2.18 [6] Let (Gp,T) be a soft topological space. A sub-collection  of T is said to be soft
base for T, if every element in T can be written as soft union of some members of (3.

Definition 2.19 /6] Let (G, 7) be a soft topological space and ™ be a soft point of Gpy. Let N
be the set of all soft neighbourhood of x M* " Then a sub-collection By of Ny is said to be soft local
base at xM if for any Hyy € Nyar=, 3 Kyyn € Byue such that @M €K, CH,,r.

Definition 2.20 [6] A soft topological space (Gpr,T) is said to be soft first countable at :ci\/[OEGM if
there is a countable soft local base at xé\/fo. (G, T) is said to be soft first countable if there is a countable
soft local base at every soft point of Gpy.

Theorem 2 2 [6] Let (Gpr,T) be a soft topological space which is soft first countable. Then, for any
soft point :c "€ G, there exists a countable collection of soft local base {HppiVien at M7 such that
Hyy, :)IT[M2 :)HMiD

Definition 2.21 [6] A soft topological space (Gar,T) is said to be soft second countable if T has a count-
able soft base.

Theorem 2.3 [6] Let (Gar,T) be a soft second countable. Then it is soft separable.

Definition 2.22 [6,10] Let (Gpr,T) be a soft topologzcal space . A sequence {n,}nen of soft points in
G is said to be soft convergent to a soft point xM "EGy, if for any soft neighbourhood H,; of 2M°,

there exists k € N such that n,€H,p,Yn > k. In this case, we write 1, — M M* or lim g, = J}M*
n—oo

and

M*
S

xt is called soft limit of {ny }nen.
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Definition 2.23 [5] Let (G, 7) be a soft topological space . A sequence {n, }nen of soft points in Gy
is said to be statistically soft convergent to a soft point xé\/l*éGM, if for any soft neighbourhood H,; of

* st ]\/[* M*

M d({neN: nn%HMf}) = 0. In this case, we write st—nlirgon,L =aM orn, 5 aM . 2M s called a

statistical soft limit of {nn }nen.

Definition 2.24 [31] Let (G, T) be a soft topological space. A soft point mi” in Gy is said to be a soft
limit  point of a soft subset K,y of Gu, if for each soft meighbourhood
Hyroof e, (Hyr —{zM WAK,, # 0.

Definition 2.25 [31] Let (Gyr,7) be a soft topological space. A soft point £ in Gy is said to be a
soft limit point of a sequence w = {ny nen of soft points in Gy, if for each soft neighbourhood H,, of
oM the set {n € N:n,EH,,} is infinite.

The soft set of all soft limit points of w = {Np tnen is denoted by Ly,.

3. Z-soft convergence in soft topological spaces

In this section following Kostyrko et al. [21] and Lahiri et al. [23], we introduce the notion of Z-soft
convergence of sequences of soft points in a soft topological space.

Definition 3.1 Let (G, T) be a soft topological space. A sequence {n,}nen of soft points in Gy is
said to be I-soft convergent to a soft point M in Gy, if for any soft neighbourhood U, of M
{n € N:n,¢U,y} € I. In this case, xM" is called I-soft limit of {nn}nen. In this case, we write
7 - limn, = xéw

n—oo
Remark 3.1 (i) If we take T = Zy = {A C N : A is a finite subset of N}, then Zs-soft convergent
coincides with usual soft convergence [6] [10].

(1) If we take T = Ty = {A C N : d(A) = 0}, then Ty-soft convergence coincides with statistical soft
convergence [5].

(iii) For an admissible ideal T of N, the collection S(AT) = {D C N: § 4z(D) = 0}, where A = (a,x)
is an N x N non-negetive reqular summability matriz and 6 4z(D) = Z — lim Z U, the AT-density

n—oo
meD

of D (see [13,16,20,25,28] for more details). Then the notion of S(AT)-soft convergence of sequence
of soft points gives the notion of A%-statistical soft convergence. Further, if T = I; = {A C N :
A is a finite subset of N}, then the notion of S(AL7)-soft convergence of sequence of soft points in a soft
topological space gives the notion A-statistical soft convergence. For the Cesaro matriz Cy, the notion
of S(Clz)—soft convergence of sequence of soft points in a soft topological space gives the notion of Z-
statistical soft convergence.

Note 1 It is clear that for an admissible ideal T any soft convergent sequence of soft points in a soft
topological space is I-soft convergent with same limit. But the converse is not true. To show this we
consider the following example.

Example 3.1 Let X = {z1,22,23,24} be an initial universe set, S = {s1, s2, s3} be a set of parameters,
M ={s1,82} €S and Gpr = {(s1,{x1,22}), (52, {w2,23})} be a soft set over X. Let T = {0,Gpr, Py }
where Py = {(s2,{x2,23})}. Let T=P2N)UZ; U{AUB: A€ P(2N),B € Is}, where P(2N) denotes
power set of 2N, T¢ denotes collection of all finite subset of N. Then, I is an admissible ideal of N and
{Nn}nen be a sequence of soft points in G defined by

Mo

M . .
xy ', if mois an even number
Tn = ! . .
x3 2, ifn is an odd number.
s2

Now, Gy and Py are only soft open sets in (Gar,T) containing a:éw;

Since {n € N : Un%GM} =0eZ and {neN: nn%PM/} ={n € N:n is even} € Z, so for any soft
neighbourhood R, of xévslz, {neN:n,¢R,;»} € Z. Therefore, T —limn,, = xévsls But the sequence is
M2 M2

neither statistically soft convergent to T3.2 nor soft convergent to T32.



6 P. MALIK AND A. PAUL

Note 2 Note that Z-soft limit of a sequence of soft points in a soft topological space may not be unique.
To show this we consider the following example.

Example 3.2 Let X = {21, 29, 23,24} be an initial universe set, S = {s1, $2, 83, 84} be a set of param-
eters, M = {s1,82,83} € S and Gy = {(s1,{z1,22}), (82, {x3,24}), (83, {®3,24})} be a soft set over

X. Let T = {0,Gpn, Py, Qpyr }, where Py = {(s2,{z4}), (s3,{za})}, Qupr = {(s3.{x3,24})}. Then
(Gar,T) is a soft topological space.
Let {ny }nen be a sequence of soft points in Gy, defined by

xé” ifneT
In = 1‘2{, ZfﬂEQ

M otherwise
453 9 9

where, T = {n € N: n is prime} and Q = {2n:n € (N—{1})}.

Let R={2n—-1:neN}-T andZ =Z; UP(T)UP(Q)U{AUBUC : AcI;,BeP(T),C € P(Q)},
where P(Y') denotes power set of Y. Then I is an admissible ideal of N. Here, Py, Qv and Gy are
only soft open sets in (G, T) containing xM

Since {n € N : nn¢GM}—(Z)EI {nEN nn§éQM~}—TUQ€I {neN: nn¢P }=Te€eZ, so
for any soft neighbourhood H,;» of .1‘4 , {neN: nn¢H n} € Z. Therefore, T — hm 0 1)y, = xfys

Again, Gy and Pyp are only soft open sets in (G, T) containing 33452
Since {n € N: nnéGM} =0eZ {neN: nn%P 1y =T¢€Z soI— limn, = :cfle Therefore xfle
n—00 s s
and x4 * both are I-soft limit of the sequence {n, }nen.

If the soft topological space is soft Hausdorff then Z-soft limit of an Z-soft convergent sequence is
unique, as proved in the following theorem.

Theorem 3.1 Z-soft limit of an Z-soft convergent sequence in a soft Hausdorff space is unique.

Proof: Let (Gys,7T) be a soft Hausdorff space and {n, }»en be a sequence of soft points in G, which is

T-soft convergent. If possible let Z— lim = xM aswellasZ— lim = y M in G Then, there exists soft
n~>oo n—oo

open sets U, and Var such that z}" €U,y €V and Uy OV = (. Then, {n € N: 9, ¢U,, } €
Z and {n € N: nngéVMu} €Z. So, {n e N:n,eU,p} € F(Z) and {n € N: n,€V,;»} € F(Z). Then
{neN:n, €U, }N{n € N:n,EV,»} € F(T). This implies, Uy, NV, # 0, which is a contradiction.
Thus, {Nn}nen has unique Z-soft limit. O

Note 3 FEvery subsequence of an Z-soft convergent sequence need not to be I-soft convergent to the same
Z-soft limit. To show this we consider the following example.

Example 3.3 Let X = R be an initial universe set, S = {s1, 52, 83,84} be a set of parameters, M =
{81,82,83} C S and Gpr = {(s1, (=0, 1)), (s2,{2}), (s3,{5})}. Then G is a soft set over X.

Let 7 = {0,Gp, Py, Qv 5 where Py = {(s2,{2}), (s3,{5})} and Q.7 = {(s1,(—00,1))}. Then
(G, T) is a soft topological space. Let {n, tnen be a sequence of soft points in Gy defined by,

é\/lfl, ifneW
=202, ifneT
5%3, otherwise

where, W ={k € N: k is even}, T = {k € N: k is prime and odd}.
Let Z=Z; UP(W)U{AUB:A€Z;, BeP(W)}. ThenZ is an admissible ideal of N.
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Now, Gpr and P, are only soft open sets containing 5M3 and {n € N : nnéGM} =0 €T and
{n e N: 77”¢P '} = W € I, so for any soft neighbourhood Ry, of 5M2, {n € N : n,¢R,m} € T.
Therefore, T — lim n,, = 5%3.

n—oo

But the subsequence {nzi}ren of {Nn}nen is not I-soft convergent to 557,

83?

Theorem 3.2 Let (Gpr,T) be a soft topological space and {n,}nen be a sequence of soft points in Gyy.
If every subsequence of {nn}nen has a subsequence which is T-soft convergent to a soft point mM €Gur,
then {n, Ynen is I-soft convergent to 2.

Proof: Suppose {1, }nen is not Z-soft convergent to xM". Then there exists a soft neighbourhood U,

of zM" such that {n € N : nngéUM 1 ¢Z. Let B={neN: nngéUM }. Then B is an infinite set say,
B={ny <ng<---<np<---}. Then {ny,, }ren is a subsequence of {7, }nen which has no subsequence
T-soft convergent to 2", a contradiction. Then, {7, }nen is Z-soft convergent to 2. O

4. T*-soft convergence in soft topological spaces

In this section following Kostyrko et al. [21] and Lahiri et al. [23], we introduce the notion of Z*-soft
convergence of sequences of soft points in a soft topological space.

Definition 4.1 Let (G, T) be a soft topological space. Then, a sequence {n, }nen of soft points in Gy
1s said to be I*-soft convergent to a soft point xM M™ in Gar if there exists P = {p <p2<--<pp <

-} € F(Z) such that lim n,, = M In this case, we write T* — lim n, = 2™ and M is called
k—r o0 n—00

T*-soft limit of {nn nen.

Theorem 4.1 Let (GM, T) be a soft topological space and {n,tnen be a sequence of soft points in G ;.
If 7* — hm 0 7y = x , then 7 — hm 0 7y = JZM and if (G, T) is soft Hausdorff then T*-soft limit of

{Un}neN 1S UNLqUeE.

Proof: Since Z* — lim 7, = 2, so there exists P = {py < p2 < --- < pp < ---} € F(I) such

n—o0

that khm Np = M Let U, be a soft neighbourhood of xM". Then, there exists kg € N, such
—00

that n,, €U, , ¥V k > ko. Now, {n € N: n,¢U,;} C (N— P)U {p1,p2,--- ,pko} Since, (N — P) U

{p1:p2, - Pro} €T s0, {n eN: nn§§UM '} € Z. Therefore, Z — hm 7], = M. Now if (Gpr,7) is soft

Hausdorff, then ‘Theorem 3.1°, Z*-soft limit of {7, }nen is unlque. O

Theorem 4.2 Let (G, T) be a soft topological space, having no soft limit point. Then T and T* soft
convergence coincide.

Proof: In the view of 'Theorem 4.1°, we have only to prove Z-soft convergence implies Z*-soft conver-
gence.

Let {n,}nen be a sequence of soft points in Gy such that Z — lim 7, = £U . Since, (Gps,7) has no
n—oo
soft limit point, so U,,» = 2M" is soft open. So, {n € N: nn¢UM '+ €Z. Then, {n e N: nneUM e F(D),
ie, {n e N: nnfo}E}'().let{néN nn::ﬂM}— —{p1<p2< - < prp <---}. Then
P e F(I) and hmnpk—x . So, T* — lim 7, = 2™
n—oo
O

Remark 4.1 In an arbitrary soft topological space, equivalency between I and Z*-soft convergence does
not hold. To show this we consider the following result.

Theorem 4.3 Let (Gpr,T) be a soft first countable, soft Hausdorff space having at least one soft limit
point 2. Then there exists an admissible ideal T of N and a sequence {7y, }nen of soft points in Gy
such that 7— hm 0 Yy = xM but Z* — lim ~, does not exist.

n—oo
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Proof: Since (G, 7) is soft ﬁrst countable, soft Hausdorff and a: M™ g a soft limit point of Gy, so there
exists a soft local base {H,(zM )},en at M such that Hn+1( )CH (M ) vneN and a sequence
{Nn}nen of distinct soft points in Gy such that hm 07 = xM and NeH, ( ) H, oo (zM ) Vn € N.

Let N = ‘Ule be a decomposition of N such that M; is infinite, V j € N and M; N M; = 0, for
j=

i#j,1,7 €N Let Z={A C N: A intersects at finitely many Mf;’s} . Then 7 is an admissible ideal of
N.

Let {vn}nen be sequence of soft points in Gps such that v, = n;, if n € M;. Let V;» be a soft
neighbourhood of ", Then there exists k¥ € N such that H, (M )CV,, ¥V n > k. Then {n €
N: &V} C My UMU--- UM, . Since, My,Ms,--- , M, € Z,s0 {n € N:~,¢V,r} € Z. So,
7 — lim v, = xM

n—oo

Now, suppose Z* — lim v, = xéw Then there exists @ = {¢1 < ¢2 < ---} € F(Z) such that
n—oo

lim = J;M
k—o0 Tar =

Let P = N—Q. Since P € 7, there exists | € N such that P C M;UM>U---M;and M; CN—-P, Vj >
I+ 1. So, for each each j > [ + 1, there exists infinitely many %’s such that v, =mn;. So fori,j7 >1+1
with ¢ # j we get two subsequence for {~q, }ren converging to n; and 7); respectively. Since (G M, T) is soft

Hausdorff space and n; # 1; # ¥ so we get a contradiction to the fact that hm 0 Vg, = x . Therefore

7* — lim 7, does not exist. O
n—oo

We now consider a condition namely AP condition under which Z and Z*-soft convergence coin-
cide.This condition (AP) was introduced by Kostyrko et al. [21] which is similar to the (APO) condition
used in [8] and [12].

Definition 4.2 [21] An admissible ideal T of N is said to satisfy the condition AP, if for every countable
family of mutually disjoint sets {Hy, Ha, -+ --- } belonging to I, there exists a countable family of sets

{K1,Ka,--+ -+ } such that H;AK; is finite, for alli € N and K = iLj)lKi el.

Theorem 4.4 (i) If (G, T) is a soft first countable soft topological space and L satisfies condition (AP),

then for any sequence {ny, tnen of soft points in Gy, T — lim n, = xM = I* - lim n, = x;
n—oo n—oo

(1i) If (Gpm,T) is a soft first countable, soft Ty space having at least one soft limit point and if for
every sequence {np tnen of soft points in Gy, I-soft convergence of {n,} implies T*-soft convergence of
{nn}, then T has the property (AP).

Proof: (i) Let {1, }nen be a sequence of soft points in Gy such that Z— lim 7, = 2", where 2" €G ).
n—oo

Since (Gar,T) is soft first countable so by ‘Theorem—2 2, there exists a countable collection of soft local
base {G,,(zM") : n € N} at ™" such that G, 1 (zM )CG (M), Vn €N.

Let H; = {n € N : nngéGl( e )} and H,, = {n € N: nn¢Gm(;Ei,W):Gm (M)}, Vm > 2. Then
H,c€Z, VmeNand H;NH; = [Z) Vi,j € N. Since Z satisfies (AP) condition, so there exists a countable
collection of sets, say {K,, : m € N} such that H,,,AK,, is finite, Vm € N and K = %NKm € Z. Then

R=N-K={r<rn< - <r< - } € F(I). Let Vs be a soft neighbourhood of z"
Since {n, }nen is Z-soft convergent to 2" so {n € N : nngéVM } € Z. Then there exists ¢ € N such
that G, (M )CV,,;,V n > q. Then, {n € N : nn¢VM '} C U H;. Since, H,,AK,, is finite, Vm € N, so

L_Jl(HiAKi) is also finite. So, there exists ng € N such that V n € N with n > ng, n € ‘L_JlHi if and only
ifn € EJK4 We Choose, ¢t € N such that r, > ng. Since r; ¢ K O 6K- for any j € N, so if p > ¢,
thenrp>7°t>n0 and sor, ¢ {n € N: nngéVM} Vp >t = rpe{nEN nm€Vy}, ¥p > t. So,

lim n,, = =2M" . Hence, T* — lim n, = :rM
p—00 n—o0
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(ii) Let 2" be a soft limit point of Gy;. Since, (Gar,7) is soft first countable, soft T; space, so
there exist a soft local base {G,,(zM )} en at M with G,y (M )CG,(2M7), ¥V n € N and a sequence
{Nn}nen of distinct soft points in Gy such that lim 7, = M NE€G, (M), ¥n € N and n,, # 2M

n—oo

S
for any n € N. Let {H,}.en be a sequence of mutually disjoint non-empty sets from Z. Let us define a
sequence {v, }nen of soft points in Gy by

U ianHj
T = 2™ ifneN—(UH)).
jEN

S

Let V,;» be a soft neighbourhood of xzM" . Then, there exists ¢ € N, such that Gn(xi,”*)éVM/, Vn>q.

So, {n e N:~v,¢V,;s} C HHUHyU---UH, 4. Since, Hy,Hs, ... Hy_1 € Z,s0 HHUHyU---UH, 1 €T
p M*

and so {n € N:v,¢V,»} € Z. So, Z- lim v, = xéw Then, by the given condition, Z*- lim v, = x
n—oo n—oo
Then, there exists R = {r; <7y < --- <71 <---} € F(Z) such that klim Yo =M Let H=N—R.
— 00

Then H € Z. Let K; = H; N H, Vj € N. Since, H € Z and K; C H, Vj € N, so K; € Z, Vj € N and
since U K; C H, U K; € 1.
JjEN JjEN

Let j € N. If H; N R is infinite, then v,, = n; for infinitely many r;’s. But n; # M and so
Gn—{n;} is a soft neighbourhood of ™" and +,, ¢Ga—{n;} for infinitely many 7;’s which contradicts
that klim Yo =M. So H; N R is a finite set.

—00

So, there exists lp € N such that H; C (H; N K;) U{ri,re,---,r,}. Then, H{AK; = H; — K; C
{ri,r2, -+, 11, }. So, H;AK; is finite.
Thus, we get a countable family of sets {K; : j € N} such that H;AK is finite, Vj € N and VUNK]- el
Je

So, ‘I’ satisfies (AP) condition. O

5. Z-soft limit point and Z-soft cluster point

In this section, following Kostyrko et al. [21] and Lahiri et al. [23], we introduce the notion of Z-soft
limit point and Z-soft cluster point of a sequence of soft points in a soft topological space.

Definition 5.1 Let (G, T) be a soft topological space and w = {n,}nen be a sequence of soft points
in Gur. A soft point M is said to be an I-soft limit point of w = {Ny}nen, if there exists a subset
P={p1<pa<--<pp<--} of N such that P ¢ T andklimnpk =M

—00

The soft set of all Z-soft limit points of w = {Nn }nen s denoted by T(Ay,).

Definition 5.2 Let (Gpr,T) be a soft topological space and w = {ny, tnen be a sequence of soft points in
Gar. A soft point 2™ is said to be an I-soft cluster point of w = {n, Ynen, if for any soft neighbourhood
Up ofxi‘/[*, {neN: nngUN[/'} ¢TI

The soft set of all Z-soft cluster points of w = {ny tnen is denoted by I(fw).

Theorem 5.1 Let (Gpr,7) be a soft topological space. Then, for any sequence w = {n,}nen of soft

points in Gy, we have Z(A,)CZ(Ty,).

Proof: Let M €Z(A,). Then, there exists a set P = {p; < ps < --- < pp < ---} ¢ T such that

klim Mo = =M. Let Uyy be a soft neighbourhood of #". Then, there exists ko € N such that
—00

Npw €EUNps Y k> ko. Then, {n € N:n,€U,p} D P —{p1,p2, spro }- If {n € N:n, €U, } € Z, then,
P — {p17p27"' apko} S 7 and so P = (P - {plap27"’ 7Pk0}) U {PlaPQ,"' apko} S I> a co~ntradict~ion.
Therefore, {n € N: 1, €U, } ¢ Z. So, 2" is an Z-soft cluster point of {1, }nen. Hence Z(A,,)CZ(T,,).

O
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Theorem 5.2 Let (Gar,T) be a soft topological space. For any sequence w = {n, }nen of soft points in
Gur, Z(Ty) is soft closed in (G, 7).

Proof: Let y™ € cl(Z(T',,)) and let U, be a soft neighbourhood of y™". Then, U, AZ(T,) # 0. Let
wTEZ(D T, )AU,,~. Since, w’™™ is an Z-soft cluster point of {n, }nen and Uy, is a soft neighbourhood
ofws, " so{neN: nneUMu} ¢ 7. So, y;

ok~

EZ(T,). I(fw) is soft closed in (G, 7). O

Theorem 5.3 Let (Gpr,T) be soft second countable and there exists a disjoint sequence {Rp}nen of
natural numbers such that R, ¢ I, ¥n € N. Then for every non-empty soft closed set H,, CGpy, there

exists a sequence w = {yn tnen of soft points in Gy such that Hy; = I(T,).

Proof: Let H, be a non-empty soft closed set in Gs. Since (Gas, T) is soft second countable, so the soft
subspace (H, 7 ,) is soft separable. So there exists a countable collection of soft points @ = {n, }nen

in H,, such that CZHM, (nLeJN{nn}) =H,/ .

Let w = {Bn}nen be a sequence of soft points in Gy such that 8, = n;, when n € R;, ¢ € N. Let
P = A(EJOIRZ'. Then P is an infinite set. Let P = {n; < ng < --- < mp < ---}. Then we can get a
i=

subsequence w = {f,, Yren of w'.

Now we show that Z(T, )JCH,; . Let yM (T T',) and Vy, be a soft neighbourhood of ¥~ in
(Gp, 7). Then {k € N: ,BnkGVMu} ¢z and so {k € N:~,, €V} # 0. Then there exists ip € N such
that 7;, €V, So Vi AH,; # 0 and so yM " Ecl(H,; ) = H,, and so Z(I',)CH

Conversely, let yM ™ GH + and W be a soft neighbourhood of yM™" in (G, 7). Then W NH
is a soft neighbourhood of ™"~ in (HM/,?H ,) Then there exists 7;, € N such that n;, EW,m ﬂHM

and R;, C {keN: BnkEWM”’} Since Rj, §é 7,50 {k € N: B, EW,m} ¢TI So, yM ELT,) and so

H,;CI(Ty). Hence, H,,s =T(Ty).
O

Theorem 5.4 Let (Gpr,T) be a soft topological space and w = {Ny }nen and v = {7V, }nen are sequences
of soft points in Gpr such that {n € N:n, #v,} € Z. Then
(1) Z(Aw) = Z(Ay)

(ii) Z(L'w) = Z(Iy).

Proof: (i) Let M EZ(A,, ,)- Then there exists a set W = {w; <ws <-+» <wj, <---} C Nsuch that
W ¢ T and khm N, = M
—00
Let Y = {n € N:n, # v,}. We claim that W —Y ¢ Z. In contrary, suppose W —Y € Z. Since
YeZ soW=W- Y) UY € Z, a contradiction. So, W —Y ¢ Z. Then W — Y is an infinite set. Let

WY ={t1 <tag<--- <ty <---}and Vs be a soft neighbourhood of wM Since hm nwk = xM , SO

there exists ko € N, such that 7, €V, , Vk > - ko. Then, their exists ko € N such that %levM V1> k.
Therefore, llim v, = zM" and hence M EZ(A,). So, Z(A,)CZ(A,). Similarly, we have Z(A,)CZ(A,,).
—00

Thus, Z(A,) = Z(A,).

(ii) Let 2" EZ(T,,) and R, be a soft neighbourhood of ™" . Then {n € N : 7,ER,,;»} ¢ Z. If possible,
let {n € N YmERy} €T,

Since {n e N:n,€Ryn} C{neN:n, v} U{n e N:y,ERy»} and {n € N:n, #v,} €Z, so
{neN:n, #ytU{neN:v,ER,»} €T and so {n € N: nnéRMu} € Z, a contradiction. Therefore,
{neN: ’yneRMu} ¢ T. This implies, 2M" €Z(T,). So, Z(I',)CZ(T,). Similarly we have Z(I',)CZ(Ty,).
Hence, Z(T',,) = Z(T,).

O
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Theorem 5.5 Let (G, T) be a soft topological space. Let {n,}nen be a sequence of soft points in
G which is T-soft convergent to xM €Gy and {7, }nen be a sequence of soft points in Gy such that
{neN:n, £y} €Z. Then {%}neN is T-soft convergent to M’

Proof: Let R,/ be a soft neighbourhood of M. Since {n,}nen is Z-soft convergent to zM”, so
{neN: 77n¢RM~} el
Since, {n € N : 'yn§éRM~} C{neN:img #mpU{neN: nn¢RM~} and {n e N:n, #v,} € Z, so

{neN:n, #v}U{neN: nn¢RM~}€Iandso {neN: 'yn¢RMn}€I Hence, 7 — hm’yn:mM*.
O
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