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On an Open Problem of Gui, Xu and Wang

Sayantan Maity and Tania Biswas

ABSTRACT: In this paper, we exhaustively study the uniqueness of meromorphic function under the aegis of
truncated sharing five small functions in k-punctured complex plane. Most importantly, we have answered an
open question asked by Gui et al. [AIMS Math., 5(6)(2020), 7438-7457].
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1. Introduction

Let k be a positive integer, for k distinct points ¢; € C, j =1,2,--- | k, we say that Q = C\ U;‘?:l{cj}
is a k-punctured complex plane. Now we introduce the basic Nevanlinna theory in k-punctured complex
plane. Let d = %min{\cs —¢jl 1 j # stand rp = é+max{|cj| 2 j =1,2,---,k}, thus % < d and
D11y (¢;) N Dyypy(cs) = 0, for j # s, and D1y, (c;) C Dy (0), for j = 1,2,---  k, where Ds(c) = {z :
|z —¢| <6} and Ds(c) = {2z : |z — | < 0}. We define Q, = D,(0) \ Us_, D1,(c;), for any r > ro. Thus
Q, D Q,, for rg <r < 4o0.

In 2007, Hanyak and Kondratyuk [6] gave some extension of the Nevanlinna value distribution theory
for meromorphic functions in a k-punctured complex plane. Consider f be a meromorphic function in a
k-punctured complex plane Q. Let ng(r, a; f) counts the number of a-points with counting multiplicities
in Q,, for 1o < r < 400 and the counting function is defined as

No(rai )= [ 20 g

T0
Similarly, the reduced counting function ]\70(7“, a; f) is defined as

" ﬁO(tatav f) dt,

NO(T7a§f):/

To

where 7i9(t, a; f) counts the number of distinct a-points (i.e., ignoring multiplicities) in Q,.. Moreover we
denote
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where 7i9(t,a; f| < [) counts the number of distinct a-points of multiplicity < [ in €2,. In particular,

No(r, f) := No(r,o00; f). Also,
f <cj + iei0>‘ do

1 2m 0 1 k 2m 1 0
- log™ N dh — — log™ i+ — do
I AU | o |1 (e 7-e) | a0,

where log™ = max{logz,0} and ry < 7 < +00. The Nevanlinna’s characteristic function is defined as
To(r, f) = mo(r, f) + No(r, f). By S(r, f) we denote any quantity satisfying S(r, f) = o(To(r, f)) for all r
outside a possible exceptional set of finite linear measure. Let a(z) be a meromorphic function in €2, we
call a(z) is a small function with respect to f if To(r,a) = S(r, f) and the collection of all small functions
with respect to f is denoted by S(f).

Let f be a non-constant meromorphic function in the k-punctured complex plane €2, a small function
a(z) € S(f)U{oo} and I be a positive integer or +00. We use Eq(a,l; ) (Eq(a,l; f)) to denote the set
of zeros of f(z) — « in Q of multiplicity < [ with counting (ignoring) multiplicities.

Moreover, for any two non-constant meromorphic functions f and g in Q and a € (S(f)NS(g))U{0},
if Eq(a,l;f) = Eq(a,l;g) (Eg(a,l;f) = Eg(a,l;g)), then we call f and ¢ share o with counting
(ignoring) multiplicity, truncated up to multiplicity I. In particular, for I = 400, we usually denote
Eqo(a,l; f) := Eq(a: f) and Eq(o,l; f) := Eq(a; f). Also, we call f and g share o CM (IM) in Q,
whenever Eq(a; f) = Eq(a: g) (Eq(a; f) = Eq(a: g)). The following definition is required for our paper.

1 271' . 1 k 271'
molrf) = g [ lomt e o+ -3 [ s
j=1

Definition 1.1 [17] Let f be a non-constant meromorphic function in k-punctured complex plane Q.
The function f is called transcendental or admissible in Q) if

=400, 7971 <400.

2. Backgrounds and Main Result
Over complex field, in 1926, R. Nevanlinna proved the following famous five values theorem.

Theorem 2.1 [18] If f and g are two non-constant meromorphic functions, and a; (j =1,2,---,5) be
five distinct values in extended complex plane. If f and g share a; (j =1,2,---,5) IM, then f =g.

Latter on, in [19], Yi extend Theorem 2.1 by considering small function sharing instead of value sharing
and proved the next result.

Theorem 2.2 [19] Let f and g be two non-constant meromorphic functions in complex plane, and a;
(7 =1,2,3,4,5) be five distinct small functions with respect to f and g. If f and g sharea; (j =1,2,3,4,5)
IM in C, then f =g.

In last few decades, many researchers are showing their interest to investigate the uniqueness of mero-
morphic functions on the unit disc, the annuli, the angular domain, the whole complex plane etc., and
a ample numbers of important results were obtained in [1,2,4,7,8,10,11,12,13,16,18]. In 2003 and 2004,
Zheng [20,21] studied the uniqueness problem and obtained five values theorem and four values theorem
in some angular domain of C. In 2015, Liu and Mao [9], extended Theorem 2.2 to an angular domain
and proved the following theorem.

Theorem 2.3 [9] Let f and g be two non-constant meromorphic functions in an angular domain
X(a, B) i={z:a<argz < f} with 0 < — a < 27 such that

lim ‘3:04,[3 (Ta f)

= +oo’
r—+00 logr

and let a; (j =1,---,5) be five distinct small functions with respect to f and g in X(o,8). If f and g
share aj (j=1,---,5) IM in X(c, B), then f =g.
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We all know that, the whole complex plane, unit disc and angular domain can all be considered as a
simply connected region. For doubly connected region such as for anulus, in 2009, Cao [3] investigated
the uniqueness of meromorphic functions sharing some values, and obtained an analog of Nevanlinna’s
famous five values theorem.

Theorem 2.4 [3] Let f and g be two transcendental or admissible meromorphic functions on the annulus
A={z: R%J < |z| < Ry}, where 1 < Ry < 4o00. Let a;j(j = 1,1,---,5) be five distinct numbers in
extended complex plane. If f and g share aj IM for j =1,2,--- .5, then f(z) = g(2).

Later on, Wu and Ge [14] extended the last theorem for small functions sharing. Recently, Xu and
Liu [17] studied the Nevanlinna’s five value theorem in a multiply connected region namely k-punctured
complex plane €2 and obtained the following result.

Theorem 2.5 [17] Let f and g be two admissible meromorphic functions in Q, if f, g share five distinct
values ay,az,--- a5 IM in Q, then f(z) = g(2).

In 2020, Gui et al. [5] improved Theorem 2.5 by considering truncated IM sharing of small functions
instead of IM sharing of values. They proved the following results.

Theorem 2.6 [5] Let f and g be two transcendental or admissible meromorphic functions in Q, o €
S(f)nS(g), j=1,2,---,5 be five distinct small functions and 1 be a positive integer. If Eq (c,1; f) =

Eq (aj,l;9) forj=1,2,---,5, and | > 22, then f(z) = g(2).

Very recently, in [10], the first author of the present paper improved Theorem 2.6 by reducing the lower
bound of [ from 22 to 14.
In [5], Gui et al. posted the following question, which is still open.

Question 2.1 What condition onl; (j =1,2,---,5) can guarantee that the conclusion of Theorem 2.6
still holds if Eq (aj,1; f) = Eq (15 9) for j = 1,2,---,5, are replaced by Eq (a;,1;; f) = Eq (aj,15; 9)
forj=1,2,---.,5, and l; are five positive integers?

In our main result, we give the answer to the Question 2.1.

Theorem 2.7 Let f and g be two transcendental or admissible meromorphic functions in Q, a; € S(f)N
S(g), j = 1,2,---,5 be five distinct small functions and ly,la, -+ ,l5 are positive integers or +0o and

5
1 2 ~ ~ .
j=1"

Note that Theorem 2.7 answers the Question 2.1 as well as extends and improves Theorem 2.6.

3. Lemmas

Lemma 3.1 [6] Let f be a non-constant meromorphic function in a k-punctured plane Q and k a positive
integer, then

(k)
mo (112 = O tog T 1))+ 0 (g 1) = S(r.). 75 +ox,

outside a set of finite linear measure.

Remark 3.1 Obviously, if f is transcendental or admissible in a k-punctured plane, then

mo (. L20) = 5(r.0) = 0 Tt ).

outside a set of finite linear measure.
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Lemma 3.2 [15] Let f1(z) and f2(2) be two admissible meromorphic functions in a k-punctured plane
Q, ay(2) (Z£0,1) € S(f1) N S(f2), t =1,2, be not equal to constants simultaneously, and for s =1,2 let

fsfs/ fé f52 - fs
Fy(2) = |a1a) o) of —aql.
agaly o a3 —as

Then:
(i) Fors=1,2, Fy(z) #0.

(i) Fors=1,2,

2T0(7", fs) < NO (T’ fsl]_) + NO (’I", fl's) +j\70 (n fS) +j\70 (T7 fs i al)

R (7‘ ) S0, f1) + S(r. f2).

’fs_az

The next lemma extended (i) of Lemma 3.2, by considering o; (j = 1,2,---,5) are any five distinct
small functions of f; and fs.

Lemma 3.3 [10] Let f1(z) and f2(2) be two admissible meromorphic functions in a k-punctured plane
Q, a;j(z) € S(f1)NS(f2), =1,2,---,5, be five distinct meromorphic functions in a k-punctured plane
Q, then

5
WM(r f,) < ;Na (r,fs1a_>+S(r,f1)—|—S(r,f2), fors=1,2. (3.1)

J

Lemma 3.4 [5] Let f be a transcendental or admissible meromorphic function in Q, and a(z), B(z) €
S(f) be two distinct small functions with respect to f. Set

fofra
L(f,a,8) :=|a o 1].
g B 1

Then we have L(f,«, 8) £ 0 and fori=0,1,
mo <r, W) =S(r, f).

f=a)(f=5)
Lemma 3.5 Let f and g be two transcendental or admissible meromorphic functions in Q, a; € S(f) N
S(g), 7 =1,2,---,5 be five distinct small functions and l1,ls,--- |15 are positive integers or +00. Sup-

pose Eoq (o, 13 f) = Eq (v, li;9) for j =1,2,--- 5. If f # g, then for every subset {i1,12,13,%4} of
{1,2,---,5} we have

4

~1. 1 ~(L 1 ~(L 1
Néj) <7n7 f—a.) < Z <Néz,s+1 (T7 — ) JrNéllsﬂ (T’ e )>
J 1s 1

s=1

+5(r, f) +5(r,9),

fOT’j S {1727 75} \ {i17i27i37i4}~

Proof: Without loss of generality we may assume {41, i2,143,i4} = {1,2, 3,4}, then we need to prove

4
~ 1 ~ 1 ~ 1
Arls) < (lo+1 NGE!
() o 2( N Y A N

+S(r, f)+ S(r, g). (3.2)
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If N - =S(r, f)+ S(r,g), then (3.2) holds trivially. Thus we may assume
0 f—as

N (r, fj > £ S(r, )+ S(r,g). (3.3)

Qs
By applying the quasi-Mobius transformation

w — ] g — Qg

b
w — Qg i3 —

we may assume «; = 0, ap = 00, ag = 1 and ay, a5 are five distinct small functions of f and g such that
a4, Q5 % 07 17 Q.
Consider L as defined in Lemma 3.4, and set

d = L(f,071)(f—g)L(g,a4,O) _ L(g,O,l)(f—g)L(f,a4,O)7 (34)

f(f=1glg — aa) 9(g = Df(f — ou)

which implies

_ fehg—oug)(f —g)  g'(a4f —auf')(f—9)
v f(f =1)glg — aa) glg—Df(f—an) (3.5)

First assume ® = 0, then from (3.5) we get
f'lahg —oug)(f —9) _ g'(ef —ouf)(f —9)
F(f = 1Dglg — o) 9lg = Df(f —aa)

If oy is constant then from (3.6) we obtain (1 — ay4)f = (1 — aq)g. Since oy # 1 thus f = g, which
contradicts our assumption. Hence ay is not a constant. Now from (3.6)

(3.6)

_ f(ahg —aug)

(F-Dg—as) . _ .
(9= 1)(f — o) T g(ayf —asf’)
(f=9) A —aa) _ oi[(f = 99— (f—9)d]
= G- gehf —auf)
f—g _ (l—a)gd(@hf—auf) o
= T a0 —a) g (3.7)

Now from EQ (O[57l5; ,f) = EQ (045, l5ag) and (33) we get NOIS)(Tv Qas; f’ g) # S(T, f) + S(T,g), where
N(lf)(r, as; f, g) denotes the reduced counting function of common a5 points of f, g up to multiplicity 5.
Since ay, oy, a5, a5 — 1, a5 — ay all are small functions with respect to f and g then

ﬁéS)(T, as; f,9) — No(r, as) — No(r, o)) — No(r, a5) — No(r, a5 — 1) — No(r, a5 — )

1 1 1 1 1
_NO (T7 ) _NO (T, ,) _NO (Ta ) _NO <Ta ) - NO (T, )
oy oy Qs as —1 a5 — Qy

#S(r, f)+5(r,9).

Thus there exists a point z such that z is a common zero of f — a5 and g — a5 that is not a zero or a
pole of ay, o), a5, a5 — 1, a5 — . From (3.7) note that z must be a pole of the left hand side and not be
pole of the right hand side, which is a contradiction. Hence & # 0.

Note that (3.5) can also be written as

(f-9H

=R angle - (g —an)’

(3.8)
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where

T
|

f(ahg —aag)(f —oa)(g—1) — g (a4 f — aaf') g — as)(f — 1)
= a4ff'g® —iff'g—au(as — 1) ff'g — aucf'g* + asalf'g
—ayf299 + ol fgg’ + au(an — 1) f'gg’ + aua f2g' — auclyfg'. (3.9)

Let z, be a common zero of f — a5 and g — a5 that is not a zero or a pole of ay, o), a5, a5 — 1, a5 — ay.
Then, it is a zero of f — g and is not a pole of f(ffl)(ffa:;{g( Hence z, is a zero of ®. From

~ - g—1)(g—as)"
Eq (as,l5; f) = Eq (as,l5; g) we have

~ 1 ~ 1
Nés) <7,’ 7 _as) — N(l)s)) <7“, p _a5)

< Ny (r,é) + S(r, f)+ S(r,9)
< TO(Ta(I))+S(T7f)+S(T>g)
< mo(r, ®) + No(r,®) + S(r, f) + S(r, 9). (3.10)

First we calculate mo(r, ®). Using Lemma 5.4, from (3.4),

mo(r, ®)
L(f,0,1)(f —g)L(g, 4,0 L(g,0,1)(f — g)L(f, 4,0
— (7"7{ (f£,0,1)(f — g)L(g ) L(g,0,1)(f — g)L(f )})

f(f =1)g(g — ) 9(g =D f(f — aa)
. (r {L(f,O, 1)f L(g,24,0)  L(f,0,1) L(g,a4,0)g}>
C\CU P glog—oa)  F(F-1) glg—aa)
e L(g,0,1)g L(f, @4,0)  L(g,0,1) L(f, a4,0) f
oo (= })

IN

9(g—1) f(f—ou) glg—1) F(f—aa)
= S(r,f)+5(r,9). (3.11)

Next we estimate Ny(r,®). In (3.5), note that the poles of ® can only occur at the zeros of f, g,
f—1,9—1, f—a4, g— a4 and the poles of f, g, as. Let A be the set of all zeros, 1-points and poles of
a4. Now we discuss the following cases.

If 29 ¢ A, is a common pole of f and g of order p; and ¢, respectively. From (3.9) it is clear that zq is
a pole of H of order at most 2p; 4+ 2¢g; + 1. Hence, from (3.8) we see that zq is a pole of the numerator of
® of order at most 2p; +2¢; + 1+ max{p;, ¢1 } and it is a pole of the denominator of ® of order 3p; + 3¢ .
Now as,

2p1 +2q1 + 1 + max{p1,q¢1} — 3p1 +3q1) = 1 + max{p1,¢1} — (p1 + q1) <O,

SO zg is not a pole of ®.

If z1 € A is a common zero of f and g of order ps and ¢, respectively. Then z is a zero of f — g of
order min{pa, ¢2}. From (3.9) we have z; is a zero of H of order at least ps + g2 — 1. From (3.8), 21 is a
zero of order

min{ps,q2} +p2 + g2 — 1 — (p2 + ¢2) = min{p2, g2} — 1 > 0.

Thus 27 is not a pole of ®.
If zo ¢ A is a common zero of f — a; and g — a; with j = 3,4, note that ag = 1. Then obviously 2,

is a zero of f — g and 25 pole of ffaj and gf—;j (for 7 = 3,4) with multiplicity 1. Then from (3.8), 25 is
not a pole of P.

If z3 & A is a pole of f but is not a pole of g and is not a zero of g, g — 1 and g — g or 23 € Ais a
pole of g but is not a pole of f and is not a zero of f, f —1 and f — ay. Then from (3.8) that z3 is a pole

of ® of order at most 1.
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If z4 & Ais a zero of f but is not a pole of g and is not a zeroof g, g — 1 and g —ag or 24 € Ais a
zero of g but is not a pole of f and is not a zero of f, f —1 and f — a4. Then, from (3.8) it is easy to
see that, z4 is a pole of ® of order at most 1.

If z5 & Ais a zero of f —a; with j = 3,4 but is not a pole of g and is not a zero of g, g—1 and g —ay
or z5 ¢ Ais a zero of g — o; with j = 3,4 but is not a pole of f and is not a zero of f, f —1 and f — ay.
Then, from (3.8) we get z5 is a pole of ® of order at most 1.

If 25 ¢ A is a common zero of f — a; and g — a;, where 4,5 € {1,2,3,4} and ¢ # j. Then, from (3.8)
it follows that, zg is a pole of ® of order at most 2.

Thus from the above discussion we get

No(r,®) <> (Nglt“ (7’, fl> + N <r, g_lat>) +S(r, f) + S(r, g). (3.12)

-«
t=1 t

Now combining (3.10), (3.11), (3.12) we get the conclusion (3.2). This completes the proof of Lemma
3.5. O

4. Proof of the Theorem

Proof: [Proof of Theorem 2.7] Assume f # g. From Lemma 3.5 we get, for every subset {i1, 2, 13,44} of

{1’2,... ’5}’
1) 1 = (S 1 N (liat1 1
Wirs) = 200 b))
+S(r, f) + S(r,9), (4.1)
where j € {1,2,---,5} \ {i1,42,43,i4}. Now summing up of (4.1) over all possible subsets {i1,i2,%3,4}

of {1,2,---,5}. Note that, after summing up each index is € {1,2,---,5} will appear 4 times. Thus we

obtain
: ( 1 ( 1
4 Nttt (7‘, ) 4+ Nt <r, ))
tz:; ( 0 f—o 0 g—

+5(r, f) + 5(r, 9)- (4.2)

IN

5
~7le) 1 )
N, T,
; 0 < f—o

Similarly for the function g,
5 5
~ 1 ~ 1 ~ 1
Z Nét) (r, ) o <N0(lt+1 (r, ) + Nélt+1 (T’ ))
=1 g—Qq =1 f—o g—

Adding (4.2) and (4.3)

=

vttt 7‘; (tetd (), r r
<83 (R (g2, ) M (n g2 )) #5056
> R 1 5 1
= R(%(rrs) % (7))
5 ~ 1, 1 ) 1
o3 (M (nt o ) 4+ B (no 2 ) ) 48000+ 000) (4.4
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From Lemma 3.3 we obtain

2(To(r, f) + To(r,g) < i(ﬁo(r’flat>+ﬁo<r’glat))

t=1

+8(r, f) + S(r.9). (4.5)

Combining (4.4) and (4.5)

5
S @) +Tolra) < 3 (B (ngmg )+ R (n= o))

t=1
+S(r, f)+ S(r,g). (4.6)

Now we will estimate the right hand side of (4.6).

B ) 7 22)
2\ ") T Myt

1 1 1
(i () e (n23))
<l +1 f— oy g— oy

hE

t

5
1
< T Ti . 4.7
_tzzllt_’_l( O(Taf)+ 0(7",9)) ( )
Combining (4.6) and (4.7)
2 &~ 1
§_th+1 (To(’l“,f)—l-To(’l“,g)) SS(r,f)—i—S(?“,g). (48)
t=1
L1 1
Since we have ; L1 < g’ 50 % - ; Ll > 0, hence from (4.8) a contradiction arises.
Therefore f = g. O
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