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Existence of Solutions for Some Quasilinear Elliptic System with Weight and
Measure-Valued Right Hand Side

El Houcine Rami, Elhoussine Azroul and Abdelkrim Barbara

ABSTRACT: We prove the existence of a solution u for the nonlinear elliptic system:

—divo(z,u,Du) = p+ g(xz,u,Du) in Q
u = 0ondQ

where p is Radon measure on 2 with finite mass and ¢ satisfies some standards continuity and growth
conditions. In particular, we show that if the coercivity rate of o lies in the range ]%, ( Stl )2 — %)] then
u is approximately differentiable and the equation holds with Du replaced by ap Du. The proof relies on an
approximation of u by smooth functions f; and a compactness result for the corresponding solutions uy. This
follows from a detailed analysis of the Young measure {d,(z) ® ¥(z)} generated by the sequence (uj, Duy),

and the div-curl type inequality < ¢(z),o(z,u, ) >< 7(x) < ¥(x),. > for the weak limit & of the sequence.
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1. Introduction

We consider the existence and compactness questions for elliptic systems of the form
—divo(x,u(z), Du(z)) = p+ g(z,u, Du) in Q (1.1)

u =0 on 00 (1.2)

with measure-valued right hand side ¢ € M(£, IR™) on an open, bounded domain  in IR". And the
weight functions w* defined by w = {w;;,0 <i <n,1 <j <m} with wi; = wilj_p/
interested in the solution u in the Sobolev space WO1 P(Q,w, IR™), and estimation of the weak Lebesgues
spaces. We assume that o satisfies the following hypotheses (Hy) — (H3) and g satisfies Gy — G1. Here
D™*™ denotes the space of real m x n matrices equipped with inner product M : N = M;;N;; ( we use
the usual summation convention) and the tensor product a ® b of two vectors a,b € IR™ is defined to be
the matrix (a;b;)ij=1,...m. Let w = {w;;| 0 <i<n; 1 <j<m} the system for weight functions on Q
satisfying:

on this paper we are

—1

wij € LNQ), wl ' e LL.(Q) (1.3)

j

w;* € LY(Q) (1.4)
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for same s. The Sobolev space W1P(Q,w, IR™) with

s
leP(Q,w,ZRm) ={u € LP(Q,wo, R™)| Wo = wo;; 1 < j < m; au]_ € LP(Quwi;); 1<j<m; 1<i<n}

K2

The Sobolev space W1P(Q,w, IR™) equipped with the norm

m
lulf = Z/ w0j|uj|pd$+2/ wij|DijulPdz.
= /e 7

The condition (1.3) we give (WLP(Q,w, R™), |-l ) Banach space and C§°(f2, [R™) subspace of
(WLP(Q,w, R™). The space (W, P (Q,w, R™) is the fermenter of C§°(Q, R™) in (W1P(,w, R™) for
the norm Hprw) The condition (1.4), we give

(WHP(Q,w, R™) < (WP (Q, R™) < L"(Q, R™), (1.5)

forall 1 <r < p?ifp.s <n(s+1), and

Vr > 1if p.s = n(s + 1) with p; = 25 and p{ = ;5>

2. Hypothesis

(Hp) (Continuity) o : Q x R™ x IM™*™ — IM™*™ is a Carathéodory function, i.e:
x +— o(x,u,p) is measurable for every (u,p) and (u, p) — o(x,u, p) is continuous for almost every
x € Q.

(H;y) (Coercivity and growth): There exist constants c¢i, ¢ca, § > 0 and A\; € LPI(Q), Ay € LY(Q),
As € L) (Q),0 <6 <p,1<qg< L, such that, for all 1 <7 <n, and 1 < s < m:

1 mooL N 1
|ors(@,u, F)| < Bwlsha + e Y v |ug[? + e > wl [FiyP™)
i=1 i

m o .
olz,u, F): F > =Xy — Z)\gyj?’ |uj|q? + ¢ Zwij‘FiJ’|p~
Jj=1 i,j
(H2) (Monotonicity) o satisfies one following conditions:

a)- For all x € Q, u € IR™ the function F — o(z,u, F) is a C' and monotone function, which
means (o(z,u, F) —o(z,u,G)) : (F—G) >0, forall z € Q, u € R™, and F,G € IM™*".

b)- There exist a function W : Q x IR™ x IM™*™ — R such that:

o(x,u, F) = %—V;(x,u, F), and the function F +—— W (z,u, F) is a C! and convex function.

¢)- o is strictly monotone, i-e; o is monotone and (o(z,u, F) — o(z,u,G)) : (F — G) = 0. implies
F=aG.

d)A function F +— o(z,u, F) is strictly p—quasi-monotone, i-e:

Spgmsn(0(2,u, X) — o(z,u, X)) = (A= N)dr(X) > 0, for all homogeneous WP — gradient Young
measures v with center of mass A =< v; Id >= mexn Adv(A) which are not a single Dirac mass.

(Hs) (structure conditions)

i)- (Angle condition) for all x € Q, w € IR™ and F' € IM™*™ there holds
o(z,u,F): MF >0, for all matrix M € IM™*™ of the form M = Id — a ® a with |a|] < 1.

ii)- (The sign condition ) for all z € Q, v € R™ and F € M™*", ¢;(z,u,F) : F; > 0, for all
1 < j <m with F; and o; are the cologne j of matrix F' and o.
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(H4) (The Hardy-Type Inequality) There exist ¢ > 0, one weighted function v = (vj)i1<j<m, and the
parameter 1 < ¢ < % (Hy), such that:

1 1
q P

m
Z/7j|uj|qda: <c Z/wij\DUu\pdaz
=179 ig 7

1
and the expression (Zijfgwij | Diju P dac)p is a mnorm equivalent to the norm

in Wy*(Q,w, R™).

H'”l;p:w

(Gp) (Continuity) g : Q x R™ — IR™ is Caratheodory function.

(G1) (Growth) There exist:b; € LP' (), C1,C} > 0 such that | g;(z,u, F) |< [by(z) + Cl'yj?? | uj |§
1 1
FOLS, | B P

Remark 2.1

1. Assumption (H) ensures that o(z,u(z),U(x)) is measurable on € for measurable function
uw:Q — R™and U : Q — IM™*™. A typical example for a function o satisfying (Hp) is
o(x,u,p) = ((z,u,p)p with a real valued non-negative function (.

2. A serious technical obstacle is that for p, € (1,2 — 1/n] solutions of the system (1.1) in general
do not belongs to the Sobolev space W11 (Q, w, R™).

This fact has led to the use of normalized solutions in [2] and generalized entropy solutions in [5] for elliptic
equations of the above type .We will use a notion of solution where the weak derivative Du is replaced
by the approximate derivative apDu. Recall that a measurable function w is said to be approximately
differentiable at x € € if there exists a matrix F, € IM™*"™ such that:

1
for all € > O,lin%) —nmeas {y € B(z,r) : Ju(y) —u(z) — Fp(y — x)| > er} = 0. We write:
T—
apDu(x) = F.

Definition 2.1 A measurable function u : Q — IR™ is called a solution of the system (1.1) if:
(1) u is almost everywhere approximately differentiable.

(ii) nou e WHL(Q,w, R™), for all, n € CL(IR™, R™).

(iii) o(z,u,apDu) € L'(Q, M™*™);

(iv) The equation: —divo(x,u(x), Du(x)) = p+ g(x,u, Du) holds in the sense of distributions. More-
over we say that u satisfies the boundary condition (1.2) if nowu € Wol’l(Q,w,]Rm), for all, n €
CHIR™, R™) N L>®(IR™, IR™) with n = id on B(0,r), for some r = 0, and |Dn(y)| < c.(1+ |y|) 71,
with ¢ < oo.

Remark 2.2

1. The conditions in Definition (2.1) (except (ii)) are the weakest possible in order to define the
system (1.1) in the sense of distributions. Note that if u is approximately differentiable, then
apDu is measurable, so o(, u, apDu) is measurable.

2. The assumption nou € WH1(Q, IR™) ensures minimal regularity of u. For example, if u = 0,
and o(z,u,p) = o(p) with ¢(0) = 0, then piecewise constant functions u satisfy apDu = 0 a,e,
but are not admissible solutions. The following theorem is the main result in this paper .
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Theorem 2.1 Let Q be a bounded, open set. We suppose that the hypotheses (Hy) — (Hz) — (Hs) and the
coercivity condition in (Hy) are satisfied and g satisfies (Go) — (G1). Let p denote a IR™- valued Radon
measure on  with finite mass. Then the system (1.1)-(1.2) has a solution u in the sense of definitionl,
which satisfies the weak Lebesgue space estimate:

*

e

) + ||apDu||th5,OO(QQMTTLX”) S C? (2'1)

with the constant C' depends of ||, ¢, ca, and || Az ||L<§)(Q), with t,, = % and
ty. = %pj‘i];l) is the Sobolev exposed of t,,,. If co = 0 the right hand side of (1.3) reduces to C(c1) ‘ ,uﬁ u
Remark 2.3

1. If ps >2— L thent, >1and Due L'(QM™*").

2. If p = n one can replace the L**°-norm of u in (1.3) by the C°, S-norm with 8 = 1 — %.

For p = ¢ = n it is an open question whether Du € L™. See Section 7 [4] for the (weaker)
inclusion u € BMOy,..

3. The exponent in (1.3) are optimal as can be seen from the nonlinear Green’s function G, (z) =

¢ \m|%r for the p-Laplace equation: —div(|Du|’”> Du) = &y in IR™, n > 3. In particular, L*>
cannot be replaced by L*®. with (L*°°), is a Laurent space.

4. The pointiest monotonicity condition can be replaced by a weaker integrated version, called
quasi-monotonicity,
The Key point in the proof of the theorem, is the div-curl inequality for the Young measure
{{¥2},cq} generated by a sequence Duy, of gradients of approximate solutions. Together with
the identity. (1.5):
apDu(x) =< ¥,,Id >. The div-curl inequality implies easily that o(.,uy, Duy) converges
weakly in L' to o(.,u,apDu). (1.5) is a consequence of general properties of young measures
if ps > 2 — % since in this case Duy is bounded in L® for some s > 1. If 1 < p, < 2 — % one
only has the weaker bounds.

3. Some Preliminary Lemmas

In this section, we will also use the Young measures, and Inequality div-curl for assume the conver-
gence of subsequence ur — u in measure and for almost every subsequence, with u is approximately
differentiable, and apDu =< v,,id >, v, is the Young measures generated by a sequence Duy.

Lemma 3.1 Let uy. : 0 — IR™ a sequence of measurable functions such that:

sup / lug|®dz < +o00  for some s > 0. (3.1)
kelN Ja

We suppose that for each o > 0 the sequence of truncated functions {To(ur)}cp 5 precompact in
LY(Q,IR™). Then there exists a measurable function u on Q such that for a subsequence up — u in
measure.

Proof

Choose a subsequence of {uy} (not relabeled) which generates a Young measure {¥;}ycq. By 3.1 and
Theorem (Young, Tartar, Ball) the measure v, are probability measure for almost every a €  and
To(ug) — Vo =< vg; Ty, >, weakly in L1(2, IR™) and in fact strongly since T, (uy,) is precompact in L1.
Consequently there exists a subsequence such that: Ty, (ug,) — v, almost uniformly, i-e:

T, (uk,) — v, uniformly up to a set of arbitrary small measure. (3.2)

Let M, = {x € Q: |vy(z) |< a}. Then for each ¢ > 0 and & > 0 there exists a set E. of measure
meas(E,) < € and an index ly(¢; d) such that: |To(ug,)| < |va(x)| + 9 for all z € M, \ E. and all [ > [,.
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It follows that ug, (r) — va(x) for almost everyr € M, \ E. consider first © € Mg; § < « and then the
union over 8 < ). Since € > 0 was arbitrary it follows that v, = d,, (z) for almost every z € M, In view
of the Ball’s theorem it suffices to show that UM, has full measure. Now clearly M, C Mz for o < 8
since Tg(ug,) — Tp(va) = vo almost everywhere in M, and thereforev, = vz on M,. By (3.2) there
exists for each € > 0 a set E,, and an index ly(€, ) such that meas (E,) < € and | ukl 1> To(ur,) |> 5
on (Q\ E¢) \ M, for all [ > ly. In view of (3.2) this implies meas ((2\ E) \ My) < Se — 0 we deduce
meas(Q \ UMy )=lim,_ o meas(2\ M,) =0 m

Lemma 3.2 Let Q be a domain in IR™ with |Q| < oo and u, € WHL(Q, IR™). Suppose that there ezist
p>1 and s >0 such that:

supZ/ wij|Dijuk|Pdr < c(a) < 0o, Yo >0, (3.3)
k Jug|<a

(2]

and suppepy [ |uk|®de < ¢ < oo. Then there exist a subsequence uy, and a measurable function u :
Q@ — IR™ such that ug; — u in measure. Moreover u is for almost every x € € approxvimately

dszerentmble for all n € CH(Q, IR™) there holds now € WHP(Q,w, R™). if uy, € Wy (Q, R™) then
noue Wy (Q, R™) N WP(Q,w, R™) provided that n = id on B(0, r) for some r > 0.

Proof
Choose

CJou i |ugl <oy
(uk)o‘_{ 0 if J|ug| > a.

For the hypotheses:

Z/ wij|Dij(ug)o|Pde = Z/ wij|Dijuk|Pdr < c(a) < oo.

uk\<a

Then, (ug)a € Wy (€, w, R™) and for (1.5), (Hy) and |Dlu|| < |Du| we have:

rdo= [ Dlu)
Jug | <a

E:/wmmanmm34w<+m
— JQ
(2%}

/wnwm
Q

Psdx S

Hence by the compact Sobolev embedding W21Ps(Q) << LPs(Q2), we have {T,(|ux|)} is precompact in
LY(Q). And, if n € C§° (B(0,3a), IR™) a symmetric radial such that 7 = id on B(0,2a), then by (1.3)

and (3.3): Z/ wij|Dij (n(ug)) Pdx = Z/ wij|Dij(ug)|Pde + Z/ wij| Dy (id)|Pdx +

Jup | <a 07 Ja<lur| <20

Z/ wij|Dig (n(ux)) [Pde < e(a) +¢d || wiy |y, (@) +¢ < oo. Then, by (1.5), n(ux) is
2a<|ug | <3« i
precompact in LP= (), IR™), and as in Lemma 8[2], there exist a measurable function v : Q@ — R™
such that up — u in measure, with u(z) =< 9,,id > for almost every = € Q and w is approximately
differentiable because n(ux) — n(u) in WhHP(Q,w, IR™) and apDu = ap(n o u).0

Lemma 3.3 Let ug be as in Lemma (3.2) with p > 1. Then the Young measure 9, generated by (a
subsequence of ) Duy, has the following properties:

(a) 9, is a probability measure for almost every x € Q.

(b) Vs has finite ps-th moment for almost every x € Q, i-e [} mun | A [P* d04(X) is finite for almost
every x € ().

(c) 9y satisfies < Uy, id >= apDu(x) almost everywhere in ).
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(d) 9, is a homogeneous Whs — gradient young measure for almost every x € Q.

Proof Let 9, denote the Young measure generated by (a subsequence of ) the sequence {(ux, Dux)}. By
Lemma 3.2 we have :

Vo = Ou(z) @ V.
Let n € C§°(B(0,2«), IR™), n = Id on B(0, ), and let 9" be the Young measure generated by
D(nour) = (Dn)(ur) Du(z),
then 97 is a probability measure, has finite p—th moment and
< 9" Id >= (D(nou))(x) = Dn(u(x))apDu(x).

It follows for ¢ € C§°(M™*™), that:

PDEow) =< o> [ ).

Based on the proof (3.2), we have E / |wijDij(n o ug)Pdr < oo, and by (1.5)
— Jo
J

supren Jo [D(n o ug)[Prdz < oo, and the ( Ball’s Theorem, proof lemma 9 [2]) we conclude: (a)-(b)-(c)-
and (d) a
4. Approximate Solutions and a Priori Bounds

We introduce the following approximating problems:
—divo (z,ug, Dug) = fr + g(x, ug, Dug) in Q. (4.1)
up =0 ondQ. (4.2)
With fi € W‘l’p/(Q,w*,lRm) NLY(Q, R™) and fr —* pin M(Q, IR™) such that:
| fi e @.mm)<Il # [[m(@.mm)- By [7] and [6], and using the assumptions: (Ho), (H1),(Hz2), (H4),Go
and Gy, the problem (4.1)-(4.2) has a solution uy with u, € Wy "P(Q,w, R™) uy is the subsequence

approximates solutions of (1.1)-(1.2). The results of theorems (2.1) is the consequence of the following
proposition:

Proposition 4.1 Let, f € L'(Q, IR™) and o satisfies (Hy), the coercivity of (H1) — (Hs) and g satisfies
(Go) — (Gh). Ifu e Wol’p(Q,w,lRm) is a solution of:

—divo(z,u,Du) = f+g inQ. (4.3)
in the sense of distributions. Then
we L' >®(Q,R™), Due L»>(Q, R™)

and

| u ||2t;s,oo(ﬂ7ﬂ;€m) + || Du ||ztpss°°(Q7Man)

< c(|ﬂ|, I 2l I e

’ ™m / i 17 P <
”L(g) (Q)v H f ”Ll((Z;IR ) ” b HLP ) ,L-zj:/lulﬁa wl]lDJu‘ dr < Mo+ L, Vo = 0,

M and L are the constants dependents on:

|| A1 ||L1(n)a H A3 H 7H f ”Ll(Q,Rm)vC?a H b1 HLp’

L5 (@
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Proof i)- We suppose the condition of I'angle in (Hs). Let a > 0. Testing T, (u) in (4.3) and we use the
coercivity condition in (Hy), the growth condition in (G1), the Hardy type inequality in (H4) and Holder
inequality, we have:

1 4
2. Szl Dl < £ sy 0 S, U0 (108 + (£, Sy 10 1 de) ™)
0
P

e o el |y (S5 fujza s s | do)
AN

(4.4)
Choose :

(1)a = uw  if |u] <«
We=1 0 if lul > a.

Then u € Wy (Q,w, IR™) because u € Wy (Q,w, R™) and by Hardy-Type inequality:

Z/l 'y]|u]|dx—2/ )j|%dx
j u|<a U

|<o¢

a
P

Z/wiﬂDijua\pdx
ig 7

Tk

E / wij\Dijua|pdx
iy VIul<a

By (4.4)

l
Z/ ‘< wlj|DUu|pd$ < «Q H f ||L1 Q an) —i—OzZ UJOJ P (H bl ||LPI +C>
u «

Ju|<a

9q
p2

e oy +ell 2l ) Z /| _ wulDyulds

9

and % < 1. Then

1
(Z/ ‘ wz‘j|Diju|pde> <c (a I f N1 (@.mm) +a2(/ ‘ woi)® (161 [l +¢') + | X |L1(Q)> < Ma+L,
ij u|l<a j u|l<a

(4.5)
with L = L(c, || A2 [z, ¢ || As ”L(%)) and M = M(cy,c2 | As |l || f |1 ,mm)), we choose:
u® = min(|ul, ), then by |D|u|| < |Dul
/ | Du®|Pedx = | D|u| p“dm—i—Og/ |Du pb'dac:/ | Dug|Pedx
Q lul<e lul<a Q
Z/ wij|Dijue|Pdz = Z/ wij|DijulPdx And by (4.5), and ps < p, we have:
— JQ - Ju|<a
1
/ [Dutrde < e | £ ll@.mm) +a2 /| _ et bl +e)+ Da ). (@0)
ul<a
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By (1.5) and (4.6), we have:

Pl Py
o p* o P 1 P
/Q|u |Psdz < c. (/Q |Du |psd13> <ec <a I f leaosmm) —|—az /‘ < woj)? (H bi || e +Cl) + 1] A2 ||L1(Q)>
(4.7)
Then: ) i X 3
Ay (@) = a7Ps f‘u|>a aPsdr < a™Ps f|u\>a |u®|Ps dx
v (4.8)

* 1 P
< ca (]l £ lo@mm +0 5 uzawo)? (1 e +¢) 4+ 122 o)

and we continue in the same way as in a case that is non-degenerated [2] by replacing p by ps as well as

Jull 5, = (™) = supopalhy(@)l
< \Q|+Supa>1a|)\‘u|( )|
< \Ql+c(\\f|£i‘5m |1 [l | Aﬂgzg;z)
i-e:
lull} s, = (@, R™) <c. <|Q, ol 2o o 2 1 gy eail f IIle,sz)) L 9)

on the other hen, by using (ps < p) and thinks to 1.5, we obtain:

Apul(s) < s’pS/ | DuPsdx + Ay ()
Ju|<a

= g Pbs | Dug [P<da 4+ Ajy ()
Ju| <o
< Z/ wij| Dijua|Pdz | + Ajyj(a)
i Y lul<a
< §7Ps

Z/|< w”\DUuV’dx +)\|u‘(04)

By4.5 and 4.8:

Alpul(s) < ¢ <max(a ! —) + max(aP- am—m))

Sps sPs
or —ty = %E — p¥, so as in [3]
| Dt Lt oo (@ pgmocny < € <|Q|> I A2l 1 As |l (5)La 2 (RN PR (v |L1(Q;1Rm)> : (4.10)
L

From (4.5)-(4.9) and (4.10), we obtain the result of the proposition (4.1) in case i). ii)-Suppose the
condition (of Pangle in Hs): Let So(y) = (To(y1); Ta(y2); - men.. To(Ym)), y € IR™ the cubic truncation, we
have Dsq(y) = Id if |y|maer = Mmaxi<i<m |¥i| < @, in the same way as in i)- by testing Sy (u) in (4.3).

Then /Q o (2,1, D) : D(Sa(u))d = /Q F.Su(w)dz + /Q 9.Sa (w)dz

/ o(xz,u, Du) : D(Sq(u))dx = Z lui|<a0i(T,u, Du) : Du;dx
Q i=1

m

[u|=max1<j<m(lusl) ;—1
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and like Z oi(x,u, Du) : Du;dx = o(x,u, Du) : Du. By the coercivity condition in (H;) and the Holder
i=1
Inequality we obtain:

1
CQ«Z/l < wij|Dl-ju|pdx S \/RCV(H f HLl(Q;IRm)) +O[Z(/|< Cd()j)f’ (H bl ||Lp/ +C/)+ || )\2 ”LI(Q)
i, VU j u|<a
q

p

veldall gy (X[ lutds
\? j=1 Ju|<a

(2)

and we continue in the same way as in i), this completes the proof of the proposition (6) O

5. A Div-Curl Inequality

The result of this section is the key ingredient for the proof that one can pass to the limit in the
equation (4.1) for the solution {uy}remn of approximating problems. Since it is independent of the
differential equation we state it a more general form using only the hypotheses (5.1)-(5.8) below:

o7 QX R™ x M™X — M (5.1)
is a Carathéodory function.
o and 7 satisfing one of the fellowing conditions: (5.2)
(i) o(z,u, F) : MF >0, 7(z,u, F): MF >0; M =1d—b®b e M™*", with |b] < 1.

(ii) oj(z;u; F) : F; > 0, and 75(z,u,F) : F; > 0;1 < j <m, o;, 7; and F} is the j¢ colonnes of
o, 1, F.

up € WHY(Q, IR™) and there exists an s > 0 such that / | Duy, |° dz < ¢ uniformly in k (5.3)
Q

The sequence oy (x) = o(x, ug, Duy) is equiintegrale. (5.4)

The sequence uy, converges in measure to some function wu,

and u is almost everywhere approximately differentiable. (5:5)

The sequence fp, = —div(oy, + 1) — g is bounded in L' (Q, IR™). (5.6)

Djju, € L, (Q,w;j, M™*™) and (0% + %) € LlTO’C(Q,w*,MmX"), forlsome (5.7)
I1<r<ocand1<i<n, 1<73<m.

The sequence 74 () = 7[z](z,u, Duy,) converges to weakly to 0 in L*(Q, M™*™). (5.8)

Lemma 5.1 Suppose (5.1)-(5.8). Then (after passage to a subsequence) the sequence oy, converges weakly
i LY(Q, M™*™) and the weak limit & is given by &(z) =< vz;o(z,u(z), . >. Moreover the following
inequality holds:

/men,a(m,u(x), A) : Ay (\) <7(z) : apDu(z) for a.e. x € Q. (5.9)

Proof See [3] |

6. Passage to the Limit

Proposition 6.1 Suppose that the sequence (up)rew satisfies the hypotheses (5.1)-(5.7), (Hz) and that
the Young measure v generated by the sequence (Duy)rev satisfies: a)-c) and d)- in lemma (3.3). Then
the sequence (o}, is weakly converge in L*(Q, M™*™), with & is the limit and o(x) =< vy, u(x), apDu(x) >
. Ifin Hy b)- c)-or d)-holds, o(x,ur, Duy) — o(x,u,apDu) strongly in L*(Q, M™*™).

In the cases (c) and (d) it follows addition that Duy — apDu in measure.
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Proof See|[3].

Proof of the theoreme2.1

For using the results of proposition (6.1): we assume that (5.1)-(5.7) and the Young measure v, generated
by the sequence Duy, satisfies :(), (i4) and (¢i¢) in Lemma(3.3), for the approximate systems (4.1)-(4.2).

By the proposition 6.1, with wu, € Wol’p(Q,w,Bm), we have: || ug ||Lt;5,m(QR"L)S

e LI A2 lnrys T A e [T A3 Ty se | p e, mmy | 5 and
(9)(9)

/ wij|Dijuk|pdx <Ma+ L < . (61)
Jug|<a

2
By L'vs*>(Q,IR™) — LP(Q,IR™) for all 1 < p < t_, then
| uk || Lr,mm)< ¢ < c0. (6.2)

Now

(5.1) is (Hp)

(5.2) is (Hj)

(5.3): up € Wy (Q,w, R™) — Wy (Q, R™) with p, > 1, then u, € W (2, IR™). Moreover, by
the proposition

| Duk | Ltpe oo (2, mm) 190, [ A2 llzre)y, At lpors T A T 0y seas [l 1 Iareuws mm)
L (8)
(2)

hence
| D, |

Ls(Q,Man)S c > 00, Vi<s< tps
with SupkelN/ | Dug|*de < .
Q

e (5.4): Let A a measurable in Q, by (H;) and Holder we have

/ |o(x, ug, Dug)|de < (Z/ wTde> { | A1 ||Lp,(Q) +

Z/Q%'|(Uk)j|qd$ + Z/QwiﬂDijuk\pdl“ }7
j=1 57

LN

and with (1.5) and (1.3):

/ |o(x, ug, Dug)|de < (Z I wrs HL1 (Q)>
L[
| A1 e ) + Il ||1,p, + [l uk (170 p < oo

e (5.5): By (6.1) and (6.2) and Lemma (3.2).

o (5.6): || fi syl it lasor, ey - And By (Gi) we have

/ | g(z,u, Duy) | de << co(byHolderandGy)
Q
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e (5.7): Ve = 0 and xg € Q fB (2o.c) DigtikPwizda <|| uk [}, ,< 0o. And by (Hs)

/ |0r5(m7uk,Duk)|p/w:de = / |ars(w,uk7Duk)|p/wi;p/dx
B(zo,¢) B(zo,¢)

_ap /
C-/ M [P\llp + Z%‘Kuk)ﬂq + ZwiﬂDijukp] dx
B(zq,e) 1,7

p/
< eIl

IN

+||uk|‘1pw+||uk|llpw < oo.

Then, by the proposition (6.1) o(x,ug, Duy) — o(z,u,apDu) in LY(Q, M™ ") and
Yo € C3° (2, R™); Dp € L*™(Q, M™*™) hence:

/ o(x, ug, Duy) : Dodr — / o(x,u,apDu) : Dodx
Q Q

ie:
—divo (x, ug, apDuy) — —divo (z, u, apDu)

In the sense of distributions. Moreover, since ux — u in measure, it follows that ( at least for
a subsequence) ux — u almost everywhere and hence that g(z,u, Dug) — g(x,u, Du) almost
everywhere from the continuity condition (Gy). Since g(x, ux, Duy) is equi-integrable by the growth
condition in G; and the uniform bounded 6.1- 6.2, we may infer that g(x, ug, Dux) — g(z,u, Du)
in L'(), IR™) by the Vitali’s converge theorem. On the other hand f —» g in L*(€2, IR™). Then
/ fr.ode — / ppdr Yo € CF(Q, R™) so u is the solution in W, P(Q,w, IR™) of the system:

Q Q
—divo (z,u,apDu) = p in
u =0 on 0f)

to show the estimation (2.1), we take the function n in C3(B(0,2«), R™);n = Id in B(0,«) and
|Dn| < ¢, then:

Z /2 wig Dign(u)lPdz = 3 /Qwij|<Dijn><uk>|p|Duk||de

ij ¥ lukl<a i lug | <20
c.cla) + c.c(2a) < oo,

IN

IA

thanks to (6.1).
Now, we have n(ur) — n(u), for every z € Q because n is C*°. Then n(ux) — n(u), in
WoP(Q,w, R™), and apDu = apD(nowu) on {|u| < a} . Hence,

> / wis|Disou)Pde < liminfy—oe fow|D(n o uy)|Pda
— Jo
2]
< hmlnfk_woZ/ \Dzﬂ? ug)|? |Dijuk|wijdx
|uk|<2a
< <climinfe_se i <20 Wil Dijur) [Pdz
< ce(2a) < oo. -

Then:

Z/ wijlapDu|Pdx = Z/ wi;|D(now)|Pdx < oo,
- Jul<a
i

Jug|<2a

in the same as in the proof of the proposition (6) by replacing u; by v and fi by p, we obtain the
estimation (2.1) and this completes the proof of the theorem 2.1 a
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Case: 0 <6 < % (the general case) The idea is to consider the regularized problems:

—divge (x, ue, Dus) = p in £, (6.3)
u. = 0 on 0N (6.4)
With
1 1
(be,'r,s(xvuaF) :O'Ts(.%‘,’u,F)-i-Eﬁ ZUJZZ ‘Fij|s_2 wisFrs,
iJ
V1 <n, V1<s<mwiths>n-+1, and5<lwehavep<s thens’<p’ and

1

<r
(g) < (%) Moreover Jc > 0 which doesn’t depend on p, s, such that wrs < c.wis
Vi<r<nandl<s<m.
By (H,) for o, we obtain

’ 1
bera(@w F)| < B sl [szj I AR S mﬂ
1 R B n(ps
—I—Eﬁwﬁs( g wi [l 1) (9 < (p ) <n(s 1))

1 2 a £
< <pul [Al S AT gl 4w Fm“]

1 1
And p < s, then i < 5 and like wis < c.wy's, then:

—|—Zw”

m

: ’\1+Z%

|Pe,r,s(z,u, F)| < B |wrs 31571, and by (H3), we conclude that

11
¢e(z,u, F): F=o(z,u,F): F+e Y wl wh|Fy|*Fij.Fr

,],78

> —Xa = 2L Asyp w4 e 0, wig il

On the other hand, 0 < a < p—-1<s—-1,1 < ¢ < ’; ‘a,, A E LP(Q) — LS/(Q), and A3 €
L&) (Q) < L)' (Q) and as o, verifies the conditions of the structures (of 'angle and sign), the strict
monotony, the s-quasi monotonous with regard to F is a C'' monotony in relation with F or accepting a
convex potential because: F — f8 Zw;}/ |12

ij

hypotheses (Hy) — (Hs), for the regularized problems (6.3)-(6.4), thus for the previous case, § = s — 1, of
theorem 2.1, there exists a solution, u. € Wol’s(ﬂ,w, R™), of the system (6.3)-(6.4). Now showing that
the conditions: i), ii) and iii), of lemma (3.3), and the hypotheses (5.1)-(5.8) of the div-curl inequality
are verified for u. with order s in the place of p.

We suppose the condition of angle verifying that ¢. by testing, Ty (us) o > 0 in (5.3)-(5.4), we get:

/qbg(x,uE,DuE) : DT, (ue)da= / fTu(us)dz, so
Q Q

1
wis F.s verify them as well, hence o, verifies the

/ o(x,ue, Dug) : Dugdx—k/ io'g(a:,uE,DuE) : (Id ® ) Du.dx
Jue | <a |ue|>a |u€| ‘UE‘ |u€|

1
+56/ Zw” |Djjue|®™ QZw#’s\DrsuEFdx
Jue | <a

] 7,8

+5ﬂ/ ZWU |Dmus| 722‘*’7"5 rsUe <Id )
|ue|>a ‘UE‘ |u5|

ij
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§ Q. H f ||L1(Q7Rm) .

S "D rsu 2D, (Id e (e “5)) >0

o ue| *ue| — [uel

since

S0
/ o(x,ue, Duc) : Ducdr < o || f ||pi,mm) -
|ue | <a

And by the coercivity condition of ¢ in (H; ) and Holder inequality, we get as in the proof of the proposition

Z/I < wij| DijuePdz < M'a+ L', (6.5)

And the following a priori estimation:

H Ue ||L beioo (Q,IR™) + H Dus ||ztp5,oo(ﬂyﬂﬂl><n)< c < o0, (66)
and by the injection LB <y 1o VO<a' < p' thenV, 0<r <ty VO<p<t,
I e ey + | Dt s nimeny + | Dt [, g pmeny < 00 (6.7)

We suppose that the condition of the sign is verify.

As in the same way in the proof of the proposition (6), we test Sy (uc) in (6.3)-(6.4), we obtain (6.5) and
(6.7).

Starting with verifying that i), ii) et iii) of lemma (3.3) and the hypotheses (5.1) and(5.7) for o.. By
(6.5)and(6.7), the points i), ii) et iii) are a direct consequence of lemma(3.2) and lemma (3.3). On the
other hand:

N 1
-(5.1): for o is (Hp) and 75 (z,u, F') = ¢f8 (Z” wi’}/ |Fij|52> wisFrs is a Carathéodory function, because

x — w;j(z), is measurable, so o, is a Cathéodory function.
-(5.2)

(i) ¢=(2,u,F): MF = o(z,u, F): MF + | Y (e Zw Fyl* 2wt Fyy | (MF)ys > 0,

with M =Id — a® a and |a| < 1.

(ii)
¢rs(x7 u, F)Fj

oj(z,u,F): Fj + 7j(z,u, F).F;

m BN 1
oj(x,u, F): Fj + g ef E w; Pt .wl‘;-|Flj|2 >0,
1=1 i

V1<j<m.
-(5,3): we € Wy (Quw,R™) — Wy (Q,R™), s; > 1, so u. € W-H(Q,R™), and by (6.7)
sup5>0/ | Duc|Pdx < 00, ¥, 0 < p < tp,

4.5): o(x us Du,) is equi-integrable as previously V €' C £, measurable, we have:
) q g p y

|Z Wij ‘Duus|s 2)Wrs T5u5|d.’ﬂ
Q

Z/ wl-j|Diju€|Sfld:U
ij Y

<Y [ wlDiucpds e ue [
— Jo
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/ |oe (2, ue, Due)|°w)ydz < 0o
B(zz )
and

-(5.8): |Dijue*wrsdr <|| ue |7 5.,< 00
B(’EA ,6)
Testing that u. in (6.3)-(6.4)

. 1
o [ (St o) (Sebipt ) s
17 s

S” Ue HLOO(Q,R"L)

,u ||M(Q,w*,lR’”)

We have Wy *(Q, w, R™) < Wy**(Q, R™) < L>(Q, R™). Then

w =

[ ue [[L=@,mm)y < c Z/wiﬂDijuEsz
ig 78
1, L1 ) (6.9)
< e Z/wl’; |Djjue|® 2wi‘}|Diju5|2da:
i 78
= _ = 1
< (Zw;; |D;jue|® 2).(Zw#’s|Drsu5|2dm)s.
Q i, T,8
Thanks to (6.8) and (6.9), we have
> 2 l 2
/szz; |Diju€|s_ walersuA dx
Q5 s
a1 1
< M /(Zwl’; \Diju€|s_2).(zw#’s\D,«su€|2dw So:
Q 1,9 TS
s—1
= _ 1 c
[t 1D (kD | < L
Q i, T,8 €
which mean that
1
1 B 1 e
/(Zw;;. |Dijue|"~2).(Y whi| DysuclPd | < W (6.10)
Q %] 7,8

and

1

s—1
| ue 2o (@, mm) < c (C- ” MEHM) . (6.11)
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On the other hand and V 1 < p < %5, can write

1 1
e > Wl 1Dl 2wkl Frol Il 2, (. nrm
1,

s— ldg:

<ot / Zw Dy

<eeTT |Z/ w; |D”u5|
<cewt Z/ wij|Diju€\s_2Zwﬁiil)p|D,.suE|2dm < 00.
1,7 Q 7,8

thanks to (6.10). Now, since u. € Wy *(Q,w, R™) < W, % (Q, R™) < W, (Q, R™), so by testing
T (ue) in (6.3)-(6.4), we obtain as in the proof of the proposition (4.1)

s— ldm

| Due " npe-ny <ec (6.12)
L™ =T °%(Q,Mmxn)

By the Holder inequality for the exponent a with a and £ are the solutions of systems:

alé— =7 > n(ps—1)

{a«s—l)p—f) = s

2 1
/ |EZwi’;-/|DijuE|S_1w;}|”dw
@ i

P
£ L
§C~/5p Zwi]}/|DijU8|(S_1)p_£wiZ'|Diju5|£ dx
@ ij
%
< c.e’ Z/ |D”u |a((é Dr=8)q (/ |Du.|* 5daz>
ij ¢
1
1 1 T
< c.e’ Z/ w;} |Dijus|5722wfs‘Drsus|2 . ” Du€ ||£T(Q,1Mm><") :
L] 7,8

(ps—1)

And by the injection: L™ -1 < L7 V7> n(p ) and thanks to (6.10)-(6.12), we get:

s—1 p p [ clpllar ) =Dz
/|€E w” * | Dijue | ”| dr < ce (75 .Ca
&
; al(s=1)p=s))
S c.cag a(s—1)
_ag
< c.cagatD
e
< .ol

W1th 7 > 0. Hence

1 1
lim ” 52‘%‘]}, |Dijue|57lwrpsDrsus ||L1’(Q,Mm><”): 0,
e—»

0,J

-1
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In particular for p =1

E—>r

1 1
lim [ |e E wi’}' |Dijuc|* 'wihs Dysuc|dz = 0,
Q T3
J

which mean that )

v’ 1
Tle] (@, ue, Due) = EZ |Dijuc|* 2whs Dypsue — 0
1,
in L1(Q, M™*m).
As well as by the proposition 6.1, dive(x,ue, Due) converges to divo(z,u,apDu), in the sense of the
distributions, and as

i 1
7le] (z, ue, Due) = EZwZ—’; |Dijue|* 2wl Dysue — 0,
1)
in LY(Q, M™*™). Then divo.(z,u., Du.) converge to divo(z,u,apDu) in the sense of distributions, i-e:
u is the solution of the system

—divo(z,u,apDu) = u €N
u = 0, on 0f.

In the same way as in the case of § = p — 1, we have
/ lapDu|®dz < ¢(a) < 00 and p < s.
lul<a

So we conclude as in the proof of the proposition 6.1, in order to get the estimation of theorem (2.1).
This completes the proof of the theorem.
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